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THE p-LAPLACIAN OPERATORS WITH
POTENTIAL TERMS

SOON-YEONG CHUNG AND HEESOO LEE

ABSTRACT. In this paper, we deal with the discrete p-Laplacian opera-
tors with a potential term having the smallest nonnegative eigenvalue.
Such operators are classified as its smallest eigenvalue is positive or zero.
We discuss differences between them such as an existence of solutions
of p-Laplacian equations on networks and properties of the energy func-
tional. Also, we give some examples of Poisson equations which suggest
a difference between linear types and nonlinear types. Finally, we study
characteristics of the set of a potential those involving operator has the
smallest positive eigenvalue.

1. Introduction

Networks are good abstracts of various structures such as nervous systems,
molecules, economies, webs and so forth. Many phenomena on networks are
represented by equations involving an operator, called the discrete Laplacian
A, which is interpreted as a diffusion equation on a network. By the reason,
the discrete Laplacian on a network has been studied by a lot of authors over
recent years [1, 3, 4, 5, 6, 7].

In [4, 5, 6, 7], Morrow and his collaborators have studied forward prob-
lems and inverse conductivity problems involving a discrete Laplacian on a
network. Networks they dealt with are electric networks such as lattice and
circular forms. Also, they have established useful algorithms for identifying
conductivity of edges in the given network.

In [1], Chung and Berenstein introduced another approach, partial differen-
tial equations on networks, of studying problems for discrete Laplacian equa-
tions on a network. They adapted discrete analogues of some notions on vector
calculus such as an integration, a directional derivative, a gradient and a Lapla-
cian. They proved some fundamental properties for a discrete Laplacian, for
example, Green’s theorem, maximum principle and Dirichlet’s principle. They
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also studied the solvability of forward problems, such as Dirichlet and Neumann
boundary value problems, and the global uniqueness of inverse problems.

However, most phenomena on a networks are not expressed by mathematical
equations by linear operators on networks. For this reason, many researchers
have considered various nonlinear operators. In [2], Chung and Kim introduced
a nonlinear operator, the discrete p-Laplacian A, on a network which is a
nonlinear generalization of a discrete Laplacian, and the typical eigenvalue
problem for the operator. They discussed the existence of a solution of the
Poisson equation, Dirichlet and Neumann boundary value problems for the
equation

Apou=f

on a network.

In [8], Chung, Kim and Park introduced a more general operator, the discrete
p-Laplacian Ez‘; with potential term V on a network and the typical eigenvalue
problem for the operator. They discussed the existence and uniqueness of
solution of the Poisson equation

—Ap LU+ V|u|p_2u =f

on a network when the smallest eigenvalue of the operator is positive.

In this paper, we consider the discrete p-Laplacian EX with potential term V'
on a network by its smallest eigenvalue and study properties of the opator such
as the solvability of homogeneous equations and Poisson equations, relations
between the potential term and the energy functional and so forth.

This paper is organized as follows:

In Section 1, we study vector calculus on networks and recall useful results
in [8]. In Section 2, we classify the p-Laplacian operator with a potential on
a network whose smallest eigenvalue is nonnegative into two cases and dis-
cuss properties of operators in each cases. In [8], Park and Chung verified an
existence of Possion equations

—Ap LU+ V|u|p_2u =f

on G under the condition the smallest eigenvalue is just positive. We give some
examples, Poisson equations when the smallest eigenvalue is zero. Since p-
Laplacian operator is nonlinear if p # 2, we have a difference between linear and
nonlinear elliptic equations. Further, we study a relation between eigenpairs
and potentials under a monotone condition on potentials. Finally, in Section 3,
we discuss characteristics of the set Ag of potentials whose involving operator’s
smallest eigenvalue is positive. The set is open, unbounded and strictly convex.
Also, we study a behavior of a potential term V on a straight line where V' € Ay
or V€ 0Ay. When V € 0Ag, the smallest eigenvalue of [ZX varies positively
or negatively. We get an equivalence condition of the tangent of the line such
that the smallest eigenvalue of LX varies positively.
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2. Preliminaries

In this section, we start with graph theoretic notions frequently used throu-
ghout this paper.

A graph G = G(V, E) consists of a finite set V(G) (or simply V) of vertices
and a subset E(G) (or simply F) of V x V whose elements are called edges.
By {z,y} € E or ¢ ~ y, we mean that two vertices z and y are joined by
an edge. A graph G is said to be simple if it has neither multiple edges nor
loops. Also, we say that a graph G is connected if for every pair of verices x
and y, there is a finite sequence {z;}"_j(termed a path) of vertices such that
T=Togro Ty~ Ty =Y.

A weight on a graph G(V, E) is a function w : V x V — [0, 00) satisfying

(1) w(x,y) :w(yvx)a z,yeV
(ii) w(z,y) =0 if and only if {z,y} ¢ E.
In particular, a weight w satisfying
wlx,y)=1 if z~y

is called the standard weight. A graph G associated with a weight w is said to
be a weighted graph or a network, denoted by (G,w) (or simply G). The degree
of a vertex z, denoted by d,x, is defined by

dyx = Z w(x,y).

yeG

From now on, all graphs of given networks in this paper are assumed to be
simple and connected.

Throughout this paper, a function on a network is a understood as a function
defined just on the set of vertices of the graph. Conventionally used, we denote
by € V or z € G the fact that z is a verter in G.

Let G=(G, w) be a network and f : G — R a function. The integration of

f is defined by
/fd x or/f = (ac)dwx.

zeG
For 1 < p < oo, the p-directional derivative of f to the direction y € G is
defined by

Dy f(2) = 1) ~ F@)2(f) — fla))y| L2

dox
for z € G. The p-gradient of f is defined by
Vil (@) = (Dpwyf(2))yea
for x € G. Also, the p-Laplacian of f is defined by
w(z,y
Bpf(@) = 32 10) ~ F@P2 (1) — F(a) L

yeG
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for all € G. In the case p = 2, we write simply D, ,, V., and A, instead of
Doy, Vo and Ay, respectively. It is easy to see that these are nonlinear
except for p = 2.

The next theorem is proved in the paper [2] by Chung and Kim.

Theorem 2.1. Let G=(G, w) be a network. Then for any pair of functions
f:G—=>Rand h:G— R, we have

/Gf(—Ap,wh)zé/vaf-vp,wh.

Let V : G — R be a function. The p-Laplacian operator LZ‘,/ with potential
V is defined by

E;/u == Ay ou+ Vi§ulP?u

on G for all u : G — R. Also we define the corresponding energy functional
Qv by

Qv (u) ::/Gu£;/u

for all u : G — R. By the above theorem, we have

Qv (u) = %/(;un~vp7wu+/GV|u|p
5 uly) — ul@) Pl y) + Y V() Pl

z,yeG reG

forall u: G — R.
On both continuous media and discrete media [2, 8], there has been a lot of
discussions on solvability of Poisson equations of the form

E;,/u =—-A, u+ V|u|P*2u =f

on GG. Among those results, Chung, Kim and Park provided many useful prop-
erties of the eigenvalue problem of the form

(1) Egu = A, u+ VuP?u = A\uP2u
on G for some A € R.

Theorem 2.2 ([8]). Let G=(G, w) be a network. For any functionV : G — R,
there is a non-zero solution ¢ : G — R to the eigenvalue problem
_Ap,w(b + V|¢|p72¢ = )\‘¢|p72¢

on G for some A € R.
Theorem 2.3 ([8]). Let G=(G, w) be a network. For any functionV : G — R,
and Ao be defined by

Mo i inf G

uZ0 fG |u\1’
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Then there is a nonzero function ¢g : G — R such that ﬁvl(afjl)? = Ag. Further,

the function ¢q is a solution of the eigenvalue problem
—Apw + VIuP~2u = \o|uP?u.

Also they proved the following theorem which guarantees the solvability of
the Poisson equation and the uniqueness of the solution.

Theorem 2.4 ([8]). Let G=(G, w) be a network and V : G — R a function.
The following are equivalent.

1) Ao > 0.

i) If a function f : G — R is nonnegative, then there is a unique solution
ug satisfying

—Ap o+ VIuP2u = f

on G.

Moreover, ug is nonnegative.

3. Classification by the smallest eigenvalues
In this section, we study a p-Laplacian equation
EXu = —Ap,wu+ V]uP2u=0

on a network G=(G, w) which operator EX has the smallest nonnegative eigen-
value. For a function V : G — R, we define the smallest eigenvalue of the
operator EX by

Ao(V) = Ao := inf Qv(w)
uZ0 fG |ulP
By the definition, %% > X\, for all nonzero u : G — R and hence Qv (u)

S lul?
is nonnegative for all nonzero u whenever Ag > 0. We say that Qv is strictly

positive if Qv (u) > 0 for all u Z 0 and degenerately positive if Qy is nonnegative
and Qv (ug) = 0 for some ug Z 0. Qv is said nonpositive otherwise. Clearly,
Qv (0) = 0 for any function V : G — R. By the reason, Qv is either strictly
positive or degenerately positive whenever @)y is nonnegative. The following
two theorems deal with relations between Qv and the solvability of the equation
of the form

(2) E;,/u =-Apu+Vuf2u=0
on G.

Theorem 3.1. Let G=(G, w) be a network. For any function V : G — R
satisfying that Qv is nonnegative, the following are equivalent.
i) Qv is degenerately positive.
ii) Ao = 0.
iii) The equation
—Ap o+ V]uP2u =0
on G has a positive solution.
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Proof. 1)=-ii) Since Qv is degenerately positive, there is a nonzero function ug
such that Qv (ug) = 0. Then Ag = 0, since Qv is assumed to be nonnegative.

ii)=iii) Let ¢o be a positive eigenfunction corresponding to Ag. Then we
have

—Apwdo + V]doPdo = Xol¢olP>do.

on G. Since A\g = 0, the equation has a positive solution ¢y.

iii)=1) If the equation has a positive solution ¢, then Qv (¢o) = [, oL} do
= 0, since EX ¢o = 0. So, Qv is degenerately positive. O

Theorem 3.2. Let G=(G, w) be a network. For any function V : G — R
satisfying that Qv is nonnegative, the following are equivalent.
i) Qv is strictly positive.
11) Ao > 0.
iii) The equation
—Ap o+ V]uP2u =0

on G has only a trivial solution.

Proof. 1)=-ii) By the definition of A, there is a nonzero function ¢ such that

?Vﬁ;ﬁz = Ao. Since ¢g is nonzero, Qv (¢g) > 0 by the assumption. So, A\g > 0.
JG

ii)=-ii) Since ¢¢ is nonnegative, the equation has a unique solution by The-
orem 2.4. Clearly, a zero function satisfies the equation. So, there is only a
trivial solution.

iii)=-1) Suppose Qv is not strictly positive. Since Qv is assumed to be
nonnegative, QQy is degenerately positive. Then the equation has a positive
solution by the above theorem. (]

Now, consider the Poisson equation
—Apou+ ViufP~?u = f

on a network G=(G, w). In [8], the existence of solutions of the equation
is already verified when Ag(V) > 0. In the case p = 2 and A\o(V) = 0, the
equation has infinitely many solutions if f is orthogonal to an eigenfunction ¢
corresponding to A\g(V') by the fact that £ can be interpreted as a matrix. In
case p = 3, nonlinear, consider a network G such that V(G) = {z,y} with the
standard weight. By simple calculations, we can deduce the following. For the
function V' such that V(z) =1 and V(y) = —, Ao(V) = 0. Also, the function
¢o such that ¢o(z) = 1 and ¢g(y) = 2. Define f(x) = —2 and f(y) = 1. Then
the function ug such that ug(z) = —1 and ug(y) = 0 satisfies the equation.
Further, ug is the unique solution of the equation.

Consider two functions V' and W on a network G such that V(z) > W(z)
for all x € G. By the definition of the smallest eigenvalue, we deduce that
Ao (V) = Ao(W).

Theorem 3.3. Let G=(G, w) be a network. For two functions V and W on
G satisfying V> W on G, X\o(V) > Ao(W) whenever V £ W.
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Proof. Let ¢o and 1 be cigenfunctions of £} and £}V, respectively such that
Jo ldol? = [ [olP = 1. Note that

Qu(w) = Qulu)+ [ (V= W)l
and [ (V — W)Jul|P > 0 for all u: G — R. Then we have

M(V) = Qua(d) + /G (V= W)léol” > Qu (o).

Suppose V' # W. Then [ (V — W)|¢o[? is positive, since |¢g| is positive and
the set {x € G|V (z) # W(x)} is nonempty. So we have the following.

M(V) = Quw (o) + [ (V= W)lonl” > Quw (60).
Since 1y is an eigenfunction of A\o(W),

Qw (¢0) > Qw (Yo) = Xo(W).
Thus Ao(V) > Ao(W). O

Following corollaries are derived from the above theorem.

Corollary 3.4. Let V and W be functions on a network G such that V> W
and VZEW on G. If Qw is nonnegative, then Qv is strictly positive. If Qv
is degenerately positive, then Qw is nonpositive.

Corollary 3.5. Let V and W be functions on a network G where (Ao(V), ¢o)
and (Ao(W), o) the smallest eigenpair for EI‘)/, L:ZV, respectively. Then the
followings are equivalent:

i) ¢o and g are linearly dependent.

i) V-W=XWV)=XW)onG.

Proof. 1)=-ii) Since ¢¢ = t1)g for some t € R\ {0}, ¢p is also an eigenfunction
corresponding to A\g(WW). Then

—Apdo + Wlgo|"po = Ao(W)|do [P0
on (G. Since
—Apdo + VigolP2p0 = Ao(V)|ol" 0
on G, we have
(V = W)|do[P2d0 = (Ao(V) = Ao (W))|¢o "o
on GG. Then we have V. — W = A\o(V) — X\o(W) on G, since ¢q is a positive

function.

ii)=i) Suppose V. — W = \o(V) — X(W) on G. Put ¢y = %
G ,1
Then (Ag(V), 1) is also an eigenpair and fG [tpo|P = 1. We can deduce that

Qw (Yg) = Xo(W), since
Ao (V) = Qw (vo) + /G(V —W)hhol? = Qw (¥o) + Ao (V) — Ao (W).
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That is, (Ao(W), o) is an eigenpair of £ZV . Therefore, ¢g and 1)y are linearly
dependent. O

If Qv and Qw are degenerately positive, we have the following result.

Corollary 3.6. Let Qv and Qw be degenerately positive. Then V=W on G
if and only if ¢, are linearly dependent.

4. Geometric characteristics of the set of potential terms

In this section, we study geometric characteristics of the set of potentials
having positive smallest eigenvalue.

Lemma 4.1. Let V and W be a function such that Qv and Qw are strictly
positive. Then Quyya—¢yw is strictly positive for all t € (0,1).

Proof. We note that

Quvr+a—nw(u) =tQv(u) + (1 —)Qw(u)

for all u: G — R. Since Qv and Qyw are strictly positive, Qv 4 (1—¢)w is non-
negative for allt € (0,1). Suppose Qv 4 (1w is degenerately positive for some
t € (0,1). Then there is a nonzero function ug such that Qv 4 (14w (ug) = 0.
Then we have

Qv (uo) = Qw (ug) = 0.
That is, both Qv and Qyw are degenerately positive. O

Let A, be the set of all functions V' : G — R such that A\g(V) > r. The
above lemma means that the set Ag is convex. Since V is a function defined
on a finite set V(G), we regard a function V' as a point in an n-dimensional
Euclidean space where n=|V(G)|. Hence A¢ is a real-valued function on R™.
Moreover, the function A\g(+) is continuous and hence the set A, is open. Also,
the boundary of A consists of all functions V' such that A\o(V) = 0. It is easy
to see that a zero function is in the boundary of Ay.

Theorem 4.2. The set Ay is strictly conver.

Proof. By Lemma 4.1, the set Aq is convex. It suffices to show that the bound-
ary of Ay doesn‘t have any line segment. Suppose the boundary has a line seg-
ment. Take functions V and W in the boundary. For any ¢t €(0,1), tV+(1—¢)W
is also in the boundary. That is, Ag(tV 4 (1—¢)W) = 0. Then there is a nonzero
function ug such that Qv 4 (1—4w(ug) = 0. Since

Quv+a—nyw(uo) = tQv (uo) + (1 — 1)Qw (uo),

and both Qv and Qw are degenerately positive, Qv (up) = Qw (uo) = 0. Then
V =W on G. O
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If a function V : G — R is positive, then Qv is strictly positive. So, the
set of all positive functions is a subset of Ag. Therefore, Ag is unbounded.
Further, there is a function V' € Ay which is not positive by Theorem 4.2. Let
V : G — R be a function such that A\g(V) = 0 and V' (z) < 0 for some zy. For
any u: G — R,

Qulw) =5 Y July) — u(@)Pw(e,y)
z,yeG
+ Y V(@)|u()[Pdoz + V(o) u(xo)[Pduo.
r#x)

Put u = d,, where 0,,(x) =1 if z = 29 and d,,(z) = 0 otherwise. Then
Qv((5$0) =d,xo + V(.’Eo)dwl‘o.

Note that d,, is not an eigenfunction corresponding to Ag(V), since d,, is not a
positive function. Also, Qv is degenerately positive. Thus Qv (d5,) > 0. That
is, V(z¢) > —1. In all, we have the following result.

Theorem 4.3. The set Ag is strictly convex, open, unbounded. The boundary
of Ay contains the origin. Further,

Ao S AV :G = R[V(x) > —1}.
ro€EG

The following theorem deals with how Qv varies when V' € Ag moves on a
straight line. Since Ag is open, some neighborhood of V' is contained in Aj.
The direction of the line would be important.

Theorem 4.4. Let Qv be strictly positive and W a function such that W (xo) <
0 for some xg € G. Then there exist T > 0 and 7— € [—00,0) satisfying the
following:

1) Qview s strictly positive for t € (17—, 14),

i) Qvitw is degenerately positive for t = T4 (or T7— if T_ is finite),

iil) Qv 4w is nonpositive otherwise.

Proof. Since Ay is open, there is € > 0 such that \o(V +tW) > 0 for all ¢ €
(—e¢,€). Let I be the largest interval containing (—e¢,e ) such that Ao (V+tW) > 0
for all ¢t € I. Note that

Qusaw (1) = Qu(u) + 1 /G W

for all u : G — R and t € R. Since W is a function such that W(xzq) < 0 for
some xg € G, there is a function ug such that fG Wlug|P < 0. So, Qviw (1) <

0ift > 7%. Thus, I has the supremum which is finite. Let 71 be the
G

supremum of I. Also, if there is a function ug such that [, W|ug|? > 0, then

Qv 4w (uo) < 0 whenever ¢ > — Qv (uo) (If W(z) < 0 for all x € G, then
fc Wluo‘p

there is no function such that [, Wlug|? > 0). Thus, I has the infimum which
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is finite or not. Let 7_ be the infimum of I. By construction, conditions i) and
ii) hold. By Theorem 4.2, there is no ¢t > 74 such that Qv ;w is degenerately
positive. Also there is no t > 74 such that Qv+ is strictly positive by the
intermediate value theorem. This guarantees condition iii). (]

Let V be a function in the boundary of Ay. When V moves on a straight
line, @y varies a strictly positive functional or not. We can guess that the
reason is also related to the direction of the straight line.

Theorem 4.5. Let Qv be degenerately positive and ug a function such that
Qv (ug) = 0.Then for any potential W : G — R, the following are equivalent.

i) fGW\u0|p > 0.

ii) there is 74 € (0, 00] such that Qv tw is strictly positive for allt € (0,74).
Proof. ii) = 1i). Since Qv 4w is strictly positive for all ¢ € (0,74), Ao(V +
tW) > 0. Then
Qvtw (uo) _ t [ Wluol?

fG ug [P fG |uo|P
Since t is positive, [, W]ug[? > 0.

i) = ii) Suppose that there is a positive sequence {t,,} converging to 0 such
that Qv ¢, w is not strictly positive for all n. Since Ag(-) is continuous,

0 <Xy <

Let ¢, be a positive function such that Qv ., w (o) = Ao(V + ¢, W) and
Jo |bon|P =1 for all n. Since [ |¢on|P = 1 for all n, there is a convergent
subsequence {¢o,n,} of {¢on}. Then

hm AO(V+tn7 W):hm QV+tﬂW(¢0,n7):hm (QV(¢O,nJ)+tn7/ W|¢O,njlp)
Jj—o0 J Jj—ro0 e

J—00

Also
DoV) = lim (Qu(Gn,) + tn, [ Wlen,”) = Qu (o),
where ¢o = lim; o0 ¢o,n,- That is, ¢g is an eigenfunction corresponding to

Ao(V). If ug is a positive function such that fG |uglP = 1, then ¢g = ug. Also,
for any n;,

0> M(V + tn,) = Qu(dom,) + b, / Wb, P > tn, / Wl o, P
G G
So, [, Wlugl? < 0. 0
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