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BILINEAR AND BILATERAL GENERATING FUNCTIONS

OF HEAT TYPE POLYNOMIALS SUGGESTED BY JACOBI

POLYNOMIALS

Mumtaz Ahmad Khan, Abdul Hakim Khan, and Manoj Singh

Abstract. The present paper deals with generalization of several fami-
lies of bilinear and bilateral generating functions for the heat type poly-
nomials suggested by Jacobi polynomials with different argument.

1. Introduction

This is the continuation to previous papers [1] and [2] in which we have
obtained some formulae for the heat type polynomials Pn,λ,µ(x, u) suggested
by Jacobi polynomials and is defined as

(1.1) Pn,λ,µ(x, u) = (4u)n
(
λ+

1

2

)
n

2F1

[
−n, λ+ µ+ n;
λ+ 1

2 ;
− x2

4u

]

(1.2) = (4u)n n! P
(λ− 1

2 ,µ−
1
2 )

n (−x
2

4u
).

In view of the relation (see, E. D. Rainville [3], Th. 20, p. 60), a relation
(1.1) can be written in the elegant form

(1.3) Pn,λ,µ(x, u) =

(
λ+

1

2

)
n

(x2 + 4u)n2F1

[
−n, 12 − µ− n;
λ+ 1

2 ;

x2

x2 + 4u

]
.

By means of the relation,

Pn,λ,µ(
√
x2 + 4u i, u) = (−1)n Pn,µ,λ(x, u)

which we obtain by replacing x by
√
x2 + 4u i and t by (−t) in (see [1], eq.(2.2)),

(1.4)
∞∑

n=0

Pn,λ,µ(x, u)(
λ+ 1

2

)
n

(
µ+ 1

2

)
n
n!
tn = 0F1

[
− ;
λ+ 1

2 ;
x2t

]
0F1

[
− ;
µ+ 1

2 ;
(x2 + 4u)t

]
,
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another form of (1.1) is obtained as

(1.5) Pn,λ,µ(x, u) = (−1)n(4u)n
(
µ+

1

2

)
n

2F1

[
−n, λ+ µ+ n;
µ+ 1

2 ;

x2 + 4u

4u

]
.

Next we rewrite (1.1), (1.3) and (1.5) by reversing the order of summation
in the form

(1.6) Pn,λ,µ(x, u) =
(λ+ µ)2n
(λ+ µ)n

x2n2F1

[
−n, 1

2 − λ− n;
1− λ− µ− 2n;

− 4u

x2

]
,

(1.7) Pn,λ,µ(x, u) =

(
µ+

1

2

)
n

x2n2F1

[
−n, 1

2 − λ− n;
µ+ 1

2 ;

x2 + 4u

x2

]
,

(1.8) Pn,λ,µ(x, u) =
(λ+ µ)2n
(λ+ µ)n

(x2 + 4u)n2F1

[
−n, 1

2 − µ− n;
1− λ− µ− 2n;

4u

x2 + 4u

]
.

In the earlier paper [2] it was proved that

(1.9)

∞∑
n=0

Pm+n,λ−n,µ−n(x, u)

n!
tn

= [1 + (x2 + u)t]λ−
1
2 [1 + x2t]µ−

1
2 Pm,λ,µ[x

2(1 + (x2 + 4u)t), u].

Using Euler’s transformation (see, E. D. Rainville [3], Th. 20, p. 60)

(1.10) 2F1[a, b; c; z] = (1− z)−a
2F1

[
a, c− b; c;

z

z − 1

]
.

We rewrite (1.9) as
(1.11)

∞∑
n=0

Pm+n,λ−n,µ−n(x, u)

n!
tn

= (λ+ µ+m)m(x2 + 4u)m
(

4u

x2 + 4u

)−(λ− 1
2 )

× (1 + x2t)λ+µ+m−1
2F1

[
−(λ− 1

2 −m), 1− λ− µ−m;
1− λ− µ− 2m ;

4u

(x2 + 4u)(1 + x2t)

]
.

Some of the definition and notations used in this paper are as follows:
Saran’s functions for three variables are given by (see [4]).

FE [α1, α1, α1, β1, β2, β3; γ1, γ2, γ3; x, y, z]

(1.12) =

∞∑
m,n,p=0

(α1)m+n+p (β1)m (β2)n+p

(γ1)m (γ2)n (γ3)p m! n! p!
xm yn zp ,

FG [α1, α1, α1, β1, β2, β3; γ1, γ2, γ2; x, y, z]

(1.13) =
∞∑

m,n,p=0

(α1)m+n+p (β1)m (β2)n (β3)p
(γ1)m (γ2)n+p m! n! p!

xm yn zp ,
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FN [α1, α2, α3, β1, β2, β1; γ1, γ2, γ2; x, y, z]

(1.14) =

∞∑
m,n,p=0

(α1)m (α2)n (α3)p (β1)m+p (β2)n
(γ1)m (γ2)n+p m! n! p!

xm yn zp.

Lauricella’s hypergeometric functions for n variables is defined by (see [9])

F
(n)
A [a, b1, . . . , bn; c1, . . . , cn; x1, . . . , xn]

(1.15) =
∞∑

m1,....,mn=0

(a)m1+···+mn (b1)m1 . . . (bn)mn

(c1)m1 . . . (cn)mn

xm1
1

m1!
. . .

xmn
n

mn!

max {|x1|, . . . , |xn|} < 1;

F
(n)
C [a, b; c1, . . . , cn; x1, . . . , xn]

(1.16) =
∞∑

m1,...,mn=0

(a)m1+......+mn (b)m1+···+mn

(c1)m1 . . . (cn)mn

xm1
1

m1!
. . .

xmn
n

mn!

max
{√

|x1|, . . . ,
√
|xn|

}
< 1;

F
(n)
D [a, b1, . . . , bn; c ; x1, . . . , xn]

(1.17) =
∞∑

m1,...,mn=0

(a)m1+···+mn (b1)m1 . . . (bn)mn

(c)m1+···+mn

xm1
1

m1!
. . .

xmn
n

mn!

max {|x1|, . . . , |xn|} < 1.

Confluent form of Lauricella’s functions for n variables is defined by (see [9])

ψ
(n)
2 [a, c1, . . . , cn; x1, . . . , xn]

(1.18) =
∞∑

m1,....,mn=0

(a)m1+···+mn

(c1)m1 . . . (cn)mn

xm1
1

m1!
. . .

xmn
n

mn!
.

Further, Kampé de Fériet’s type general double hypergeometric series (cf. Sri-
vastava, H. M. and Manocha, H. L. [9]) is defined as

(1.19) F p:q;k
l:m;n

[
(ap) : (bq); (ck);
(αl) : (βm); (γn)

x, y

]
=

∞∑
r,s=0

p∏
j=1

(aj)r+s

q∏
j=1

(bj)r
k∏

j=1

(cj)s

l∏
j=1

(αj)r+s

m∏
j=1

(βj)r
n∏

j=1

(γj)s

.

Similarly, a general triple hypergeometric series F (3)[x, y, z] (cf. Srivastava, H.
M. [7], p. 428) is defined as

F (3)[x, y, z] = F (3)

[
(a) :: (b); (b′); (b′′) : (c); (c′); (c′′) ;
(e) :: (g); (g′); (g′′) : (h); (h′); (h′′);

x, y, z

]
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(1.20) =

∞∑
m,n,p=0

Λ(m,n, p)
xm

m!

yn

n!

zp

p!
,

where for convenience

Λ(m,n, p) =

A∏
j=1

(aj)m+n+p

B∏
j=1

(bj)m+n

B′∏
j=1

(b′j)n+p

B′′∏
j=1

(b′′j)p+m

E∏
j=1

(ej)m+n+p

G∏
j=1

(gj)m+n

G′∏
j=1

(g′j)n+p

G′′∏
j=1

(g′′j)p+m

(1.21) ×

C∏
j=1

(cj)m
C′∏
j=1

(c′j)n
C′′∏
j=1

(c′′j)p

H∏
j=1

(hj)m
H′∏
j=1

(h′j)n
H′′∏
j=1

(h′′j)p

.

2. Bilinear generating function

The poynomials Pn,λ,µ(x, u) admit the following generating functions which
are recorded similar to Srivastava and Singhal [10] as given below.

In view of the relation (1.8) and ([1], eq.2.16),

(2.1)

Pm+n,λ,µ−n(x, u) =

(
λ+

1

2

)
m+n

(4u)m+n

(
x2 + 4u

4u

)−λ−µ−m

× 2F1

[
λ+m+ n+ 1

2 , λ+ µ+m ;
λ+ 1

2 ;

x2

x2 + 4u

]
,

we get the bilinear generating functions in the subsequent manner as
(2.2)

∞∑
n=0

Pm+n,λ,µ−n(x, u) Pn,γ,δ−n(y, u)(
α+ 1

2

)
n
n!

tn

=

(
λ+

1

2

)
m

(4u)m
(
x2 + 4u

4u

)−λ−µ−m

× FG

[
λ+m+

1

2
, λ+m+

1

2
, λ+m+

1

2
, λ+ µ+m, γ + δ, −

(
δ− 1

2

)
;

λ+
1

2
, α+

1

2
, α+

1

2
;

x2

x2 + 4u
, 4u(y2 + 4u)t, 16u2t

]
.

Proof of (2.2): L.H.S. of (2.2) is equal to

=

(
λ+

1

2

)
m

(4u)m
(
x2 + 4u

4u

)−λ−µ−m ∞∑
n=0

(λ+m+ 1
2 )n(γ + δ − n)2n

(α+ 1
2 )n(γ + δ − n)n n!

× 2F1

[
λ+m+ n+ 1

2 , λ+ µ+m;
λ+ 1

2 ;

x2

x2 + 4u

]
2F1

[
−n ,−(δ − 1

2 ) ;
1− γ − δ − n;

4u

y2 + 4u

]
× (4u(y2 + 4u)t)n
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=

(
λ+

1

2

)
m

(4u)m
(
x2 + 4u

4u

)−λ−µ−m ∞∑
n,r=0

(λ+m+ 1
2 )n+r(γ + δ)n(λ+ µ+m)r

(α+ 1
2 )n (λ+ 1

2 )r

×
n∑

s=0

(−n)s(−(δ − 1
2 ))s

(1− γ − δ − n)s n! r! s!

(
x2

x2 + 4u

)r (
4u

y2 + 4u

)s

(4u(y2 + 4u)t)n

=

(
λ+

1

2

)
m

(4u)m
(
x2 + 4u

4u

)−λ−µ−m ∞∑
n,r=0

(λ+m+ 1
2 )n+r(γ + δ)n(λ+ µ+m)r

(α+ 1
2 )n (λ+ 1

2 )r

×
n∑

s=0

(−(δ − 1
2 ))sΓ(γ + δ + n− s)

Γ(γ + δ)(n− s)! r! s!

(
x2

x2 + 4u

)r (
4u

y2 + 4u

)s

(4u(y2 + 4u)t)n

=

(
λ+

1

2

)
m

(4u)m
(
x2 + 4u

4u

)−λ−µ−m ∞∑
n,r,s=0

(λ+m+ 1
2 )n+r+s(λ+ µ+m)r

(α+ 1
2 )n+s (λ+ 1

2 )r

×
((−(δ − 1

2 ))s(γ + δ)n

n! r! s!

(
x2

x2 + 4u

)r (
4u

y2 + 4u

)s

(4u(y2 + 4u)t)n+s

yields the R.H.S. of (2.2), or, equivalently
(2.3)

∞∑
n=0

Pm+n,λ−n,µ−n(x, u) Pn,γ−n,δ−n(y, u)(
α+ 1

2

)
n
n!

tn

= (λ+ µ+m)m (x2 + 4u)m
(
x2 + 4u

4u

)λ− 1
2

× FG

[
1− λ− µ−m, 1− λ− µ−m, 1− λ− µ−m,−

(
λ− 1

2

)
−m,−

(
γ − 1

2

)
,

−
(
δ − 1

2

)
; 1− λ− µ− 2m, α+

1

2
, α+

1

2
;

4u

x2 + 4u
, x2(y2 + 4u)t, x2y2t

]
,

where in (2.2) and (2.3) FG is the Saran’s function defined by eq.(1.13).
By using the relation (1.3), which in conjunction with (1.10) we obtain the

bilinear generating functions similar to Sharma and Manocha [5] in the elegant
form,

∞∑
n=0

(
α+ 1

2

)
n
Pm+n,λ,µ−n(x, u) Pn,γ,δ(y, u)(
γ + 1

2

)
n

(
δ + 1

2

)
n
n!

tn

(2.4)

=

(
λ+

1

2

)
m

(4u)m
(
x2 + 4u

4u

)−λ−µ−m

× FE

[
λ+m+

1

2
, λ+m+

1

2
, λ+m+

1

2
, λ+ µ+m, α+

1

2
, α+

1

2
;

λ+
1

2
, γ +

1

2
, δ +

1

2
;

x2

x2 + 4u
, 4uy2t, 4u(y2 + 4u)t

]



616 MUMTAZ AHMAD KHAN, ABDUL HAKIM KHAN, AND MANOJ SINGH

or, equivalently

∞∑
n=0

(
α+ 1

2

)
n
Pm+n,λ−n,µ−n(x, u) Pn,γ,δ(y, u)(
γ + 1

2

)
n

(
δ + 1

2

)
n
n!

tn

(2.5)

= (λ+ µ+m)m(x2 + 4u)m
(
x2 + 4u

4u

)λ− 1
2

× FE

[
1− λ− µ−m, 1− λ− µ−m, 1− λ− µ−m,−

(
λ− 1

2

)
−m,

α+
1

2
, α+

1

2
; 1− λ− µ− 2m, γ +

1

2
, δ +

1

2
;

4u

x2 + 4u
,−x2y2t,−x2(y2 + 4u)t

]
.

In view of the definition (1.1) and (1.3), we further obtain the bilinear gen-
erating function for Pn,λ,µ(x, u) as
(2.6)

∞∑
n=0

(λ+ µ+ 2m)n
(
α+ 1

2

)
n
Pm,λ+m,µ+n(x, u) Pn,γ,δ(y, u)(

γ + 1
2

)
n

(
δ + 1

2

)
n
n!

tn

=

(
λ+m+

1

2

)
m

(4u)mFE [λ+ µ+ 2m, λ+ µ+ 2m, λ+ µ+ 2m,−m,

α+
1

2
, α+

1

2
; λ+m+

1

2
, γ +

1

2
, δ +

1

2
;
−x2

4u
, y2t, (y2 + 4u)t

]
,

where in (2.4), (2.5) and (2.6) FE is the Saran’s function defined by eq.(1.12).

3. Bilateral generating functions

In term of the Lauricella’s triple hypergeometric series F4, F8 and F7 (which,
in the notations used by Saran [4], are FE , FG and FS , respectively), we obtain
three bilateral generating functions for the polynomials Pn,λ,µ(x, u) by using
the relation (1.3), each of which involved the Gaussian hypergeometric 2F1

function are as follows:
(3.1)

∞∑
n=0

(α)n(β)n Pn,λ,µ(x, u) 2F1 [α+ n, a; b; y](
λ+ 1

2

)
n

(
µ+ 1

2

)
n
n!

tn

= FE

[
α , α , α , a , β , β ; b , λ+

1

2
, µ+

1

2
; y , x2t , (x2 + 4u)t

]
,

(3.2)
∞∑

n=0

(α)n Pn,λ−n,µ−n(x, u) 2F1 [α+ n, a; b; y]

(β)n n!
tn

= FG

[
α, α, α, a,−

(
λ− 1

2

)
,−

(
µ− 1

2

)
; b, β, β; y,−(x2 + 4u)t,−x2t

]
,
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(3.3)
∞∑

n=0

(α)n Pn,λ−n,µ−n(x, u) 2F1 [a, b; β + n; y]

(β)n n!
tn

= FS

[
a, α, α, b,−

(
λ− 1

2

)
,−

(
µ− 1

2

)
; β, β, β; y,−(x2 + 4u)t,−x2t

]
.

Now, with the help of linear generating function (1.11), we obtain bilateral
generating functions, each involving a polynomials Pn,λ,µ(x, u) and one of the
Appell functions F1, F2 and F4 in the form,
(3.4)

∞∑
n=0

Pm+n,λ−n,µ−n(x, u) F1 [−n, α, β; γ; y, z]
n!

tn

= (λ+ µ+m)m(x2 + 4u)m
(

x2

x2 + 4u

)−(λ− 1
2 )

(1 + x2t)λ+µ+m−1

× FG

[
1− λ− µ−m, 1− λ− µ−m, 1− λ− µ−m,−

(
λ− 1

2

)
−m,α, β;

1− λ− µ− 2m, γ, γ;
4u

(x2 + 4u)(1 + x2t)
,
x2yt

1 + x2t
,
x2zt

1 + x2t

]
,

(3.5)
∞∑

n=0

Pm+n,λ−n,µ−n(x, u) F2 [−n, α, β; γ, δ; y, z]
n!

tn

= (λ+ µ+m)m(x2 + 4u)m
(

x2

x2 + 4u

)−(λ− 1
2 )

(1 + x2t)λ+µ+m−1

× F
(3)
A

[
1− λ− µ−m,−

(
λ− 1

2

)
−m, α, β; 1− λ− µ− 2m, γ, δ;

4u

(x2 + 4u)(1 + x2t)
,

x2yt

1 + x2t
,

x2zt

1 + x2t

]
and

∞∑
n=0

Pm+n,λ−n,µ−n(x, u) F4 [−n, α; β, γ; y, z]
n!

tn

(3.6)

= (λ+ µ+m)m(x2 + 4u)m
(

x2

x2 + 4u

)−(λ− 1
2 )

(1 + x2t)λ+µ+m−1

× FE

[
1− λ− µ−m, 1− λ− µ−m, 1− λ− µ−m,−

(
λ− 1

2

)
−m,α, α;

1− λ− µ− 2m, β, γ;
4u

(x2 + 4u)(1 + x2t)
,
x2yt

1 + x2t
,
x2zt

1 + x2t

]
,
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where, in (3.4) and (3.6) FG and FE are Saran’s functions defined by (1.13)
and (1.12).

By involving the Laguerre polynomials (see [3], p. 200, eq.1) with the poly-
nomials Pnλ,µ(x, u), would readily yield the bilateral generating functions in
the form
(3.7)

∞∑
n=0

(
m+ n
n

)
L
(α)
m+n(x) Pn,γ,δ(y, u)(
γ + 1

2

)
n

(
δ + 1

2

)
n

tn

=

(
α+m
m

)
ex ψ

(3)
2

[
α+m+ 1;α+ 1, γ +

1

2
, δ +

1

2
;−x, y2t, (y2 + 4u)t

]
,

(3.8)
∞∑

n=0

(
m+ n
n

)
L
(α)
m+n(x) Pn,γ,δ−n(y, u)(

γ + 1
2

)
n

tn

=

(
α+m
m

)
ex (1− 4ut)−α−m−1ψ1

[
α+m+ 1 , γ + δ ; γ +

1

2
, α+ 1 ;

y2t

1− 4ut
,

x

1− 4ut

]
or, equivalently

(3.9)

∞∑
n=0

(
m+ n
n

)
L
(α)
m+n(x) Pn,γ−n,δ−n(y, u)

(1− γ − δ)n
tn

=

(
α+m
m

)
ex (1 + y2t)−α−m−1

× ψ1

[
α+m+ 1 ,−

(
γ − 1

2

)
;α+ 1 , 1− γ − δ;

−4ut

1 + y2t
,

−x
1 + y2t

]
,

where, in (3.7) ψ
(3)
2 is the confluent form of Lauricella function defined by

eq.(1.18) with n = 3 and in (3.8) and (3.9) ψ1 is the confluent hypergeometric
function of two variables (see [9], eq.41).

Further, involving the Rice polynomials (see [3], p. 287, eq.1) with the rela-
tion (2.1), the polynomials Pn,λ,µ(x, u) leads the bilateral generating functions
as:
(3.10)

∞∑
n=0

Pm+n,λ,µ−n(x, u) H
(γ−n,δ−n)
n (ζ, ρ, y)

(−γ − δ)n
tn

=

(
λ+

1

2

)
m

(4u)m
(
x2 + 4u

4u

)−λ−µ−m

× F
(3)
A

[
λ+m+

1

2
, λ+ µ+m,−γ, ζ;λ+1

2
,−γ − δ, ρ;

x2

x2 + 4u
,−4ut, 4uyt

]
.
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Proof of (3.10): L.H.S. of (3.10) is equal to

=

(
λ+

1

2

)
m

(4u)m
(
x2 + 4u

4u

)−λ−µ−m ∞∑
n,r=0

(
γ
n

)
(λ+m+ 1

2 )n+r(λ+ µ+m)r

(−γ − δ)n(λ+ 1
2 )r

× (−n)s(1 + γ + δ − n)s(ζ)s
(1 + γ − n)s(ρ)s r! s!

(
x2

x2 + 4u

)r

(y)s(4ut)n

=

(
λ+

1

2

)
m

(4u)m
(
x2 + 4u

4u

)−λ−µ−m ∞∑
n,r,s=0

(λ+m+ 1
2 )n+r+s(−γ)n+r

(−γ − δ)n+s(λ+ 1
2 )r

× (λ+ µ+m)r(ζ)s(1 + γ + δ − n− s)s
(ρ)s(1 + γ − n− s)s n! r! s!

(
x2

x2 + 4u

)r

(−y)s(−4ut)n+s

=

(
λ+

1

2

)
m

(4u)m
(
x2 + 4u

4u

)−λ−µ−m ∞∑
n,r,s=0

(λ+m+ 1
2 )n+r+s(λ+ µ+m)r(−γ)n
(λ+ 1

2 )r(−γ − δ)n

× (ζ)s(−γ + n)s(1 + γ + δ − n− s)s
(ρ)s(−γ − δ + n)s(1 + γ − n− s)s n! r! s!

(
x2

x2 + 4u

)r

(4uyt)s(−4ut)n.

Since,
(−γ + n)s(1 + γ + δ − n− s)s
(−γ − δ + n)s(1 + γ − n− s)s

= 1

yields the R.H.S. of (3.10), or, equivalently

(3.11)

∞∑
n=0

Pm+n,λ−n,µ−n(x, u) H
(γ−n,δ−n)
n (ζ, ρ, y)

(−γ − δ)n
tn

= (λ+ µ+m)m(x2 + 4u)m
(
x2 + 4u

x2

)λ− 1
2

× F
(3)
A

[
1− λ− µ−m,−

(
λ− 1

2

)
−m ,−γ, ζ; 1− λ− µ− 2m,

−γ − δ , ρ ;
4u

x2 + 4u
, x2t ,−x2yt

]
.

Similarly, using the definition (1.8) another form of (3.11) is obtained in the
form,
(3.12)

∞∑
n=0

Pm+n,λ−n,µ−n(x, u) H
(γ−n,δ−n)
n (ζ, ρ, y)

(−γ − δ)n
tn

= (λ+ µ+m)m x2m
(

x2

x2 + 4u

)µ− 1
2

× F
(3)
A

[
1− λ− µ−m,−

(
µ− 1

2

)
−m ,−γ, ζ; 1− λ− µ− 2m,−γ − δ, ρ;

−4u

x2
, (x2 + 4u)t ,−(x2 + 4u)yt

]
,
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where in relation (3.5), (3.10), (3.11) and (3.12), F
(3)
A denote the Lauricella’s

triple hypergeometric function defined by eq.(1.15) with n = 3.
By appealing the results of [8], we obtain the bilateral generating functions

in the form,
(3.13)

∞∑
n=0

(γ)n(δ)n Pn,λ,µ(x, u)

(λ+ 1
2 )n(µ+ 1

2 )n n!
F

(S)
C [γ + n , δ + n ; ρ1, . . . , ρs ; z1, . . . , zs] t

n

= F
(S+2)
C

[
γ , δ ; ρ1, . . . , ρs , λ+

1

2
, µ+

1

2
; z1, . . . , zs , x

2t , (x2 + 4u)t

]
and
(3.14)

∞∑
n=0

(γ)n Pn,λ−n,µ−n(x, u)

(δ)n n!
F

(S)
D [γ + n , ν1, . . . , νs ; δ + n ; z1, . . . , zs] t

n

= F
(S+2)
D

[
γ, ν1, . . . , νs,−

(
λ− 1

2

)
,−

(
µ− 1

2

)
; δ; z1, . . . , zs,−(x2 + 4u)t,−x2t

]
,

where in (3.13) and (3.14) F
(S+2)
C and F

(S+2)
D denote the Lauricella’s triple

hypergeometric function defined by eq.(1.16) and (1.17) with n = s+ 2.
Making the use of [6, p. 27, eq.(15)], which in conjunction with the generating

relation (1.11), we get bilateral relation in the pretty form as follows:

∞∑
n=0

Pm+n,λ−n,µ−n(x, u)

n!
Fu+1: p; r

v : q; s

[
−n , (eu) : (ap) ; (cr) ;
(fv) : (bq) ; (ds) ;

y, z

]
tn

(3.15)

= (λ+ µ+m)m(x2 + 4u)m
(
x2 + 4u

x2

)λ− 1
2

(1 + x2t)λ+µ+m−1

× F (3)

[
1− λ− µ−m :: . . . ; (eu) ; . . . : −

(
λ− 1

2

)
−m ; (ap) ; (cr) ;

. . . . . . . . . . . . . . . :: . . . ; (fv) ; . . . : 1− λ− µ− 2m ; (bq) ; (ds) ;

4u

(x2 + 4u)(1 + x2t)
,

x2yt

1 + x2t
,

x2zt

1 + x2t

]
.

The bilateral generating function (3.15) unifies the results (3.4), (3.5) and (3.6)
involving the polynomials Pn,λ,µ(x, u). Also,
(3.16)

∞∑
n=0

Pm+n,λ−n,µ−n(x, u)

n!
Fu : p+1; r
v : q ; s

[
(eu) : −n , (ap) ; (cr) ;
(fv) : (bq) ; (ds) ;

y, z

]
tn

= (λ+ µ+m)m(x2 + 4u)m
(
x2 + 4u

x2

)λ− 1
2

(1 + x2t)λ+µ+m−1
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× F (3)

[
. . . :: 1− λ− µ−m ; (eu) ; . . . : −

(
λ− 1

2

)
−m ; (ap) ; (cr) ;

. . . :: . . . . . . . . . . . . . . . ; (fv) ; . . . : 1− λ− µ− 2m; (bq) ; (ds) ;

4u

(x2 + 4u)(1 + x2t)
,

x2yt

1 + x2t
, z

]
,

where in (3.15) and (3.16), F (3)[x, y, z] is a general triple hypergeometric series
defined by eq.(1.20).

The bilateral generating function (3.16) is complementary to the above re-
lation (3.15).
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