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ON UNIVERSAL COVERINGS OF LIE TORI

VALIOLLAH KHALILI

ABSTRACT. In this paper we give an introduction to the theory of uni-
versal central extensions of perfect Lie algebras. In particular, we will
provide a model for the universal coverings of Lie tori and we show that
automorphisms and derivations lift to the universal coverings. We also
prove that the universal covering of a Lie A-torus of type A is again a Lie
A-torus of type A.

0. Introduction

Central extensions play an important role in the theory of Lie algebras.
Universal central extension of Lie algebras over rings were described in [23, §1],
later references on universal central extensions are [12, §1], [15, 1.9], [24, 7.9] or
[21]. Central extensions in the category of certain topological Lie algebras are
studied in [17]. Garland studies universal central extensions of Lie algebras over
fields [12, §1]. In particular, he constructs a model of universal central extension
of a perfect Lie algebra, using the universal 2-cocycle, which is different from
the Van der Kallen's model (see [23, §1]). Our construction for universal central
extensions of Lie tori is essentially the Van der Kallen’s model.

Lie tori play a critical role in the theory of extended affine Lie algebras which
are natural generalization of finite dimensional simple Lie algebras and affine
Lie algebras. Yoshii and Neher were interested in Lie tori primarily because
of the connection between Lie tori and extended affine Lie algebras ([26] and
[19]). The centerless core of an extended affine Lie algebra is a centerless of
Lie torus and conversely any centerless Lie torus is the centerless core of an
extended affine Lie algebra [26, Theorem 7.3]. Extended affine Lie algebras
are defined axiomatically by Alison, Azam, Berman, Gao and Pianzola in [1].
The various classes of these Lie algebras have been investigated in many papers
(see [4, 6, 13, 14, 20, 25, 27] and [16]). Lie tori as well as extended affine Lie
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1200 V. KHALILI

algebras are also defined axiomatically, which are the certain root graded Lie
algebras.

The universal central extensions of root-graded Lie algebras are determined
in [2], [3] and [8]. Recently, in [28] and [7] the authors have given a finite
presentation for the universal covering of the centerless core of a Lie torus of
type X, X # A;, C;, BC;. Namely, by using the recognition and structural
theorem(s) for root graded Lie algebras and their universal coverings, they were
able to select a finite set of generators and deduce a certain set of relations
among them for presentation the universal covering of a Lie torus of type X,
X%Al, Cl, BC[.

One of our aims in this note is to give natural construction for universal
covering of Lie tori, with emphasis on the general part of the theory, rather
than on special type of Lie tori. More precisely, our construction uses the model
of the universal central extension of perfect Lie algebras by Van der Kallen’s
method [23, §1]. The purpose of this note is to give an information about the
structure for the universal covering of a Lie A-torus of type A, where A is an
abelian group and A is an irreducible finite root system.

To close this introduction, we briefly outline the contents of the paper. In
Section 1, we recall the definition of Lie A-torus of type A and some facts
that we will need in the sequel. We also give an introduction to the theory of
universal central extension for perfect Lie algebras and record some properties
of it. In Section 2, we provide a construction for universal covering of Lie
tori, by using Van der Kallen’s model . We finish this section by proving that
automorphisms and derivations of Lie tori lift to the universal central extension.
Section 3 contains the structure of the universal covering of a Lie A-torus of
type A. More precisely we show that the universal covering of a Lie A-torus of
type A satisfies in all axioms of Lie tori and is again a Lie A-torus of type A.

1. Basic definitions and terminology

Throughout this paper we will assume that A is an abelian additive group
and F is a field of characteristic zero, unless otherwise mentioned, all vector
spaces and all algebras are considered over .

1.1. Lie tori

First we introduce a notion of root graded Lie algebra. Specially, we consider
certain root graded Lie algebra called Lie torus, which was first introduced in
[26] and [27].

Let A be a finite irreducible root system (which is contains, zero and not
necessarily reduced) as in [10, Chap VI]. For each root v € A* := A\ {0}, let
& be the corresponding coroot such that (3,&) be the Cartan integer for all
B e A Set Ajpg :={0}U{a € A|a/2¢ A}. We denote the root lattice of A

by Q(A).
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Let G be a finite-dimensional split simple Lie algebra over F with root space
decomposition G = H & (@aeAM G.) relative to a split Cartan subalgebra H.
Every finite root system A is one of the reduced root system A;,4 or is a non
reduced root system of type BCj.

Definition 1.1. Let £ be a Lie algebra over a field F, and let A be a finite
irreducible root system. Then L is said to be graded by the root system A or
to be A-graded if

(i) L contains as a subalgebra, a finite dimensional split simple Lie algebra
G, called the grading subalgebra with root system A;,q4 relative to a
split Cartan subalgebra .

(ii) £ has a decomposition £ = @, ca Lo, Where L, = {z € L: [h,z] =
a(h)x for all h € H}.

(iii) Lo =D peax[LarL_al.
(iv) Either A is reduced and equals the root system A;,q of grading pair
(G,H) or A is of type BC; and A;,4 is of type B, Cj, or D.

The above definition is due to Berman and Moody [9] for the case A = A;pq.
The extension to the nonreduced root systems BC; was developed by Alison,
Benkart and Gao in [3] for [ > 2 and by Benkart and Smirnov in [8] for [ = 1.

Definition 1.2. A Lie algebra L is a Lie A-torus of type A if the following
axioms hold:
(LT1) £ has a grading by (Q(A) & A), of the form

L= PcLd [LdLhcLith, satisfying L) =0if a ¢ A
a€AXEA
(LT2) For X € A we have £ = 3 cax. ueA[ﬁg,ﬁi;“].
(LT3) For « € A* and A € A we have:
(i) dim£) <1, with dim£% =1 if o € Ay,
(i) if dim£} = 1, then there exists (e}, f2) € £} x L7 such that h) =

—Q

[eX, f2] € LY acts on ay € Ly (BeA, pe )by
[hg\uxg] = <6ad>$g

(LT4) A= ({Ae A | L) #0 for some o € A}).

The type of L is by definition the type of the finite root system A, and the
rank of A is called the nullity of £. Finally, £ is called centerless if the center
Z(L) of L is zero.

Let £ =@, cn @®rca £a be a Lie A-torus of type A. It follows from (LT1)
that £ has a grading by Q(A) as

(1.3) L=EP Lo, where Lo=EPL),

Q(A) AEA
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and also £ is A-graded by
(1.4) L=@r* where £)=PL).

AEA a€A

The two gradings are compatible by £ := £* N L, for all a € A and \ € A.
If we fix an ordered basis {a; | 1 < i < £} of A. By (LT3)(ii), for each
a € Ajng there exists (eq, fo) € L) x L2, such that (eq, ha = [€a, fa]; fo) is

an 5[§a)—triple. The Lie subalgebra of £° generated by eq, ha, fo is isomorphic
to sl3(FF). Let G be the subalgebra of £° generated by {ea,, ha,s fa, | 1 < < £}
and H = Zle Fhq,. It is showed in [5] that G is a finite dimensional split
simple Lie subalgebra of the Lie torus £ with splitting Cartan subalgebra H
and root system A;,q4, relative to H. Then L is a (A, A)-graded Lie algebra
with grading pair (G, ), in the sense of [26].

Definition 1.5. Let £ be a Lie algebra. A central extension of £ is a pair
(ﬁ, ) consisting of a Lie algebra L and a surjective Lie algebra homomorphism
7 : L — L whose kernel lies in the center Z(£) of £. A central extension
(L,7) of L is called a covering (or a cover) if £ is perfect ([£,£] = £). A
homomorphism from a central extension (£~, 7) of L to another central extension
(L£,7%) of £ is a Lie algebra homomorphism ¢ : £ — £ which is satisfies
7o = m. A central extension (£, 7) of £ is called a universal central extension if
there exists a unique homomorphism from (KN, ) to any other central extension

of L.

Remark 1.6. (a) By a central extension (£, 7) of £ we understand a short exact
sequence of Lie algebras

0—C-S5Z2"5L-—0

such that C is in the center of £.

(b) To verify that a covering is universal, it suffices to show the existence of
a homomorphism from the covering to any central extension of L. It is obvious
from the universal property that, any two universal coverings are isomorphic
as central extension.

(¢) Any perfect Lie algebra £ has a unique (up to isomorphism) universal
covering (£, ) which is also perfect (see [11]). The kernel of = is its second
homology Ha(L,F) with trivial coefficients (see [24, Theorem 7.9.2]).

Lemma 1.7. Let (Z,T() be a central extension of perfect Lie algebra L. Then
(i) £=I[L,L] +kern, and ([L, L], |iz,2)) s a covering of L,

(i) Z(L) =7"YZ(L)) and m(Z(L)) = Z(L).

Proof. See [21, Lemma 1.5]. O
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2. Constructions for universal coverings of Lie tori

In this section, we use Van der Kallen’s method to construct universal cov-
erings of Lie tori. These Lie algebras arise naturally in the construction of
Extended affine Lie algebras.

Let £ be a Lie torus. We consider the F-submodule J of F-module £ ® £
spanned by all elements of the form

@z and z®[y,z]+tyR[z, 2]+ 2® [z,y]

forallz, y, z € L. Then J can be thought of as a linear span of all homogeneous
elements £ ® L of degree 2. Define £ = (L ® £)/J. For all z, y in £, x Ay
denotes the image of z ®y under the canonical map, i.e., vAy =x@y+J € L.
Note that we have the following identities in £,

(2.1) aAz=0, zAy=—-yAz and xA[y,z]+yAlz,a]+2zA[z,y]

for all z, y and z in L. By a straightforward computation, the F-linear map
LR®L — [L,L] by 2 ® y — [z,y] vanishes on J and hence descends to a
F-linear map

(2.2) T L —[L,L], zAy— [z,y]

for all z, y € L, with

ker m = {Zzz Ay | Z[xz,yz] = 0}.

Now, we define a composition law [-,-]~ on £ by
(2.3) ([, lo]™ = m(ly) Am(l2)

for all I;, Iy in £. The module £ becomes an F-algebra with respect to the
product (2.3). Also by definition, 7 is a homomorphism. In particular, we
have

(2.4) [z Ay, 2" ANY ™ =[x,y A2 Y], x, oy, 2,y e L

Lemma 2.5. Let £ be a Lie torus. Then L is a Lie algebra with respect to
product [-,-]~ in (2.3).

Proof. Tt is clear that the product in (2.3) on £ is linear in each component. The
anti-commutativity follows from (2.1). For the Jacobi identity, it is sufficient
to verify it for elements of the spanning set {x Ay : z, y € L}. Consider three
elements I; = x; A y;, where i = 1, 2, 3 and x;, y; € L. By (2.3) and (2.4) we
have
(1, [l2,1s]7]7 = w(la) A (w(l2) A(ls))
= [z, 1] A ([z2, 2] A [73,93])
= [zlvyl] A [[:CQ,yQ], [:C37y3]]'

By a similar computation and using (2.1), we obtain Jac(ly,l2,13) = 0. O
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Proposition 2.6. Let £ be a Lie torus. Then the pair (L,7) is a central
extension of L.

Proof. The F-linear map 7 is a homomorphism of Lie algebras. Indeed, by
(2.2), (2.3) and (2.4) we have

m(z Ay, 2" AYTY) = ([, y] Al y'])
= |lz,y],[=",y]]
= [r(zAy), 7@ Ay

Now, since £ is perfect ([£,L£] = L), © : L — L is a surjective Lie algebra
homomorphism and also ker 7 lies in the center of L. O

In this situation, we show that the central extension (£, ) of Lie torus £ in
Proposition 2.6, is a universal covering;:

Theorem 2.7. Let £ be a Lie torus. Then the pair (L, 7) is a universal
covering of L.

Proof. Since L is a perfect Lie algebra, £ is perfect. Then the central extension
(L, 7) is a covering of £. To show that (£, ) is universal, it suffices to prove
that there exists a homomorphism from (£,7) to any central extension of £
(see Remark 1.6(b)). Suppose that (£,#) is any central extension of £. Then

7 is a surjective Lie algebra homomorphism, and since ker 7 lies in Z(L), we
obtain the short exact sequence

0—kerit - £ 5 £ 0.

Now, we choose a subspace £ of £ such that # : £/ —» £ be an isomorphism
of F-vector space. Let . : £ — £’ be the inverse map of #. We will denote by
[-,-], the Lie product on £. Then for all 2, y € £ we have

(2.8) al[z,y]) - [a(z), a(y)] € Z(L).
Our choice of £’ has led us to an F-linear map
LxL— L, (z,y) — [a(@),ay)].

Hence by the universal property of the tensor product, we obtain an F-linear
map
fiLRL— L zyr— a(x),ay).

By (2.8) and the fact that L is a Lie algebra over F, this map vanishes on the
F-submodule J of £ ®r £. Thus we obtain an F-linear map

(2.9) VL — L, xAyr— [a@),ay)]

for all z, y € L. We claim that 1 is a Lie algebra homomorphism. For all
x Ay, ANy € L, by (2.8) and (2.9), we have

Yz Ay, &' AY]) = (= Al y])
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= [a([z,y]), ol yD]
= [la(@),a)] [ala"), aly)]]
= [z Ay),d Ayl
Next, we show that 7oy = 7. Let z, y € L. Then

(Fo)xAy) = 7([a(x),ay)]
= 7(a([z,y]
= 7(a([z,y
= [z,y]+2
= 7(zAy),

where z € Z(L) and 2z’ € Z(L). Thus ¢ is a Lie algebra homomorphism, which
satisfies 7# 0 ¢p = 7. By Definition 1.5, ¢ is a homomorphism from (£, 7) to
(L, 7). This completes the proof. O

Corollary 2.10. Let L be a Lie torus. Then the (E,ﬂ') is a covering for all
coverings of L. In particular, (L, ) is a universal central extension of centerless

Lie torus L/Z(L).

Proof. The first statement is obvious by the Remark 1.6(c) and Theorem 2.7.
The last statement is now clear. O

Let £ be a Lie torus and (£~, ) be its universal covering. We first recall the
notion of lifting. An automorphism 6 € Autp(L) is said to lift to £, if there
exists an automorphism 6 € Autg(L) for which o m = 70 6.

Theorem 2.11 (lifting of automorphisms). Assume L is a centerless Lie torus
and let (L, ) be its universal covering. Then

(i) The center Z(L) of L is precisely the ker(r). Furthermore, the canonical
map Autg(L) — Autp(L) is an isomorphism.
(ii) 0 € Autp(L) lifts to every central extension of L if and only if the lift

6 of 6 acts on ker(m) by scalar multiplication.

Proof. (i) See [23] for the proof. Another proof can be found in [21].
(ii) See [22, Lemma 2.7]. O

Proposition 2.12 (lifting of derivations). Let (£~, ) be the universal covering
of Lie torus L. Then

Derp(L) = {6 € Derp(L) : §(ker(m)) = ker(m)}.

In particular, IDerg(L) = IDerp(L), i.e., adz(x Ny) = adg[z,y]. Moreover, if

L is a centerless Lie torus, then Derg(L) = Derp(L).




1206 V. KHALILI

Proof. Let § € Derg(L). Consider the F-linear map
dRI:LIL—LRL, zRy+— ix)@y+2®4(y)

for all z, y € L. This map leaves the submodule J C £ ® £ invariant. Indeed,
for all z € £ we have
@) (zez) = i(z)@r+2di(x)
= (z+0(z) ®(x+0(z) - (z@x) = (0(z) ®i(x) € J.

Also, for all x, y € L a straightforward computation shows that

R0)(z@y, 2] +y®[z,2]) + 2R [y,2] + 2 @ [7,¥])
= (0(2) @y, 2] +y @ [z,d(2)] + 2 @ [6(2), y])

+Haz®@[0(y), 2] +6(y) ® [z, 2] + 2@ [2,5(y)])

+Hz®[y,0(2)] +y®[0(2),z] +6(2) ® [z,y]) € J.

Hence, § ® 0 induces an F-linear map
6:L— L, xAhy— dx)Ay+zAdy),

which is a derivation on £. Indeed, for all I; = x; A y;, where i = 1,2 and
x;,y; € L we have

0([l, 12]) = d(w () Am(l2))

= 8(m (1)) Am(la) + m(l1) Ayd(l)

= 0lz1,y1] A (T2, y2] + 21, 2] A O[22, Y2

= [0(z1), yi] A [22, y2] + [21,6(y1)] A [22, 2]

+21, y2] A [6(22), y2] + [z1, y1] A 22, 0(y2)]

= [0(x1) Ayr + 21 Ad(y1), w2 A ye] {1 Ayr, 6(z2) Ayz + 22 Ad(y2)]
[5(:1:1 AY1), T2 Ay + [21 Ay, 5(902 A ya)]
=[5

(1) o] + [12,6(I2))-

It is clear that § o m = m 0 4. In particular, § leaves ker(r) invariant, that is,
& acts on ker(w) by scalar multiplication. Then by Theorem 2.11(ii), the map
§ —> & is a Lie algebra homomorphism, which its kernel is zero on £, L] =L.
This proves the first assertion. By the lifting Theorem of automorphisms, it is
easily seen that for all z, y € L

(=)

a.dL[-T,y] = a'dé(‘r A y)a

whence adz(n(l)) = adz(I) for all I € £, and so ad; = IDerg(£). If L is a
centerless Lie torus, by Theorem 2.11(i) and the first part of this proposition,
we get the result. (|
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3. The structure of universal coverings of Lie tori

In this section we give a completely description for the universal covering of
a Lie A-torus of type A. We will show that if (£,7) is a universal cover of L,
as in Section 2, then L is again a Lie A-torus of type A.

Definition 3.1. Let A be an abelian group and let £ = @, L£* be a A-graded
Lie algebra. By definition, a A-graded central extension of £ is a A-graded Lie
algebra KC together with a central extension 7 : K — £ which is at the same
time a homomorphism of A-graded Lie algebras and denoted by (K, 7). A A-
graded central extension (K,7) of £ is a A-cover of Lif 7 : K — L is a
covering, i.e., if IC is perfect.

Proposition 3.2. Let £ = @, cp Pycp L be a Lie A-torus of type A and

(L, 7) be its universal covering. Then L is a (Q(A) & A)-graded Lie algebra.

Proof. Consider £ = @, ., £* as a A-graded Lie algebra (see (1.4)). For A € A,
let

(3.3) (Lol =Lracrr

HEA

Then L ® L = @, (L ® L) is a A-graded Lie algebra. So, the submodule
J C L® L is a graded submodule of the A-graded module £ ® L. Hence
L= (L® L)/J is A-graded with respect to the quotient grading. Namely, for
AeAwelet L2 : =Y uen LA L2 and define £ = Drca L£*. By Definition

3.1, 7(LY) C LY (A€ M), so by (2.3), we get
LA LM =m(LYAT(L) C > m(L) Ar(Lr) S Y LANLE =L

A, HEA A, peEA
Then £ is a A-graded Lie algebra and that 7 : £ —» £ is a homomorphism of
A-graded Lie algebras. Also, ker(r) C Z(L) is a A-graded submodule. Since
L is perfect, 7 is a covering and that (L,7) is a A-cover of L. Now, we show
that 7 : £ — L is a (Q(A) @ A)-covering. Consider £ = Do) La as a
root graded Lie algebra (see (1.3)). Then £ has a weight space decomposition
with respect to the toral subalgebra H C L. Since L is perfect, we obtain that
H:=n"(H)is a toral subalgebra of L. Tt is also A-graded, i.e., for A € A, we

let H* = H N L and define H = @, ., H*. Note that, for all 0 £ Xe A we
have

(3.4) H* C ker(rm) C Z(L).

For a € Q(A), let Lo 1 = Y pcqa) L6 A La—p and define £ = @, a) Lo
By (3.4), for all A € A we have

(1, L = [P H, LY € £
AEA
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Hence, £* is an H-submodule of £ and so
(3.5) LY = @ L, where L) : =L, NL

aeQ(A)
That is, the root space decomposition of L with respect to H and the A-grading
of £ are compatible. So £ = @,coa)Drea L) is a (Q(A) & A)-graded Lie
algebra and that 7 : £ — L is a (Q(A) & A)-covering. O

Lemma 3.6. Let L =@, cp Py Lo be a Lie A-torus of type A and (L, )
be its universal covering. Then for all A € A we have

(3.7) Lo= Y 1LaL2MT

REA, acAX
Proof. Let T be the right hand side of (3.7). We know that £ is perfect, then
we have } o

Ly =[£3, L3 + T

We also observe that Z(L£) = Prca (Z(L£)N L), and this implies that 7 | 7, is
bijective for « € A*, X € A. By this fact and by surjectivity of 7, for all A € A
we have

(1) = > w(Lh) AL
aEAX, peA
D D Y sy

QEAX, peA
By (LT2) for £, we get £} € T + ker(r). Since ker(r) C Z(£L), it follows that
£t L2351 < [,
Now, we must show that T is a subalgebra of £. By the Jacobi identity, for all
A, €A and a € A
L3, (L5, L2611 = (1L, LAT L28T + (£, (L5, L2861
C [LH LTh]. O

Proposition 3.8. For a € A* and A € A we have
(i) dim £} <1, with dim £% =1 if a € Ajpg.
(i) If dim £} = 1, then there exists (&), 7)) € L) x L) such that h)), : =
[Z), 5a] € LG acts on 25 € L (ne A, B€A) by [B;\L,Zg] = (B,a)75.

Proof. (i) Since 7 |z is one to one, for all &« € A* and all A € A we get the
results. B

(ii) Let dim £) = 1 (A € A, o € AX). By part (i) we have dim £} = 1, so by
(LT3)(ii) for £, there exists (z7),y) € L) x L7 such that b)) : = [z, 3] € £I
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acts on Eg (e A, BeA) diagonally. For « € A* and A € A, the map 7 |53
. . A~ ~ PN
is one to one. It follows that there exists (7, 92) € L4 x L such that they
are mapped onto (z),y)) € L) x L7 by 7. Let

hg + =3 Ny = [Ta, Jal € Lo
By Proposition 3.2, we know that

@ @[ﬁg, where L) = Z E“/\Eg s

a€Q(A) AEA BEA, peA

with £} = 0 if o ¢ A. Now, for § € Q(A), v € A, p, v € A and vf €

Lr, wg:: € E“:” we have

(R, vk A~ = [ Aya,v A wB ~]

= hLA [vy, ws "]

= vy Awy” W,h/\]—wg SN AR o
= (B—va) vy A wﬁ7: + (7, &) vi A wg::

v

= (B,a) vy AwplL 0

Remark 3.9. Let (e}, h), f2) be an 5[§a)—triple associated to (a, A) € A* x A.
By Proposition 3.8(ii), let

[e3

B 1 N - N
e*::§thegeL‘§, fa:= thAeﬁ,g, h) = frNer e L)

They are mapped onto e}, h), f2 by . Then the subalgebra S, : = Fé) @
Fh) & f2 of £ is isomorphic to the Lie algebra sl (IF).

Now, we summarize the above results in the following main theorem:

Theorem 3.10. Let L = @ @AGAE be a Lie A-torus of type A and
(E ) be its universal covering. Then L is a Lie A-torus of type A.

Proof. By Propositions 3.2, 3.8 and Lemma 3.6, £ satisfies in axioms (LT1)-
(LT3). To prove that £ is a Lie A-torus of type A, it remains to show that
A = (SuppZL). Suppose to contrary that £* = 0 for some A € A. Then L) =0
for any a € Q(A). Because of 7(L£)) = 0, we get L) C Z(L). Choose f € Ajna
such that (, ) # 0. By Remark 3.9, let (eﬂ, %, fg) be an sl5-triple associated
to (B,\) € Ajng X A. Then hO acts diagonally £). That is, by Proposition

3.8(ii), for some v € A, ,uEAandx”/\ya f;eﬁ“/\y " we have

(3.11) (1, 2 Ayd~hT = (o, B) ah AyaTh.
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Because of W(Eg) = 0, we have Eg C Z(L). It follows from (3.11) that zh A

yi:ﬁ = 0, which is a contradiction. 0
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