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THE LAW OF A STOCHASTIC INTEGRAL WITH TWO
INDEPENDENT BIFRACTIONAL BROWNIAN MOTIONS

JUNFENG Livu

ABSTRACT. In this note, we obtain the expression of the characteris-

tic fucntion of the random variable fOT BBdBEX  where B®# and

BH:K are two independent bifractional Brownian motions with indices

a€(0,1),8€ (0,1] and HK € (%, 1), respectively.

1. Introduction

Given H € (0,1),K € (0,1]. The bifractional Brownian motion is a gen-
eralization of fractional brownian motion, defined as a centered self-similar

Gaussian process BH-K = {Bf{’K,t > 0} with indices H and K and covari-

ance function

1
11) E [Bf’KBf’K] - % {(t”’ 42 g sPHK] . Vs,t>0.
It is H K-self-similar and satisfies the following estimates

2
(1.2) o~ K|p _ s2HK < | [(Bf’K _ BSHK) } < ol-K|p _ g2HK

Clearly, if K = 1, the process is a fractional Brownian motion with Hurst
parameter H. This process was first introduced by Houdré and Villa [7]. Russo
and Tudor [16] have established some properties on the strong variations, local
times and stochastic calculus of real-valued bifractional Brownian motion. An
interesting property that deserves to be recalled is the fact that, when HK =
%, the quadratic variation of this process on [0,¢] is equal to 2!~%¢. Tudor-
Xiao [17] studied some sample path properties of bifractional Brownian motion.
1t6’s formula and Tanaka formula for multidimensional bifractional Brownian
motion were given by Es-sebaiy and Tudor [6].

Clearly B"-K ig neither a Markov process nor a semimartingale unless H = %
and K = 1, so many of the powerful techniques from stochastic analysis are not
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available when dealing with B¥-X. However it has some properties analogous
to those of fractional Brownian motion, but its increments are not stationary.
In this note we consider the law of the stochastic integral

T
| Besai
0

where B®# and BHX are two independent bi-fBm with o € (0,1),8 € (0,1]
and 2HK > 1.

We have known that it is difficult to compute the law of a stochastic integral
with respect to the Wiener process when the integrand is not deterministic. The
systematic study for this problem was initiated in Lévy [12]. He showed that
the characteristic function of A; = fot X, dY, — fot Y,dX, is

1
cosh(ut)’

where (X;,Y;) is an R?-valued Brownian motion with (Xo, Yy) = (0,0). This is
called Lévy’s stochastic area formula. Berthuet [3] and Yor [19] (see also Prot-
ter [15]) gave the other proof, and considered the law of the random variables

E(ei“A‘) = t>0,ueR,

t t
)\/ XdeSer/ Y.dXs, t>0.
0 0
Moreover the density function for the distribution of A(t) is

1
faw(@) = 2t cosh(mx /2t)’
The stochastic area process A shares some of properties of Brownian motion.
For example A satisfies a reflection principle. If one changes the sign of the
increments of A after a stopping time, the process obtained thereby has the
same distribution as that of A. One can use this fact to show, for example, that
if St = supg<s<; A(s), then S; has the same distribution as |A(t)| for ¢ > 0.

As an extension, recently, Bardina-Tudor [2] considered a similar integral
driven by fractional Brownian motions, and they obtained the characteristic
function of the random variable S = fol B2dBH | where B® and B are two
independent fractional Brownian motions with Hurst indexes o € (0,1) and
H e (%, 1), respectively. As well-known, in recent years, the long-range de-
pendence have attracted much attention, both for their mathematical interest
and their applications in stochastic control in telecommunication, turbulence,
finance and etc. The best known and most-used process that exhibits long-
range dependence is the fractional Brownian motion (fBm for short). These
due to its interesting properties and its applications in various scientific areas
including telecommunications, turbulence, image processing and finance. The
self-similarity and stationarity of the increments are two main properties for
which fractional Brownian motion enjoyed success as a modeling tool. The
fractional Brownian motion is the only continuous Gaussian process which is

z € R.



THE LAW OF A STOCHASTIC INTEGRAL 671

self-similar and has stationary increments. Some surveys and complete litera-
tures could be found in Alés et al. [1], Biagini et al. [4], Hu [8], Mishura [13],
Nualart [14]. However, contrast to the extensive studies on fractional Brown-
ian motion, there has been little systematic investigation on other self-similar
Gaussian processes. The main reasons for this are the complexity of depen-
dence structures and the non-availability of convenient stochastic integral rep-
resentations for self-similar Gaussian processes which do not have stationary
increments. On the other hand, many authors have proposed to use more
general self-similar Gaussian processes and random fields as stochastic models,
and such applications have raised many interesting theoretical questions about
self-similar Gaussian processes and fields in general. Thus, it seems interest-
ing to study the law of stochastic integrals driven by more general self-similar
Gaussian processes.

This note is organized as follows. In Section 2 we present some preliminaries
for bi-fBm and the Wiener integral with respect to bi-fBm. In Section 3 we
obtained the characteristic function of stochastic integral fOT By ” dBtH K The
case of two-parameter is considered in Section 4.

2. Preliminaries on bifBm and Wiener integral

In this section, we briefly recall some basic definitions and results of bifrac-
tional Brownian motion. As we have pointed out before, bifractional Brownian
motion (bifBm in short) B7TX = {BtH*K,O <t< T}, on the probability space
(Q, #, P) with indices H € (0,1) and K € (0,1] is a rather special class of
self-similar Gaussian processes such that Béf K =0 and
(2.1)

H,K 1 K
E [Bt vaﬂ = Rirc(t, ) == 3¢ [(tZH + 2 s2HE] s> 0.
The process was first introduced by Houdré and Villa in [7] and a stochastic
calculus can be found in [17]. It is H K-self similar and satisfies the following
estimates (the quasi-helix property in the sense of R. Klein et al. [9])

2
(2.2) 2 K|t _ sPPHE < 5 [(BfLK - Bf’K) } < Ql-K|p _ g2HEK

Thus, Kolmogorov’s continuity criterion implies that bifractional Brownian mo-
tion is Holder continuous of order § strictly less than HK. An interesting
property is that the quadratic covariation of this process on [0,¢] equals to
21-K¢ provided 2HK = 1. Recently, Lei-Nualart [11] have shown a decom-
position of the bifractional Brownian motion with parameters H and K into
the sum of a fractional Brownian motion with Hurst index HK plus a Gauss-
ian process with absolutely continuous trajectories. Russo-Tudor [16] showed
that the bifractional Brownian motion behaves as a fractional Brownian motion
with Hurst index H K. The stochastic calculus with respect to the bifractional
Brownian motion has been recently developed by Kruk-Russo-Tudor [10] by
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combining Mallavin Calculus and a notion of Covariance Measure Structure.
More works on bifractioal Brownian motion can be found in Tudor-Xiao [17],
Es-sabaiy-Tudor [6], Yan et al. [18] and the references therein.

Consider & the class of step functions of the form

(2.3) f= Zajl[tj,tjfl), O=ty<t;<tyg<---<t,=T,a; €R.

We denote by H i,k the canonical space of the bifractional Brownian motion.
That is H g,k is the completion of the linear space & generated by the indicator
functions {1 4,t € [0,T]} with respect to the inner product

(24) <1[O,s]71[0,t]>HH,K = RH,K(S,t).

H 17, x now is a Hilbert space equipped with the scalar product (1o s, 1j0,4) % 4. -
The structure of the Hilbert space Hp, ik varies upon the values of H and K.
As usual, we can define the linear application

d: & — L*(QF,P)
by

T
(2.5) Lo = @(Loa) = [ T ()BIK = BIE.
0

The application can be extended to a linear isometry between Hp x and the

Gaussian space associated with BHX. We will denote the isometry by ¢ —
BH:K(p) and let

2HK
¢H,K(Sut) 2K [2H(K )(t2H + SQH)K—2t2H—1S2H—1

+(2HK — 1)|t — P52

(2.6)

From Yan et al. [18] ,we know that there exist two positive constants Cr i
and ¢y g such that

(2.7) cH, K|t — s|2HK—2 < \qu»K(s,t)] < Op lt — s|*HE=2,
We call BHX (o fo o(t HE the Wiener integral of ¢ with respect to
BHK

PR

However working with the space Hpy i is not convenient. First, because it
may also contain distribution (in the case of fractional Brownian motion when
K =1) and second, because the norm in this space is not always tractable. We
will use the subspace |H|m,x of Hp, x which is defined as the set of measurable
function f on the interval [0, T] with

”fHIHIHK : / / )| |om,k(s,7)| drds < oco.

From Kruk et al. [10], we know the space |H|u, i is a Banach space with respect
to the norm || - [[|3, , and it is included in the space Hy k-
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It has been proved in Kurk et al. [10] that £ is dense in Hpy k. For % <
HK < 1 we denote by S the set of smooth functionals of the form

F=f(B"(o1),....B" (en)),

where f € Cp°(R") and ¢; € Hpu,x. The Malliavin derivative of a functional
F' as above is given by

DHF = Z BHK D)y BEE(0,)) 94,

and this operator can be extended to the closure D™?(m > 1) of S with respect
to the norm

2 H,K H,K,
IF|7 2 = BIFF? + EIDTRF|3,  +- +E|D mFIIH@,m,
where ’H?? denotes the m fold symmetric tensor product and the m-th de-
rivative DFK™ ig defined by iteration. The divergence integral 67X is the

adjoint operator of DH:X . Concretely, a random variable u € L?(Q, Hp i)
belongs to the domain of the divergence operator §7*% (in symbol Dom(6%))
if
E[(D"EF u)y,, | < cllFllz2
for every F' € S. In this case 6% (u) is given by the duality relationship
E(F§"K (u)) = B(D"KF u)ay
for any F' € D'2, and we have the following integration by parts:
(2.8) F§™ K (u) = ™5 (Fu) + (DK Fu)p,
for any u € Dom(6), F € D%? such that Fu € L*(Q, Hp k). It follows that
B [6"5 ()] = Bllul3,, . + E(D"u, (D™ 0) )3y scomtn

where (DH5u)* is the adjoint of DX« in the Hilbert space Hy x @ Hu k-
We also will use the notation

T
5H’K(u)=/ usdBHK
0

to express the Skorohod integral of an adapted process u. It is also possible to
introduce multiple integrals I,(f,), fn € H}" with respect to BF-X. For the
divergence integral we have the following convergence: if {u,} is a sequence of
elements in Dom (5% such that u, — u in L*(Q; Hp k), and 655 (u,) — G
in L2(Q), then we have u € Dom(67) and 675 (u) = G.

Clearly, for any ¢ € Hp x the the Wiener integral with respect to BH.K
can be defined as

T
(2.9) / o(s)dBHE = lim Zgas] (BHK Bgff),
0

n— oo
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where {0=sg, $1,. .., 5, =T} is a partition of [0, T] such that max;{|s;+1—s;|} =

HK H,K
BIK — pHK),

0, as n tends to infinity. In fact, denote I,, = Z?:l ©(s;) (

according to (2.8),we have

I = Z ©(s5) (B;LJI"K - Bgff) - Z w(sj)§H7K (1(8_7‘—175.7‘](')) J
j=1 j=1
(2.10) - ’ )
= Z‘SH’K ((5)L(s, 1,5,0()) = 8K Z P(55)L(s5-1.510) |
j=1 Jj=1

since the Malliavin derivative of ¢(s;) is zero. From the proof of Theorem 1 in
K. Es-sebaiy et al. [6], for a function f € C? on R satisfying some regularity
condition, we know that the term

n

0 gHK Zf' (BHK) Lo, 1.6,()

converges to 67K (f/ (BH K)) in L?(Q2). Moreover, for

<P€Lu{ // w(ds, dt) < }

where p is a positive measure, then Proposition 6.6 in I. Kruk et al [10] implies
that

T T
(Wiener integral) / o(8)dXs = / »(8)0X,, (Divergence integral)
0 0

where X is a Gaussian process. That is to say, when the integrand is deter-
ministic, the Wiener integral with respect to a Gaussian process coincides with
the divergence integral with respect to it. Combining the above two results
and choosing X = B%K and p(ds,dt) = |pu x(s,t)|dsdt, we can obtain the
convergence (2.9).

Moreover, if stochastic process u is independent of B then the Skorohod
integral fo s)dB2K can be defined as (2.9) since the Malhavm derivative of
u is zero.

More generally, for HK € (1,1). Let |H|% i be the set of functions f :
T" — R with

Pl = vl o)

)

(2.11) ,
. (H |d a5 (i, U,»)|> duy - - - dupdvy - - - dv, < oo.

i=1
We will denote by |H|} x ¢ the set of symmetric functions f € |H[} g. For
[ € |} kg, according to P. Caithamer [5], define the operator Kf’K
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2 2
x5 = Ml s

(2.12) (k! / / F@ )o@ [k (@ 2| deda.

One can easily check that if f is positive and HK € (%, 1), then the eigen-
values of the operator K;{’K are positive. In fact, we can write

(K = [ " Ay
f 0 ) ,

where A(z/,y) fo (x,v) |¢m Kk (x,x")| dx is positive, then the operator K

is a positive operator. It is noteworthiness that the operator K;IK Wlll be

changed as
T
~ [ 1wt
0

3. The characteristic function of the double integral

provided HK = =

Throughout this section, B”-X and B*? will denote two independent bifrac-

tional Brownian motions with indices H, K and «, 8 respectively. We’ll com-
pute the characteristic function of the random variable

T
(3.1) 0= / BYPaBHK,
0

In the following, we need to restrict ourselves to the situation HK € (%, 1),
then the random variable ¢ of the form (3.1) is well-defined.

We start with the following lemma which gives an approximation of the
random variable ¢ given by (3.1) when HK > .

Lemma 3.1. Assume HK > 1 and o, 8 € (0,1). Denote by

tit1

(3.2) T, = ni BYP (BH K _ Bl K) ,
=0

where w: 0=ty <ty <ty <---<t, =T denotes a partition of [0,1]. Then it
holds that

T, — ¢,

in L?(Q) as as |Al, = max,>1 |t, — t,_1| tends to zero.

Proof. Because of the independence of BY:X and B*#, we can write

Ba,,@ (BHK BH K) _ /tHl Bg’ﬁdvaK.
ti

tiy1
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It suffices to show that

n—1

Z Bi; [t tit1) ()= B = Z B'aﬁl[ti’tiﬂ)(')’
=0

in L?(Q) x |H|u.x as |Al, — 0. In fact, due to the independence of the two
bifractional Brownian motions. Using formula (2.11), we have
2

E

n—1
Z (Bto;ﬁ - Bq7ﬁ)1[ti,ti+1]
0

i
n—1

[H|m, K

/%i+1 /%m (B"‘ﬁ B Bg,ﬁ) (Bg,ﬁ _ B?’ﬁ) o(r, s)drds

/ m/ m( ‘B?’ﬁ)zf(E (B3 —B?’5)2)2 (6(r, 5)] drds

<92-B-K( Z e t— Bly _ jaB SHK -2
HK s|*P|t; —r|*F|s — 7 drds

)y
<5

2,7=0
i1 i1
<226~ KC’HK|A|2°“B Z / / — r|2HK_2drds
1,7=0
and this tends to zero for every a, 8 € (0,1) as |A|, — 0. O

We will also need the following technical lemma.

Lemma 3.2. i) Assume a8 € (%, 1) and consider the function
FE (a,y)

(3.3) _T2HK _ (T2H 4 2K (720 4 2HYK (7 _ p)2HEK
(T — )2 _ (20 2K |y g 2HEY
where x,y € [0,T]. Then fHK € |H|?2 5.5

ii) Assume HK € (3,1) and consider the function
(3.4) FoP (@ y) = 21[, (@2 4+ y2)" — o=y 7],

where z,y € [0,T]. Then f*F € [H|} k-

o {

Proof. At first let’s prove the point i); the point ii) is similar. We have to show
that

I:= /[0 - |fH’K($1ay1)| |fH’K(35272/2)| |pa,5(x1, 22)|

[P, (Y1, y2)| dridzodydys < oo.
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Note that
7K )| = B (B = BIK) (B~ BI)

1 1
2\ 2 2\ 2
< <E (B - BILK) > (E (BE - BX) )
_ 21_K(T o ZL’i)HK(T o yi)HK~
Then the integral I is therefore bounded by

P20 [T T g P 1T — ]
[0,7]4

. |l‘1 — 1‘2|2a672‘y1 — y2|2aﬂ72d$1d$2dy1dy1

2
T T
= <2IKCQ,5/ / (T*xl)HK(Tfl'Q)HKkCl .’£2|2a52dl’1d1’2> .
0 0

Now using the change of variable z = ;";:Z,

ni= / (T~ 2) (T — )X 2~y dyda

_2/ / 2HK+20¢,8 1(1 )—HK—Za[ﬂZQQB—Qdde

T
_ 2/ (1 _ ) —-HK— 2aﬁz2aﬁ—2 (/ (T _ l‘)QHK+2aﬁ_1dl‘> dz
0 Tz

_ e aﬁ /O (1 )7HK72Q’8220(’672(T o TZ)2HK+2aBdZ

T2HK+2a[3
— . B(Raf-1HK+1
HE +op PRof = LHK +1) < o0

using that a8 € (3,1) and B(a, b) denotes the Beta function. Then we complete
the proof. O

We state now our main result of this paper. The point ii) allows us to
consider the situation when the parameters of the integrator af < %

Theorem 3.1. Let o, € (%,1) and HK € (,1). Then the characteristic
function of the random variable £ given by (3.1) is

1
. 1 \2
itl __
(3.5) Ee'™ = | | (1 + t2m> ,

i>1
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where(f;);>1 are the eigenvalues of the operator K%P given by (2.12) and
fHE s defined by (3.3).

Proof. By Lemma 3.1, we have

Ee'** = lim Ee™™,
n—oo

where T, is given by (3.2) with ¢; = LT for every i = 0,1,...,n — 1. Let us
compute the characteristic function of the random variable T,,. We will using
the following fact: If X,Y are two independent random variables, then
E[®(X,Y)|X] = o(X),
where p(z) = E[®(z,Y)].
Let us put

(3.6) X:(BS’B,B""B ...B*” T),Y:(BH’K —BIK . BILK —BHvK)

%T’ n;l %T ) %T n’;lT .
Therefore we obtain
P 2
o) = B (AT ) < A

b

: H,K L
where the matrix A7TK = (Aki ) is given by
* ) ki=0,1,...,n—1
H,K
Ak
H,K H,K HK HK
—E (BWT — B ) (B,HT N )
n n n n

2HK
QLK <:> [((k+ 1)2H + (l+ 1)2H)K o (k2H + (l+ 1)2H)K

— (k4 1) 4 PHK (20 L PEK -1 — 2K g — 4 1P

2HK
_ ZLK (Z;) (fr(k,1) + fa(k, 1)),

where

fulk, 1) = (U + 12 4 (14 1)2) " — (B2 4 (14 1)) "

_ ((k + 1)2H +l2H)K + (k2H + le)K7
and
falk, ) = |k — 1 — 1]2HE 1 |k — 1 4+ 1)2HE — 9|k — []2HK,
We will obtain

where
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_ Z AH KBa,ﬁBa,B

k=1

n—1 k—1 1—1
— H,K a,B a,B a,B a,B
-5 (S, ) (32 (s, - o)
k=1 k'=0 " I'=0 " "

n—2 n—1 n—1
§ ; , , , HK
- (B(’:’fl _B(’:’€r> (B‘fifl —Bﬁi) Z § : A

k=1 " 1=0'+1 k=k'+1
We first calculate

n—1 n—1
H,K
> D A

I=l'+1k=k"+1

1 7\ 2HK n—1 n-1
:2K(n> D D (R e (R e L G S Vb

1=U'+1 k=k"+1
—((k+1)2H+12H)K+(k2H+12H)K+(\k—l+1|2HK—|k—l|2HK)
— (|k- _ l|2HK _ ‘kﬁ - 1|2HK)}
1 T 2HK n-—1
TF (n> D AWM 4 4+ )M — (02 PEE — (W + 1)
=l'+1
+(l+1)2H)K+((k‘l+1)2H+le)K+(n*l)2HK7|k/+1fl|2HK

1 T 2HK
= oK <> (02K — (021 4 (1 + 1)K — (021 4 (k' 4 1)2H)
n
+ ((l/ + 1)2H + (k/ + 1)2H)K + (n _ l/ _ 1)2HK + (n _ k/ _ 1)2HK
_ ‘k/ _l/|2HK}

/ /
= fHaK (MT7Z +1T>,
n n

where the function f#%(x,7) is given by (3.3). By combining the above cal-
culations we get

— E+1_1+1 o N N N
Z HK( TT) (BLﬁT—Bﬁ’@ (BifT_BLf)'

Let denote (y;);>1 be the eigenvalues of the operator KO‘,’fK and by (g;)i>1 the
corresponding eigenfunctions. Then using Lemma 3.2, we can write

fHK Zuzgz

i>1
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with the vectors (g;)i>1 orthogonal in [H|2 ; ¢ and the j; are square-summable.
Then the sum S,, becomes

n—1
k+1 l+1 o o o o
S, = 5 ( Swa L ny0 ) (s, - B2 (822, - B27)
ki=0 \i>1 n n ™ n
L 2
— k+1 N N
=S| X o (M) (s, - )
i>1 k,1=0 " "

Since o, 3> % and g; € |H|i,ﬁ,s, then we have that

n—1

k1 o o ! o
> o (SEr) (me, - me) > [ aoano),

k,1=0 " "
in L?(Q) as |Al, tends to zero. And therefore we have that
S, — Y wH? in L*9Q),

i>1

as n tends to infinity and H; = fOT gi(s)dB*P(s),i > 1 are independent stan-
dard normal random variables. As a consequence, since the eigenvalues are
positive, then

) t2
E(e™") =E [ exp ) Z,u,HZ2

i>1

e (on ()
()

2
i>1 0
We can state an alternative result that allows to consider the situation, when

the parameters of the integrand «, 5 is less than %,

Theorem 3.2. Let HK € (%,1) and a, 3 € (0,1). Then the characteristic
function of the random variable ¢ given by (3.1) is

it 1
(3.7) EH:H@+%),

i>1

N|=

where (&;);>1 are the eigenvalues of the operator K}ifg given by (2.12) and
P is defined by (3.4).
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Proof. We follow the lines of Theorem 3.1 by interchanging the roles of X and
Y in (3.6). We obtain that

) 42
E(e') = lim E (6_78") ,

n—oo
where
n—1
- a8 pa,B H,K H,K H,K H,K
Sn._ (BETBLT) (BﬁT_BET ) (BMT_BLT )

o\l
_ Z feos ( T, T) (BIS. — BN (BIE ~ B,

where f*7 is given by (3.4). Now we use Lemma 3.2 and proceed as in the
proof of Theorem 3.1. O

3 =

Remark 1. As a final comment, let us mote that the point 1) and 2) of Theorem

3.1 agree if aﬂ and HK are bigger than % In fact it can be shown that in

this case K ’ﬁ and K @B, have the same eigenvalues and in this case their
characterlstlc functlons comcide term by term. Indeed, let us suppose that
A #£ 0 is an eigenvalue for K Jﬁ’g, then their exist a non-identically zero function

Pa,B,HK € |’H|%,7K([O7T]) such that

H,K
(Kfa:ﬂ @a,B,HJ()(y) = /\%Oa,ﬁ,H7K(y)a

or

T T
/ / R (2, 9)Poc . 1110 () )0 (2,27 )ded! = Apou . 11,50 (0).
0 0

Let denote o 8,1,k (y) = Pa.8,0,k(1 —y). It’s easy to cheek that ¥, g oKk €
L2 5([0,7]) and by using the change of variable u =1 — 2 and v = 1 — 2’ we
obtain

(K $ ko, 8,m,5) () = Mo, i (9),

which implies that X is also an eigenvalues of K ?Hﬁ -

4. The case of two-parameter

For any given vertors H = (Hy, H2) € (0,1)? and K = (K1, K») € (0,1),
an (2, 1)-bifractional Brownian sheet B#-* = {B#:K(¢),t € R%} is a centered
Gaussian random field in R with i.i.d components whose covariance function
are given by

R xc(t,s) = B (B (0B (s))

1 ) N K
L g | (574 5) " =y = s
J
i=1

(4.1)
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We denote H(H, K) the canonical Hilbert space of the Gaussian process Bi"(t)
defined by the closure of the linear vector space generated by the elementary
functions {19 4x[0,s], 5, € [0, T]} with respect to the inner product

(4.2) (L10,11> Lo,s]) 21, 5) = R i (t,5).

If one of H; K;,1 = 1,2 are greater than %, then the space H(H, K) may contains
distributions. In this case, it is more convenient to work with the following set
of functions |H|(H,K). Therefore Wiener integrals with respect to B (¢)
can be naturally defined for integrands in |H|(H, K). The following theorem is
our main result in this section.

Theorem 4.1. For H = (H1,Hs), K = (K1,Ks3),a = (aq,2) and B =
(61,B2). Let H;K; > %,aiﬁi > %,i =1,2. Then the characteristic function of
the random variable

(4.3) U= B (1B (1),
(0,772

is given by

. 1
44 EE) = T[ /—5—0,
(44) () jgl 1+ 25 1 g

where pr,k > 1 are the eigenvalues of the operators K?;}’f};r with fHrEr
given by (3.3) forr=1,2.

Proof. The proof of the theorem is same as this of Theorem 3.1. For ¢t = (t1, t2)
we denote by BY?(t) = B®P(t1,t,). Moreover denote by

n—1
(4.5) An= " BY (b te) By (A, k),
k1,ka=0

where
H.K
Bl (Akl,kz)
= B{{’K(th-ﬁ-l’tkz-‘rl) - BlH’K(tkl?tkrl-l) - BfﬁK(tkl-l-lvtk‘z) + BfLK(tklath)v
with tg, = %T for every k; = 0,1,...,n— 1 and [ = 1,2. As in the proof of
Lemma 3.2, we can prove that A, — U as n tends to infinity in L?(Q) for

H.K, > % and a,.f8, > %, r = 1,2. Following the same line of reasoning as in
the proof of Lemma 3.2, we have

E (eitA”) =F (e_%tzB") and E (eitU) = lim F (e_%tzB“) ,

n—oo
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where B,, is given by

n—1 n—1

= > > fH1K1<k1+1T,k/+1 )fH2K2<k2“ ,kQHT)
n n

k1,k2=0 k7 ,k,=0

”8 (Ak17k2) (Ak' k!, )
ar,fr

Let now py 5,k > 1 the eigenvalues of the operator K, PSS 1,2 and
Gk k > 1,7 = 1,2 the corresponding eigenfunctions. Then {gk,r, k > 1} C
[H|a,., 8. and the sequence {ux -, kK > 1} is square-summable for r = 1,2, and
moreover g;1 ® gr2 € |H|(e, B), j,k > 1 are orthonormal, which implies that
random variables

B = / . gj,l(tl)gk,2(t2)dB?’ﬁ(tlat2)7 5k>1,
[0,T]

are independent standard normal random variables. By (1) of Lemma 3.2 it
follows that

FH (2, y) Zﬂk i9k,5 (%) 9K, (Y)

E>1
for 7 =1,2, and
2
n—1
ko +1 ké +1 a,B
= Z g1k, 2 Z gja < - T) 9k,2 ( - T ) B (Agyy)
k=1 ka2, k=0

On the other hand, it is not difficult to check that

n—1

ky +1 ky +1
> g ( 2 T) 9h2 ( 2T ) B Ak, )
n n
k2, k=0
T T
> [ ] saaavast? 5.0,

0o Jo

in L', for all j,k > 1, as n tends to infinity. It follows that
By — > miamk2(Bik),
Jk>1
in L', as n tends to infinity, and the theorem follows. O
Theorem 4.2. Assume that H, K, > % and a3, € (0, 2), r=1,2. Then
(46) ZtU -
g]gl 1+1¢2 )\J 1Ak, 9’

where the random variable U is given by (4.3) and Mg,k > 1 are the eigenval-
ues of the operator KfJT’ Br with forPr given by (3.4) forr =1,2.
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