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DOUBLY NONLINEAR PARABOLIC EQUATIONS
INVOLVING p-LAPLACIAN OPERATORS VIA
TIME-DISCRETIZATION METHOD

KIYEON SHIN AND SUJIN KANG

ABSTRACT. In this paper, we consider a doubly nonlinear parabolic par-
tial differential equation %(t") —Apu+ f(z,t,u) =0in Q x [0,T], with
Dirichlet boundary condition and initial data given. We prove the exis-
tence of a discrete approximate solution by means of the Rothe discretiza-
tion in time method under some conditions on 3, f and p.

1. Introduction

In this paper, we study a doubly nonlinear parabolic partial differential
equation involving the p-Laplacian operator. More precisely, we are interested
in the existence and uniqueness of the solution of problem

ag(tu) —Apu+ fz,t,u) =0 in Qx[0,7T],
(1) u=0 on 9Q x (0,77,

u(-,0) = u in Q,

where Ap,u=div(|Vu[P72Vu), 1 < p < 0o, A is a nonlinearity of porous medium
type and f is a nonlinearity of reaction diffusion type. Let ) be a regular open
bounded subset of finite dimensional space R? (d > 3) and 92 be its smooth
boundary. These problems arise in many applications in the fields of mechanics,
physics and biology (non Newtonian fluids, gas flow in porous media, spread
of biological populations, etc).

Equations of the form (1) for p = 2 has been motivated by the following
two papers. The first one due to M. Gurtin [9] gives a non phenomenological
derivation of the generalized Allen-Cahn equation. This equation describes
some particular aspects of isothermal phase separation process. Performing
a clear distinction between thermodynamical laws and constitutive equations,
which is in the first part of [9], M. Gurtin propose the following generalization
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of the Allen-Cahn equation
(2) a’(uavuaut)ut - Aquf(t,:c,u) =0

with a > 0. So, this equation can be degenerate and if the coefficient a depends
only on u, we may rewrite (2) under the form of equation (1) for p = 2. Next,
n [13], A. Miranvile and G. Schimperna use Gurtin’s approach to model non-
isothermal phase transition problem. They end up with the following system
of PDE’s

(u®)e = Au = f+uxxe + (xe)? xt — Ax + g(x) = —uy,

where the unknowns are the absolute temperature v and the phase field y. If
X is given, then the above equation takes the form (1) if 3(u) = u? for positive
u. Regarding the potential f, we assume that it satisfies some sign condition
which is often used in phase transition problems [7]. For instance, f(t,z,u)
may be equal to f(u) = uP — u? with p > 3 odd. Uniqueness of the solution to
(2) for p = 2 satisfying homogeneous Dirichlet boundary conditions is a simple
consequence of a deep result of Otto [14].

In case of p = 2 of (1), M. Schatzman, A. Eden, B. Michaux, J. M. Rakoto-
son, A. Rougirel, J. I. Diaz and J. F. Padial [4, 5, 6, 15, 17] dedicated to the
existence of solutions and to the large time behavior of these equations in a
lot of works. M. Schatzman [17] considered for the problem in which (u) = u
for p =2 of (1) and then the problem reduces the reaction-diffusion equations.
A. Eden, B. Michaux and J. M. Rakotoson studied the existence of solutions
using the method of semi-discretization [5] as well as the method of Galerkin
approximation [6]. A. Rougirel [15] studied the solution of asymptotic behav-
ior for |%(t,:z:,u)| < Cwum, (Cyv > 0). And J. I. Diaz and J. F. Padial [4] are
considered the existence of solution in BV:(Q) space using S(u:) instead of
98(u)

ain case of p > 1 of (1), A. Bensoussan, L. Boccardo and F. Murat [3] studied
the existence of solution for § = 0 and A. El Hachimi and H. El Ouardi [8]
studied the existence and regularity of this equation under the fact that f is
differentiable by the method of Galerkin approximation.

Various abstract evolution equations have been considered using Rothe time-
discretization method, see, for instance, Kartsatos and Parrott [10] and refer-
ences cited therein. In the paper, the authors solved the initial-boundary value
problem for the time-dependent functional equation by the time-discretization
method.

This is the plan of paper. We recall our assumptions and state main results
in Section 2. In Section 3, we show the existence of discrete scheme. And, after
showing some estimates on the approximations, the passage to the limit and
the existence results are given in Section 4.
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2. Assumptions and main results

We let || - ||, || - |[1.p and || - [|—1,, denote the norm in L?(Q), W, *(2) and
W=LP(Q) for 1 < p < oo, respectively. And (-,-) denotes the duality between
W, P(Q) and W~12(Q) or denotes inner product of L2(€2). For 1 < p < oo,
we define the conjugate p’ of p by 1/p+ 1/p’ = 1. In this paper, C; and C will
denote positive constants and \; the imbedding constants such that

- 1lp < Al - [lep if 24 <p<oo
- 1l2 < el - [lLp if ZL<p<2

-1 < Asll -l < Aall - [l i p=2

(cf. 1]).

We define ¢ by 9(t) = fot B(s)ds for t € R and a continuous function S
with 8(0) = 0. Then, the Legendre transform of ¢ is also defined by ¢*(7) =
sup,er{7s — ¥(s)}-

Now, we present our assumptions which are used throughout this paper.
We suppose d* < p < oo where d* = (2d)/(d + 2), u® € L>=(Q) with «° =0 on
09 and the followings:

(H1) The function 8 : R — R is increasing and continuous with 3(0) = 0.

(H2) For £ € R, the map (z,t) — f(x,t,&) is measurable and & — f(x,t,¢&)

is continuous a.e. in © x [0,7]. Furthermore, we assume that there
exits C1 > 0 such that sign f(x,t,&) > —Cy for a.e. (z,t) € Q x [0,T].
(H3) For all M > 0, there exists Cps > 0 such that, if || + |¢'| < M, then

|f($a t,f) - f(xata€/)|a < C]\/I(B(g) - ﬁ(&l))(g - 6/)’
2 it 1<p<2,
pif p>2.
(H3)" There is Cy > 0 such that & — f(z,t,&) + Cof(€) is increasing for
almost (x,t) €  x [0,T].
(H4) For almost every z €  and for all M > 0, there exists Cps > 0 such
that, if t +¢' 4+ || < M, then
|F(a,1,6) = fla,t', )] < Ol — ']/,
where « is same as in (H3).
Definition ([2]). Let X be a reflexive Banach space and 4 : X — X'. We
say that A is monotone if (Ay — Az,y — z) > 0 for all y,z € X, and A is

hemicontinuous if for each y, z, w € X the real-valued function ¢t — (A(y +
tz),w) is continuous.

Lemma 2.1 (Minty’s Theorem [18]). Let X be a reflexive Banach space. If
A: X — X' is monotone and hemicontinuous, then

Ay=f ifand only if (f—Az,y—2)>0
forallz € X.

where o« =
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Lemma 2.2 ([3]). Let Q be a bounded set in RY. Let 1 < p < oo be fived and
A: Wol’p(Q) — WP (Q) a nonlinear operator defined by

A(u) = —div a(z, u, Du),
where a(z, s,€) is a Carathéodory function a: Q x R x R — R such that
la(z, s,€)] < Blls[P~" + €77 + k(2)],
a(z,s5,8) —a(z,s,n)](§—n) >0, £#mn,
a(z,s,§)§ > algl?,

where k(z) € LP (Q), k>0, 8> 0 and o > 0.
Let g(x, s,€) be a Carathéodory function such that

9(x,5,8)s 20, |g(x, 5,8 < b(|s))([€]" + (=),

where b is a continuous and increasing function with (finite) values on Rt and
ce LYQ), ¢> 0. Then, for h € W12 (Q), the problem

Au + g(x,u, Vu) = h,
has at least one solution u € Wol’p(Q).

Lemma 2.3 ([16]). If u € Wy () is a solution to the equation
—Apu+ F(z,u) = h,

where h € WL r > p;fl and F satisfies EF(x,€) > 0 in Q X R, then
u € L*(Q).

Now, we state our main results as follows:

Theorem 2.4. Under assumptions (H1), (H2), (H3) (or (H3)") and (H4),
there exists a unique solution u of (1) such that

we LP(0,T; Wy P(Q) N L=(0,T; L=(Q)  if p>2,
we L?(0,T; L*(Q)) if d*<p<2.

3. Existence of scheme
For the problem (1), we consider the discrete scheme (DS) fori =1,2,..., N,

7'6(“1')_5(“”1) — Apu; + f(z,iT,u4;) =0 in Q,

ug = u° in €,

where N7 =T and T is a fixed positive real. We shall show that (DS) has a

solution u; for i =1,2,..., N.

Theorem 3.1. Let (H1)-(H3) hold. Then for i = 1,2,..., N, there exists a
unique solution u; € Wy*(Q) N L>°(Q) of (DS) for sufficiently small T.
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Proof. First of all, we rewrite (DS) as
—TApu; + F(z,u;) = pi—1,

where F(z,u;) = B(u;) + 7f(x,i1,u;) +7Crsign(u;) and ;1 = B(ui—1) +
TC1sign(u;).
Now, we consider the equation

(3) —TApu+ F(x,u) = @ = B(ug) + 7Cysign(u),

where F(z,u) = B(u)+7f(z,7,u)+7Cysign(u) for fixed 7 = T/N. It is obvious
that a(z,u, Du) := |Vu|P~2Vu satisfies all the three conditions of a in Lemma
2.2 (cf [11]). In particular, we used the inequality |a[P~2a(a —b) > %|a|p - %|b|p
for the second condition. Since § is continuous, ¢y € L*°(2). And, by (H1)
and (H2), g(x,u, Vu) := F(z,u) is a Carathéodory function with v F'(z,u) > 0.
Also, by (H2), |F(z,u)] < B(Jul) + 27C;. Thus, all the conditions of g in
Lemma 2.2 are satisfied. Therefore, there exists a solution u € VVO1 P(Q) of
(3). Moreover, by Lemma 2.3, u € W, ?(Q) N L=(Q). We put u; := u and
consider the equation —7A,u + F(z,u) = ¢1 = B(u1) + 7Cisign(u) where
F(z,u) = B(u) + 7f(x,27,u) + 7Cysign(u). Continuing this process, we have
a solution u; of (DS) for i = 1,2,..., N such that u; € Wy "*() N L=(Q)
(i=1,2,...,N).

Next, we show the uniqueness of u; (i =1,2,...,N). Let u; and u} be two
solutions of (DS) for i = 1,2,..., N. Using the result which we will establish
below (see Theorem 3.3), we have

||Ui||1,p + ||U?||1,p < M,

where M is a suitable positive constant independent of 7. And, from [11] we
have

Cpllu —v||} if p>2,
(4) (=Apu+ Apv,u—v) > { 2 ||uulv’|f§p .
Pl ol i 1<p<2

for all u,v € WyP(Q).
Since u; and u} are solutions of (DS), we have

(5)  —TApu; + TAu; + B(ug) — Bu)) + 7f(z, i1, u;) — Tf(z, i1, ul) = 0.
Multiplying (5) by u; — u} and integrating over Q, we get

(6) (—7Apus + TApul,us —uf) + 7 / (i us) = Fla imul)) s — uf)de
Q

+ / (Blus) — Bul)) (s — uf)dz = 0.

(a) Suppose p > 2. By (4), the equation (6) becomes

TCollus — uf |, + / (Blus) — Blud)) (us — g )de
Q
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< /Q #(f(z, it u) — fw,iT,uf)) (*Cll\/;p/T(ui B u:‘)) de.

By Young’s inequality and (H3),
wCyllus = wilf, + [ (B~ D) s = u)do
Q
1 * * 1 5 *
< = | Bt = Bl =)o + <M s = wi

Since 8 is increasing, 0 < (Tp)\lcﬁp — p7Cp)||u; — ufl|{ ,- Tt implies that for

sufficiently small 7, i.e., 7 < (%)1/(’”*1), u; = uf holds.
1

(b) Suppose d* < p < 2. Since ]|W|ui||1,p+ [lufll1,p < M, by (H3) the equation
(6) becomes

[|ui — w717,

7C
P (il p + [lugll1,p)? P

+ /Q (Bui) — Buf))(ui — uf)da

< -7 / (i) — fasimul)) (s — ul)de
Q
1 2
< / | f it ) — f(x,ir,ul)Pde + / TOM 1y e
2
<1 / (Blus) — B(ul)) (s — uf)da + / TOM s — P
2 Jq Q
Therefore,
1
7Cp———||u; — ull]? —|—/ Blu;) — Blu;))(u; — u))dx
sl =il + (B = Al s = ui)
1 . . 2C U\ .
<5 3G = B — o+ T2 s~ R,

In other words, since [ is increasing

1 . . Crt?Xo 7C, .
0% 5 [ 8~ A s — i) < (P22 - 2 s - il
Hence,
O]\/[TQ)\Q TC %
)
It means that for sufficiently small 7, i.e., 7 < W*CI'?M/\Z’ u; = uj holds. O

Proposition 3.2. We assume (H3)' holds instead of (H3) in Theorem 3.1.
Then the same results hold provided that T < 1/Cs.
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Proof. In the proof of Theorem 3.1, we have only used (H1)-(H2) in showing
the existence of solution u; € WyP(Q) N L>(Q) (i = 1,2,...,N) for (DS).
Hence, we are going to show the uniqueness using (H3)". Let u; and u} be two
solutions of (DS). Then, from (H3)’, we have

/ (Flim us) — f (@ im,0)) s — ul)dz > —C / (B(us) — Bul)) (s — uf)de
Q

Q
Applying the above inequality to (6), by the monotonicity of —A, (the p-
Laplacian operator),

(1= 7Ca) [ (Bus) = D) s ~ uf)do < 0.
Q
Then by (H1), if 7 < 1/C4, we get u; = u. O
Now, we consider the bounds of {u;} (¢ =1,2,..., N), which is constructed in

Theorem 3.1 and Proposition 3.2 as solutions of (DS).

Theorem 3.3. We assume (H1)—(H2). Then there exist Cs, Cy, Cs, which are
positive constants and independent of T, such that for alli=1,2,..., N,

(a) |luilloo < Cs,

(b) 7 _Juill}, < Cu,
=1

(©) 11BCum)l3 + D _I1B(ui) = Blui-1)[[3 < Cs,

i=1
where m =1,2,...,N.

Proof. (a) Multiplying (DS) by |3(u;)|*8(u;) and integrating over 2, we have
by (H2) and Holder’s inequality,
[ 1Bt B s(w)de — [ Al *Bui)ds

< 1B [FELB (i) etz + m() Y EFD ey || B us)|[FEL.
Then
18(wi)| k2 < m(@)* 2700 + ||B(wiz1) ||k

By induction, we have ||8(u;)||k+2 < m(Q)l/(k+2)ClT + 1|8(uo)||k+2. Letting
k — oo, ||ul||oo < C(Cl,T, UO) =:C3 by (Hl)

(b) Let z € W, P(Q) N L>®(2) be fixed. Multiplying the equation (DS) by
u; — z and integrating over ), we have, by (H2),

(7) (Bus) — Blui—1),u) — (Blus) — Blui1), 2) + 7lwill},
< T/Q |V [P~ |Vz|de + 70y /Q |u; — z|dz.
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Now, we apply Young’s inequality to (7) to get
-
(8) (Bui) — Blui-1),ui) — (B(wi) — B(ui-1),2) + §||uz'||f,p

1 1
< { (§]ﬁ) (p=1) 4 2P\, 72 }5||z||fﬂp+TC’1||ui||oom(Q)

T2
+701||Z||oom(9)+?0f m(Q2) 2p>\1—ZT|lugl|1,p
_] 1
for i = 1,2,...,m and for arbitrary m = 1,2,..., N. By the property of the
Legendre transform * of ¢ = f(f B(s)ds

/ (6" (B(us)) — " (Blui—r))) d < / (B(us) — Bluir)usda
Q

Q
and by (8),

O [ @ (B) =0 (Bluia)) do = () = Alusr).) + Sl

1 1
< {T(_ p )7(1071) + 21’)\172} —||z||’1’p + 7C ||| o (£2)
D ,

T2 o
+ 7C1|2]|eem(€2) + ?Cf m(2) + 2”)\1;ZT||Uj||’f,p
fori=1,2,...,m. By summing (9) with respect to i = 1,2,...,m and by (a),

(10) [ 0 (Bn)) = 0 (Buo)de = (Bu) = o). 2) + Tl

< Co+Crrd > rllugllf

i=1j=1

Where CG = C(T,p, )\15 Cl,C(Cl,T, uo)ﬂm(Q)ﬂ ||Z||OO7 ||Z||1,p) and 07 = C(Alﬂ
p) and for m =1,2,..., N. By (10) and for arbitrary 7 < 7 = 1/(4C?),

) [ = (3. Znuln

/ Y (B(ug))dx — (B(ug),z) + Cs + C7TZZT||UJ||

i=1 j=1

Applying the discrete Gronwall’s lemma to (11),

(12) / 5 (B () — (Btim), Znuzn

SC(ﬁ(uo)aTapa)‘laChC(ClﬂTauo)’ ( )’”ZHOO’HZ”LP)-
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Hence by [o, *(B(um))dx — (B(um), z) > —oo and (12), 731" |[uil} , < Ca.
(¢) Multiplying (DS) by SB(u;) and integrating over 2, we get by (H2),
[ (3w = Bus-a)Btuds < i [ (5(u)de
Using a(a — b) = 3a* — 162 4+ 1(a — b)?,
18(ua)l3 = 1Buwi-1)l13 + [1B(wi) = Blui-1)ll5 < 2C17]|B(ui)]]1-

Summing the above inequality with respect to i =1,2,..., m, we have by (a),

1B )ll3 + D _|1B(ui) = Blui—1)[5 < 2C17)_[[Bui)l[1 + [|8(uo)|I3

i=1 i=1
< 20/ Tm(Q)C(Cy, T, uo) + |[B(uo)|[3
form=1,2,...,N. Thus ||8(um)||3 + S8 (ws) — B(ui—1)|3 < Cs. O

In the forthcoming discussion, the following notations will be used exten-
sively. For vectors u; (i =0,1,...,N) in Theorem 3.1, we define two functions
ur and 4, on [0,7] by

Ui — Uj—1

ur(0) :=up, ur(t) :=u; + (t —i1),

-
’UT(O) = ug, ’CL-,—(t) = U,
fort e ((i —1)1,i7] (i=1,2,...,N) and 7 = T/N. Similarly, we define

vr(0) == v, v (t):=v; + G i

97(0) :=vg, U-(t) := vy,

where v; := ((u;) for i = 0,1,...,N. Also, we let f.(t) := f; = f(-,i7,u;) for
te((i—1)rir] (i=1,2,...,N).
Hence we can rewrite (DS) in a more compact form as

. (t —iT),

U;*Apﬁ'r+f_;'r =0,

(13> Ur = B(G’T))

a.e. in [0,T].

4. Estimates and limits

In this section, we assume the hypotheses (H1)—(H4).

4.1. Estimates

First of all, by the consequence of Theorem 3.3, the followings are very easily
proven.

(14) @i, is bounded in LP(0,T; W, *(2)) N L>(0,T; L™=(5)),
(15) o, is bounded in L>°(0,T; L*(Q)).
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Moreover, by (14) and boundedness of p-Laplacian operator,
(16) — Aty is bounded in L¥ (0, T; W17 (Q)).

We emphasis that all the above boundedness are independent of 7.

First of all, we have u € LP(0,T; W, *(Q)) N L>(0,T; L>(£2)) which is a
weak limit of @, as 7 — 0 by (14), i.e., @, converges weakly to u as 7 — 0 in
LP(0,T; Wy P(2)) N L°(0,T; L>®(52)). Moreover, by Theorem 3.3(c) we may
use the term w(z) := sup,co 7 W which is bounded in L2(Q2) a.e.

Now, we consider the boundedness of v.
(a) We suppose p > 2. By (H3) and Theorem 3.3(c),

N T

S Wt - fa |l e
i—1 (i—1)T

N ir

3

< Z/(i—uT {vlsl?fg(/g |v(x)|pdz)5(/Q If (2, t,u)— f(x,t, )| dx)g} gt

=1
N 1T
<O [ (ulle + o) s
i—1 (i—1)T

< Alp,CMTO|U||L2(O,T;L2(Q)) + || 20,7220 1w L2 (0,75 22 () -
And, by (H4),

N T
3 /( Gt )) = S DI
i=1 1—1)T

N
<O [ 1w | [ el
=1

[
i=1)7 [[oll1p<1
N T
<y N dt = C% B T
=1 (i—1)T

Hence

’

an A fr (et ar) - f(z, t WL (o w10 (1))
< 2p,(>‘1p/cMT(||u||L2(O,T;L2(Q)) + (|- 220,72 [wl| L2 (0,72 (92))
+CV AT,
(b) Now, we suppose d* < p < 2. In a very similar way, we have
(18) | (et ) = [t )1 F20 1,020
< 2(rCum(||ullp2(o,7:L2)) + @ ll220, 7522 )Wl 220,752 (02))
+TC2,mm(5)).
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Since v = A,t, — fr in (13), by (16)—(18), we conclude that

LV (0, T; W7 () if p>2,

19
(19) L2(0,T; L*(2)) if d*<p<2.

v. is bounded in {
4.2. Limits

(a) We suppose p > 2. As we mentioned in (14) and (15), we have v and v
such that

(20) i, —u weakly in LP(0,T; W, () N L>®(0,T; L>=()),
(21) vy — v weakly star in W' 0,T; W_l’p/(Q)),

v, —v weakly in C(0,T;L*(Q)),
(22) v, — v weakly star in  L¥ (0,T; W_l’p/(Q)),

v, — v strongly in  L?(0,T; L*(Q)).

We note that the above sequences with 7 are for some not relabeled subse-
quence. Also we note that

T
i by — < E
Tl% ; (9, U — v, )dt 71_1£%T /(Z 1)T/¢x t)( )d dt

= lim 7 / /gb x, t)vl (t)dxdt
T—0 Z (’L 1)7_
= lim 7'/ (p,v2)dt =0
0

T—0

for all ¢ € LP(0,T; W, P(Q)) by (19). Hence, v, and o, have the same limit v
n (21) and (22).

(b) Now, we suppose d* < p < 2. In a very similar way, we have

(23) @, —u strongly in L%(0,T; L*(2)),

(24) v, — v strongly in  W12(0,T; L*(Q)),
v, — v weakly in  C(0,T; L*(Q)),

(25) v, — v strongly in  L*(0,T; L*(Q)).

Proof of Theorem 2.4. First of all, by (17) and (18), we have f such that

LY (0,T; WP (Q))  ifp>2,

26 fr — f strongly i
(26)  fr — f strongly in {LQ(O,T;LQ(Q)) fd<p<o.
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In addition, by (20), (22) [(23), (25), respectively] and (H1), we have v = S(u).
Therefore,

(27)
2 . _17 / .
—Apti; — __86( u _ f weakly in {LZ 0,75 W, () %fp =%
L2(0, T; L2(Q)) if d* < p <2,
from (13) since B(@-(t)) = v,(t) for t € [0,T]. And, by the property
[ 96 = 0 (Buiea))da < [ (3w = Blui)uida
Q

of the Legendre transform * of ¢ = fot B(s)ds

T
limsup/ (—Aptr, Gr)dt

T—0
< limsup / ui)) +9* (ﬁ(ui_l))dxdt
T—0 i T

+11Tjgp// fru-dzdt.
Moreover, since *(B(u(i1))) —¢* (B(u((i—1)7))) = & (B(u(0))) (it — (i—1)7)

for o € ((i — 1)7,47],

T
limsup/ (—Aptr, Gr)dt

7—0
T
< limsup / / d dt—i—/ (—f,u)dt
7—0 i—1 Q 0

//Q %" (8 as ddt+/0T<f,u>dt

by (20) and (26) [(23), (26) respectively|. Also, since () fo s)ds, ¢ (t) =
B(t) and (4 )' = ()7,

T
(28) hmsup/ (—Aplr, ur)dt

T—0

<)
A<-—ﬂ>

Therefore, by Lemma 2.1 (Minty’s Theorem), (27) and (28), there exists a
unique solution u of (1) such that

{u € LP(0, T; WhP(Q)) N L=(0,T; L®(Q))  if p>2,

s)dx dt+/T(—f,u>dt
0

u € L*(0,T; L*(2)) if d*<p<2. 0
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Remark 4.1. We may consider more generalized equation of the form

6'66(;‘) —diva(x,u, Du) + f(x,t,u) =0  in Qx[0,T],
u=0 on 99 x (0,7,

u(-,0) = u in Q,

where the nonlinear operator —div a(z, u, Du) is same as the operator in Lemma

2.2.

As we mentioned in the proof of Theorem 3.1, since the p-Laplacian oper-

ator Apu=div(|Vul[P72Vu) (1 < p < oo) is a special case of —diva(z,u, Du),
the above equation has the same results provided we assume the conditions
(H1)-(H4) and (H3)'.
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