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ON OPIAL INEQUALITIES INVOLVING HIGHER ORDER
DERIVATIVES

CHANG-JIAN ZHAO AND WING-SUM CHEUNG

ABSTRACT. In the present paper we establish some new Opial-type in-
equalities involving higher order partial derivatives. The results in special
cases yield some of the recent results on Opial’s inequality and provide
new estimates on inequalities of this type.

1. Introduction

In the year 1960, Opial [21] established the following inequality:

Theorem A. Suppose f € C1[0,a] satisfies f(0) = f(a) =0 and f(x) > 0 for
all x € (0,a). Then the inequality holds

(1.1) | s@r@lde < § @y

where this constant a/4 is best possible.

Opial’s inequality and its generalizations, extensions and discretizations play
a fundamental role in establishing the existence and uniqueness of initial and
boundary value problems for ordinary and partial differential equations as well
as difference equations [2,3,7,18,20]. The inequality (1.1) has received con-
siderable attention and a large number of papers dealing with new proofs, ex-
tensions, generalizations, variants and discrete analogues of Opial’s inequality
have appeared in the literature [9-13,15,19,22-29, 31].

The first natural extension of Opial’s inequality (1.1) involving 2™ (t),n > 1
instead of #’(t) is embodied in the following:

Theorem B ([30]). Let x(t) € C™[0,a] be such that (D (0) = 0,0 <i <n—1.
Then the inequality holds

(1.2) /Oa |lz(t) 2™ (t)|dt < %a” /Oa |2(™) (¢)|2dt.
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A sharper version of (1.2) is the following:

Theorem C ([14]). Let 2(t) € C"~1[0, a] be such that () (0) = 0,0 < i < n—1.
Further, let =1 (t) be absolutely continuous, and Iy |2 (#)[2dt < co. Then
the inequality holds

(1.3) /0 |lz(t) 2™ (t)|dt < epa™ /O 2™ (¢)|2dt,

1
with equality if and only if n = 1 and =" (t) = ¢, where ¢, = 5= ( 1 )2 .

2n! \ 2n—1

A result involving two functions and their higher order derivatives is embod-
ied in the following:

Theorem D ([23]). For j = 1,2, let z;(t) € C"~1[0,da] be such that 2t (0) =

J
0,0 <i<n-—1. Further, let xgnfl)(t) be absolutely continuous, and

/ 12 ()Pt < 0.
0

Then the inequality holds
(1.4)

i

with equality if and only if n = 1,z; (t) = ¢, where the constant ¢, is defined
in Theorem C.

£1(t) 2§ () + fea(0) - 20 (0)]) dt < enan /0 a (\Iﬁ") (O] +[a5” wf) a

For Opial type integral inequalities involving high-order partial derivatives
see [1,4,6,17,33]. For an extensive survey on these inequalities, see [3]. The first
aim of this paper is to establish the following Opial-type inequality involving
two functions and their higher order partial derivatives based on applications
of improvements of Das [14] and Pachpatte’s ideas [23].

Theorem 1.1. Let a,b,s,t,o, 7 be real numbers, 0 < o < s<aand <7<
t<b. Forj=1,2,n>1,k>1,letz;(s,t) € C"V[0,a] x C*=1[0,b] be such
that 252;(0,7) = 0, 27 2;(0,0) =0, 0 € [0,8],7 € [0,4], 0 <i <n—1,0<

> ari’
(n,k) (n,k) _ (n—1,k=1)
5 (o,t) = 0. Further, let x; (s,t) be

i'<k—1,andx;""(s,7) =0,

2
absolutely continuous, and [ fob ‘x;n’k)(s,t)‘ dsdt < co. Then

a rb
/ / (‘zl(s,t) ~x§n’k)(s,t)‘ + ’xg(s,t) ~z§"’k) (s,t)D dsdt
o Jo
B A P L RO
(1.5) < cnyka"bk/ / <’:c1 ' (s,t)’ + ‘:EQ ’ (s,t)’ )dsdt,
o Jo



ON OPIAL INEQUALITIES INVOLVING HIGHER ORDER DERIVATIVES 1265

with equality if and only if n =k =1, x§"’k)(s, t) = ¢, where

n o [0k
o950 = g (s

and

1 2nk 2
k= \@n—Ek—1))

We also prove an interesting Opial-type inequality involving two functions
and their higher order partial derivatives as follows:

Theorem 1.2. Let a,b,s,t,o,7 be real numbers, 0 <o < s<aand 0 <7

) 2

t <b Letl>00<m <1 and satisfying l + m > 1. For j = 1,2,n

Lk > 1, let x;(s,t) € C"V[0,a] x C*=V[0,b] be such that 8801 z;(0,7)

0,61,%(00)—0 oel0,s],7€0,t],0<i<n—1,0<4¢ <k—1. Further, let

-’L';n 1,k—1)
Then

(1.6)

IV IA

+
(s,t) be absolutely continuous, and [ fo } (n-k) (s,t)‘ dsdt < oo.

a b
/ [ [zt 0§ s, 01 + a0 ol s, 0] s
0 0

0
I4+m m
o "lbkll</ / ‘ (n.F) st dsdt) //‘““c st ! dsdt

m
m

1
I+m m a b mal +m
(/ / ‘ (n.k) st dsdt) / / ’xgn’k)(s,t)‘ dsdt] ,
o Jo

where

. nk:(l _5)2 1(1-8) 2§l£2§l 1
ok = (( §><k§>) kD = " T+ m

2. Main results and their proofs
Our main results are given in the following theorems.
Theorem 2.1. Let a,b,s,t, 0,7 be real numbers, 0 <o <s<aand0 <7<
t<b. Forj =1,2,n> 1 k>1, letx;(s,t) € C(" D[0,a) x C*=1)[0,b] be such
that z](OT)fO,BI/:cJ(JO)fO o€ [0,s],7€[0,t],0<i<n-10<
i’ < k— 1, and xg ’ )( ,T) =0, xgn k)(a, t) = 0. Further, let xgnfl’kfl)(s,t) be
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J

/ / x1(s,t) (" k) (s,t)‘ + ‘$2(S,ﬁ) -xgn’k)(s,t)‘) dsdt

2 2
< Cn,kanbk/ / (‘xgn’k)(s,t)‘ + ‘xén’k)(s,t)‘ >dsdt,
0o Jo

with equality if and only if n = k = 1, x(" k) (s,t) = ¢, where x;n’k)(s,t) and
cn,i; are defined in Theorem 1.1, respectwely.

2
absolutely continuous, and [ fé) ‘x(n’k)(s,t)’ dsdt < co. Then

Proof. For o, integration by parts (n—1)- times in right side of the following

first formula and in view of 6 z(0,7) =0, 3~ l,x(a 0)=0,0<i<n—-1,0<
i/ <k —1, we have

(2.2)  x1(s,t)
—_ (71)" /O(O—S)n—lﬂzl(g t)d

(n—1)! Jo™
_1)\2n—1 0 n
1

° n—1 an
= (nfl)!/o (s — o) %xl(a,t)da

_ m /OS(S _ o)nflaa; </Ot(t _ T)Hs—;m(o, T)dT) do
- T 1)!1(k 5 /O /Ot(s — o)Lt — 1)L 2 (6, r)dodr.

Multiplying both sides of (2.2) by x(n k)(s, t) and using the Cauchy-Schwarz
inequality, we have

‘zl(s t) ~x(n’k)(s t)‘

‘ (n.k) (s, t 3
S ( 1 (/ / 2n 2 )QdeO,dT)
n—
s 9 3
(2.3) X (/ / ’xin’k) (o, T)’ dO’dT)
o Jo
1

T - DWk-1)@r- D)k -1)

s t 2 %
X (/ / ‘x§””“> (o, 7‘)‘ dO‘dT)
o Jo

Thus, integrating both sides of (2.3) over ¢ from 0 to b first and then integrating
the resulting inequality over s from 0 to a and applying the Cauchy-Schwarz

s TRk e xg" k) (s, t)’
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inequality again, we obtain

/O“ /Ob ‘xl(s,t) -xén’k)(s,t)’ dsdt
= Dl 1! 1(2711)(% ) </0 /ob 52"_1t2’“‘1dsdt>
(/ / ) 5,0) </ / o0,7) dad7>dsdt>
N 2711! <m> 22! <2k_1>éa"bk
(2.4) (/ / ‘ (n.k) st </ / ’ (nk)JT dUdT)dsdt)

Similarly, we obtain

//’acg 8, ) - xlnk)(s t)‘dsdt

on \T 1 [ 26 \? .,
< ab
2n! m—1) 2k \2k—1

(2.5) (/ / ’ () (5 t)‘z (/()S/Ot‘xé”vk)(g,r)rdach‘) dsdt)é

Thus, from (2.4), (2.5) and in view of the elementary inequality at + bz <
[2(a + b)]2, a,b > 0, we obtain

/ / r1(s,t) - (nk)st‘Jr‘:cgst 2R (st )Ddsdt
<20nka"bk[/ / {‘ (nk)st (//’ (nk)O'T dO’dT)
(2.6) +‘x1”’“> st (/ / ‘ (8) (5 7) dadT) }dsdt} .

On the other hand

asat [( ("k) (o,7) dO‘dT) </ / ‘ ("k) (o,7) d0d7>}
x1(o,t)|" do - ("k (o,7) dO’dT
| )I?

—|—/ / ‘xgn’k)(a,T) dO’dT-/ |:C2(U,t)|2da]
o Jo 0

W=

1
2

-

)
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2 s rt 2
— ‘mgn’k)(s,t)‘ / / ‘xén’k)(o,T)‘ dodr
o Jo
s t
+ [N 0P o [ oo
0
2 s rt 2
+‘ (nk (s t)‘ / / ‘xgn’k)(o,T)‘ dodr
o Jo
s t
+/ |z2(o,t)|2do~/ |z1(s,7)[* dr
0 0
2 s rt 2
— ‘mgn’k)(s,t)} / / ‘xén’k)(o,T)‘ dodr
o Jo
(n,k) 2 Y ) 2
(2.7) +’z2’ (s,t)’ / / ’xl’ (O’,T)’ dodr.
o Jo

From (2.6), (2.7) and in view of the elementary inequality 2(ab)% <a+b, a,b>
0, we obtain,

/ / x1(s,t) (" *) (s,t)‘ + ‘:Eg(s,t) -xgn’k)(s,t)‘) dsdt
< 2, npk ‘ (n,k)
Cn, k0" [//85(’%{(// (o,7) dO‘dT
(/ / ‘ (n.k) (o,7) dO‘dT) } dsdt}
1
a b 2 a b 2 2
= 2¢, pa"b" / / ‘:I:g"k) (s,t)‘ dsdt / / ‘xg"k) (s,t)‘ dsdt
o Jo o Jo
N R N L RSP
Cn ka™b / / <‘:c1 ' (s,t)‘ + ‘xQ ' (s,t)‘ >dsdt.
o Jo 0

Remark 2.2. Let x(s,t) reduce to z(t) by letting s = s(¢) and with suitable
modifications in all intermediate steps of proof of Theorem 2.1, then Theorem
2.1 becomes Theorem D stated in the introduction which was established by
Pachpatte [23].

IN

Remark 2.3. Taking for x1(s,t) = z2(s,t) = z(s,t) in (2.1), we have

a b a b 9
(2.8) / / ’x(s, t) - 2 (s, 1) dsdt < cnﬁka"bk/ / ’x(”’k)(s, t)‘ dsdt,
0o Jo 0o Jo

with equality if and only if n = 1,2 (s,t) =
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Let x(s,t) reduce to x(t) by letting s = s(¢) and with suitable modifications,
then (2.8) becomes the following inequality:

/‘ 2 (¢ dt<ca / ’ ) (¢

with equality if and only if n = 1, z(") (t) = ¢, where the constant ¢, is defined
n (1.3).

This is just an inequality in Theorem C stated in the introduction established
by Das [14].
Remark 2.4. Let 0 < a,8 < n, for j = 1,2 let g;(s,t) € C®=*~D[0,a] x
C*=8=1)[0,b] be such that 619](0 t) = 6;,gj(s,0) =0,0<i<n—-a-1,0<
i’ < k—f—1 and suppose that g("—*—1k= ﬂ_l)(s,t) are absolutely continuous,

2
and [ fob g§"_a’k_’8)(s,t)} dsdt < oo, then from (2.1) it follows that

a b
L o064 0,0)] 1 fo 45,0 - g, ] s

< cep_ak—pa"” aph— B/ / U (n—ak— ﬂ)st‘ ‘g(" k= ﬂ)(st)‘]dsdt.

Thus for g;(s, t) = x )(s t), where z;(s,t) € C"=Y[0,a] x C*k=V[0,b],
2 2(0,t) = 0’6t1’z( 0)=0,a<i<n-—1 ﬂ<z <k-1, andz(" L= 1)( ,t)

are absolutely continuous, and [ fo ‘ (k) (g 4)

dsdt<oo, then
/ / xlaﬁ s,t) (nk)(s t) ‘—i—} (nk (s t)-xéa’ﬁ)(s,t)u dsdt
2
(2.9) < Cn_ar_pa™ b 5/ / [ (n.k) st +‘x2”’“> )‘ ]dsdt.

Obviously, a special case of (2.9) is following inequality:

a rb
/ / ngk’k)(s, t) -:cg"’n)(s, t)} + ‘x§”’")(s, t) -:cgk’k) (s,t)H dsdt
o Jo

a b 2 2
(2.10) < cn_k,n_k(ab)"_k/ / ngn’")(s,t)‘ + ‘xén’")(s,t)‘ ] dsdt.
o Jo

Let x;(s,t) reduce to s;(t) and with suitable modifications, then (2.10) becomes
the following inequality:

1@ @)+ 1t 0 0 a
< o™ [ [l OF + o 0]t
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where the constant ¢, is defined in (1.3). This is just an new inequality
established by Pachpatte [24].

Theorem 2.5. Let a,b,s,t,o, 7 be real numbers, 0 <o <s<aand0 <7
t <b Letl>00<m <1 and satisfying l +m > 1. Forjf12n
Lk > 1, let zj(s,t) € C"V[0,a] x C*=D[0,b] be such that 2=2;(0,7)

IV IA

0,681/1'](0' 0)=0,0€]0,s],7€[0,t],0<i<n—1,0<4 <k-— 1 Further, let
+

xgn 1’k_l)(s,t) be absolutely continuous, and fo fo zgn’k) (s,t)’ dsdt < 0.

Then

(2.11)

a b
/ [ [zt 01 a5 5,01 + a5, 0] s
0 0
0 b
l+m m a m+l
et a™pM //‘("k)st dsdt / / ‘xg"’k)(s,t)‘ dsdt
0 0
m b i
(/ / ‘ gk st dsdt) / / ]wi”’k)(s,t)‘ dsdt] :
0 0

where xg-n’k)(s,t) is defined in Theorem 1.1, and Chk 18 defined in Theorem 1.2.

Proof. From (2.2), we have
1 s t &
|z1(s, 1) < ﬁ/ / (s—o)" 't —7)! ’x&" (o, T)’ dodr,

by Holder’s inequality with indices [ +m and ="+, it follows that

l+m—1

il 01 = (nfl kE—1)! (// R 1]l+m1d0dr> o

1

I+m i+m
(//’ (nk)O'T dO’dT)
3
+m
AsnEth=E (/ / ’z&"’k)(o,ﬂ‘ dO’dT) ,
0o Jo

(- N\t 1
A<< O - 5>> GRS

Multiplying the both sides of above inequality by |$(" k) (s,t)]™ and integrating
both sides over t from 0 to b first and then integrating the resulting inequality
over s from 0 to a, we obtain

//|x15t|‘("k)st’ dsdt

where
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3
<Az// nf)tlkﬁ‘ nk>3t (//‘W“ o, 7) dadT) dsdt.

Now, applying Holder’s inequality with indices l ™ and l+m to the integral on
the right side, we obtain

(2.12)

a b m
//le(s,t)ll ’wén’k)(s,t)’ dsdt

l

< / / (n=€)(t+m) (b €><l+m>dsdt> w

+1 l+ ™
(//‘(nkst (//}(nkaT dO’dT) dsdt)
< ) apkl

m+l l+m
<//‘("k)st <//‘("k)07 dod7'> dsdt)

Similarly, we obtain

m

+m

= Al

m

+m

(2.13)

a b m
/ / |$2(s,t)|l‘x§n’k)(s,t)‘ dsdt
0
< Al (62) nlbkl

€ +m
m+l +m m
</ / ’ (n.k) (s, t (/ / ‘ (nk) (o,7) dO’dT) dsdt) .

Thus, from (2.12), (2.13) and in view of the elementary inequality a* + b* <
217 Ma +b)*,0 < XA < 1,a,b > 0, we obtain

a b
/ / (2 (s, O™ (s )" + a5, O |2 (s, )| disat

m+l m
<ananlbkl{/ / ’ (n.k) St (/ / ’ ("k) UTdodTD
ml l+ = T
/ / ‘mn k) s, t (/ / ‘ (nk (o,7) dO‘dT) dsdt]
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L
a rb +m m a rb m+l
c:,ka”lbkl[</ / ‘xgn’k)(s,t)‘ dsdt) / / ‘xén’k)(s,t)‘ dsdt
o Jo
a b I+m m+l Tnﬁn
+<//’x§"’k)(s,t)‘ dsdt) //‘("’c st’ dsdt] .
o Jo

This completes the proof. (I
Remark 2.6. Taking for x1(s,t) = za(s,t) = z(s,t (2.11), we have

I+m
/ / |lz(s, )| - 2P (s, 8)|mdsdt < ¢ "lbkl/ / ‘:c(" ) (s,t) ’ dsdt.

Remark 2.7. Let x(s,t) reduce to z(t) by letting s = s(¢) and with suitable
modifications in all intermediate steps of proof of Theorem 2.5, then (2.11)
becomes the following result.

/ i @18 @ + faa() 12 0]

0
L
I+m m m+l
zﬁ")(t)’ dt> /‘ )t‘
0

< c:lanl </
0
L llyzn
a I+m ™ a m+1
(2.14) +</ ‘zg")(t)‘ dt> / ‘zﬁ"’k)(t)’ dt] ,
0 0

where
1(1=8) oel el
1-— 2 1
(2.15) o= (P18 & = .
n—¢ (nh)t I4+m
Taking for z1(t) = z2(t) = z(t) in (2.14), we have the following interesting
inequality.
a a l+m
/ ()2 (8)["dt < ¢ nl/ ]t
0 0
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