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QUASI-ARMENDARIZ PROPERTY FOR SKEW
POLYNOMIAL RINGS

MuHITTIN BASER AND TAl KEUN KWAK

ABSTRACT. The concept of the quasi-Armendariz property of rings prop-
erly contains Armendariz rings and semiprime rings. In this paper, we
extend the quasi-Armendariz property for a polynomial ring to the skew
polynomial ring, hence we call such ring a o-quasi-Armendariz ring for
a ring endomorphism o, and investigate its structures, several extensions
and related properties. In particular, we study the semiprimeness and
the quasi-Armendariz property between a ring R and the skew polyno-
mial ring R[z; o] of R, and so these provide us with an opportunity to
study quasi-Armendariz rings and semiprime rings in a general setting,
and several known results follow as consequences of our results.

1. Introduction

Rege et al. called a ring R Armendariz [18] if whenever the product of
any two polynomials in R[z] over R is zero, then so is the product of any
pair of coefficients from the two polynomials. This nomenclature was used by
them since it was Armendariz [1, Lemma 1] who initially showed that a re-
duced ring always satisfies this condition. Such rings have been extensively
studied in literature [12, 15, 18]. Armendariz rings are generalized to quasi-
Armendariz rings. A ring R is called quasi-Armendariz [5] if whenever poly-
nomials f(x) = ap + a1z + -+ + ama™, g(x) = bo + bix + -+ - + bya™ € R[x]
satisfy f(xz)R[z]g(z) = 0, then a;Rb; = 0 for each 4,j. Semiprime rings are
quasi-Armendariz rings by [5, Corollary 3.8], but the converse does not hold in
general. In [5], it is shown that the class of quasi-Armendariz rings is Morita
stable and that several extensions of a quasi-Armendariz ring are also quasi-
Armendariz rings. According to [7] and [10], the Armendariz property for a
polynomial ring is extended to one for the skew polynomial ring which is a
generalization of a o-rigid ring. An endomorphism o of a ring R is called rigid
[13] if ac(a) = 0 implies a = 0 for a € R, and R is called a o-rigid ring [6] if
there exists a rigid endomorphism o of R. Any rigid endomorphism of a ring

Received July 19, 2010.

2010 Mathematics Subject Classification. 16536, 16N60, 16W20.

Key words and phrases. quasi-Armendariz property, skew polynomial ring, semiprime
ring, rigid ring.

(©2011 The Korean Mathematical Society

ot
[
3



558 MUHITTIN BASER AND TAI KEUN KWAK

is a monomorphism, and o-rigid rings are reduced rings (i.e., rings have not
nonzero nilpotent elements) by [6, Proposition 5]. For an endomorphism o of
aring R, the skew polynomial ring R[z; o] of R consists of the polynomial in x
with coefficients in R written on the left, subject to the relation zr = o(r)x for
allr € R. Aring R is called o- Armendariz (resp., o-skew Armendariz) [10, Def-
inition 1.1] (resp., [7, Definition]) if for p(z) = 331" a;z* and g(x) = 3°7_ bja?
in R[z; 0], p(z)q(z) = 0 implies a;b; = 0 (resp., a;,0’(b;) = 0) for all 0 <i <m
and 0 < j < n. Any o-rigid ring is o-Armendariz by [6, Proposition 6] and
any o-Armendariz ring is o-skew Armendariz by [10, Theorem 1.8], but the
converses do not hold by [10, Example 1.6 and Example 1.9]. Moreover, by
[7, Proposition 3], [10, Proposition 1.7] and [16, Theorem A], R is a o-rigid
ring if and only if R is a reduced and o-Armendariz ring if and only if R is a
reduced and o-skew Armendariz ring for a monomorphism o if and only if the
skew polynomial ring R[z; o] of R is a reduced ring. Various extensions of the
extended Armendariz rings are also investigated in [7] and [10].

On the other hand, the notion of o-skew Armendariz rings is generalized
as follows: Let o be an endomorphism of a ring R. R is called a o-skew
quasi-Armendariz ring [9, Definition 2.1] if for p(z) = >.1",a;z" and ¢(z) =
Si_objx! in Rlz;o], p(z)Rlz;olg(z) = 0 implies a;Ro’(b;) = 0 for all 0 <
i <m and 0 < j < n; while Cortes [4, Definition 3.11] used the term quasi-
skew Armendariz for what is called o-skew quasi-Armendariz when o is an
automorphism. It is shown that the class of o-skew quasi-Armendariz rings is
Morita stable and that several extensions of a o-skew quasi-Armendariz ring
are also o-skew quasi-Armendariz rings in [4] and [9]. Observe that every o-
skew Armendariz ring is o-skew quasi-Armendariz when o is an epimorphism,
but the converse does not hold by [9, Example 2.2(1)].

In this paper, we introduce the concept of a o-quasi-Armendariz ring (Defi-
nition 2.4), drawing a parallel with a o-skew quasi-Armendariz ring. We show
that for any endomorphism o, every o-Armendariz ring is o-quasi-Armendariz,
and every o-quasi-Armendariz ring is o-skew quasi-Armendariz in case that o
is an epimorphism; but the converses do not hold. We also study the related
topics and extensions of o-quasi-Armendariz rings. In particular, we investigate
the semiprimeness and the quasi-Armendariz property between R and R[x; 0],
and so these provide us with an opportunity to study quasi-Armendariz rings
and semiprime rings in a general setting.

Throughout this paper R denotes an associative ring with identity and o
denotes a nonzero and non identity endomorphism, unless specified otherwise.
Denote the n by n full matrix ring over R by Mat,,(R) and the n by n upper
triangular matrix ring over R by U,(R). Let Z, Z, and Q be the set of all
integers, the ring of integers modulo n and the set of all rational numbers,
respectively.
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2. Structures of o-quasi-Armendariz rings

Note that for p(x), ¢(xz) € Rlz;o], p(x)R[zr;olg(x) = 0 if and only if
p(x)ratq(x) = 0 for any r € R and nonnegative integer t. We freely use
this fact in the process. Consider the following condition (x):

(%) For p(z) = Y7" ja;z’ and g(z) = Y"_ bjzd in Rlz;0], p(z)R[z;olq(z) =
0 implies a;R[x;0lb; = 0 for all 0 < ¢ < m and 0 < j < n, equivalently,
a;Ro'(b;) = 0 for any nonnegative integer ¢ and all i, j.

Every o-Armendariz ring satisfies the condition (*) by simple computation,
but the converse does not hold by Example 2.7 to follow, and there exists a
o-skew Armendariz ring R which does not satisfy the condition (*) by the next
example.

Example 2.1. Let R be the polynomial ring Zs[x] over Zz, and let the endo-
morphism o : R — R be defined by o(f(x)) = f(0) for f(z) € Zz[z]. Then R is
not o-Armendariz, but R is a reduced o-skew Armendariz ring by [10, Example
1.9]. For p(y) = zy = q(y) in Za[2][y; o], we have p(y)(Z2[z][y; 0])q(y) = 0 but
0 # af(x)x € x(Zsa]x]ly; o))z for any nonzero f(x) € Zs[z], showing that R
does not satisfy the condition (x).

Recall that for an automorphism o of a ring R, R is called quasi o-rigid [8,
Definition 1.3] if aRo(a) = 0 implies a = 0 for a € R. In [8], it is shown that
every o-rigid ring is quasi o-rigid and every quasi o-rigid ring is semiprime but
not conversely.

Proposition 2.2. Let o be an automorphism of a ring R. If R is a quasi
o-rigid ring, then R satisfies the condition (x).

Proof. Assume that R is a quasi o-rigid ring. Let p(z)(rat)q(z) = 0 for any
r € R and nonnegative integer ¢, where p(z) = >."" a,z° and ¢(z) = Z?:o bl
in R[z;c]. We claim that a;Ro’(b;) = 0 for any nonnegative integer ¢ and
all 0 < i < mand 0 < 57 < n. We proceed by induction on ¢ + j. From
p(z)(rat)g(z) = 0 for any 7 € R and nonnegative integer t, we get agRo?(by) =

0 and so it proves for i + j = 0. Now assume that our claim is true for
i+ 7 <k—1. Fori+j =k, we have
(1) aorat (by) + aro(r)ot ™ (bp_1) + -+ akak(r)0t+k(b0) =0.

Multiplying Eq.(1) by o?T#(by) R on the left hand-side, we have
o'k (bo)Raga® (r)ot ™ (b)) = 0 = (axRo' ¥ (b)R)* = 0
= apRo'F(by) = 0
= apRo'(by) =0

for any nonnegative integer ¢, by the induction hypothesis and [8, Lemma 2.4].
Then Eq.(1) becomes

(2)  agrot(by) + ald(T)Ut+1(bk_1) 4t ak_lakfl(r)JHk*l(bl) =0.
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Multiplying Eq.(2) by o***~1(b;) R on the left hand-side, we get ax_; Ro*(by) =
0 for any nonnegative integer ¢, by the same arguments above. Continuing this
process, we get a;Ro’(b;) = 0 for i + j = k and any nonnegative integer ¢.
Consequently, a; Ro’(b;) = 0 for any nonnegative integer ¢ and all 7, j, entailing
that R satisfies the condition (x). g

Observe that the class of quasi o-rigid rings does not depend on the class
of o-Armendariz rings each other. The quasi o-rigid ring R, in [8, Example
1.1], is not o-Armendariz for the automorphism o by [7, Example 13] and
[10, Theorem 1.7]. Furthermore, the next example shows that there exists a
o-Armendariz ring which is not quasi o-rigid for an automorphism o of R.

Example 2.3. Recall that for a ring R and an (R, R)-bimodule M, the trivial
extension of R by M is the ring T(R, M) = R® M with the usual addition and
the following multiplication: (r1,m1)(re, ma) = (r1ra, rime + myrs).

Let R = T(Z,Q) be the trivial extension of Z by Q. Let 0 : R — R be an
automorphism defined by o((a,s)) = (a,s/2). Then R is a o-Armendariz ring
by [10, Example 1.6]. However, R is not quasi o-rigid: Indeed, for (§3) # 0,
we have (§3)(851)o((34)) =0 for any a € Z and any ¢ € Q. Note that it
can be easily checked that R is not semiprime, and R[z;0] is not semiprime,
either.

Based on these facts, we define the following that extends both o-Armendariz
rings and quasi o-rigid rings, and that is an extension of quasi-Armendariz
rings.

Definition 2.4. Let ¢ be an endomorphism of a ring R. The ring R is called a
quasi-Armendariz ring with the endomorphism o (simply, a o-quasi-Armendariz
ring) if it satisfies the condition ().

Every o-Armendariz ring is o-quasi-Armendariz for an endomorphism o and
every quasi o-rigid ring is also o-quasi-Armendariz for an automorphism o by
Proposition 2.2; but the converses are not true by [8, Example 1.1] and Example
2.3, respectively. Any quasi-Armendariz ring R is an idg-quasi-Armendariz
ring, where idg is an identity endomorphism of R and so every semiprime ring
R is idg-quasi-Armendariz by [5, Corollary 3.8].

Following [17], for an automorphism o of a ring R, the ring R is called
o-semiprime if whenever A is an ideal of R and m is an integer such that
Act(A) =0 for all t > m, then A = 0. Notice that R is a o-semiprime ring if
and only if the skew polynomial ring R[x; o] is semiprime by [17, Proposition
1.1]. It is well-known that for an automorphism o of a ring R, the ring R
is o-semiprime if and only if whenever a € R and m is an integer such that
aRot(a) = 0 for all t > m, then a = 0. Quasi o-rigid rings are clearly o-
semiprime.

Recall that R is o-rigid if and only if the skew polynomial ring R[x; o] of R
is reduced if and only if R is reduced and o-Armendariz by [7, Proposition 3]
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and [10, Proposition 1.7]. Observe that there exists a semiprime ring R with
an automorphism o such that the skew polynomial ring R[z;c] of R is not
semiprime by Example 2.8 (below). However, we have the following:

Theorem 2.5. Let o be an endomorphism of a ring R.

(1) If R is a semiprime and o-quasi-Armendariz ring, then the skew poly-
nomial ring R[x; o] of R is semiprime.

(2) If R[z; 0] is a semiprime ring, then R is a o-quasi-Armendariz ring.

(3) Let o be an automorphism of finite order. R is a semiprime ring if and
only if R[x; o] is a semiprime ring.

Proof. (1) Let R be a semiprime and o-quasi-Armendariz ring. Assume that
p(z)R[z; olp(x) = 0 where p(z) = Y." ja;z" € R[z;0]. Then a;R[z;0la; = 0,
in particular a;Ra; = 0 for all 0 < ¢ < m. Since R is semiprime, a; = 0 for all
0 < i <m and thus p(xz) = 0. Therefore R[z;0] is semiprime.

(2) Let R[x; 0] be a semiprime ring. For any a,b € R and some nonnegative
integer [, (az')R[z;0]b = 0 < (bR[x;0](ax')R[z;0])? = 0 & bR[x;0)a = 0 &
aR[z;olb = 0, and we use this fact in the process. Suppose that p(z) =
Yoitgaix’, q(z) = YT_gbja’) € R[r;o] such that p(z)R[z;olg(z) = 0. We
claim that a;R[z;0]b; =0 forall 0 <i<mand 0 < j <n. When i+ j =0,
we can easily obtain that agR[x;0]by = 0. Now we assume that our claim is
true for i +j < k — 1. From p(z)R[z; o]q(z) = 0, we have

(3) ao(rat)opa® + arx(rat)bp 12871 + -+ apa®(rat)by = 0

for any » € R and nonnegative integer t. Multiplying Eq.(3) by boR[x; 0]
on the left hand-side, we get boR[z;o]arz®(rat)by = 0 by the induction hy-
pothesis. Thus (boR[x; olarx® R[z;0])? = 0 and so boR[z;o]ar, = 0, an hence,
aR[z; 0]bg = 0 since R[z; 0] is semiprime. Then Eq.(3) becomes
(4) ao(rat)bra® + arz(rat)bp_ 12"t + - 4+ ap_ 12" (rat) bz = 0.
Multiplying Eq.(4) by byzR[x; o] on the left hand-side, we similarly get

bz R[z; a]ak_lxk_l(rxt)bla: =0,
since byzR[z;0]a; = 0 for each ¢ < k — 2 by the induction hypothesis and
the above arguments. Hence, bizR[z;0]ag—1 = 0 and so ap_1R[z;0lb; =
0. Continuing this process, we have a;R[z;0lb; = 0 for i + j = k. Thus
a;R[xz;0lb; = 0 for any 0 < i < m and 0 < j < n. Therefore R is o-quasi-
Armendariz.

(3) Let o™ = idg for some positive integer u. Assume that R is a semiprime
ring. First, we claim that R is o-quasi-Armendariz. Let p(z) = Y - a;z’
and g(z) = Y., bjal € R[z;0] with p(x)R[z;0]q(z) = 0. For any r € R and
nonnegative integer ¢, we have

0= p(z)ra‘q(z)
= agro’(bo)x’ + (agra®(by) + aro(r)o' ™ (bg))x !
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L amO'm(T)Ut+m(bn)JJm+n+t.

By the similar arguments to the proof of Proposition 2.2, we have a; Ro'(b;) = 0
forany 0 <i<m,0<j<mand0<I[<u-— 1, letting o***(b) = o' (b) for
any nonnegative integers ¢t and s, 0 <! < u—1 and b € R. Hence, R is
o-quasi-Armendariz. Consequently, R[z; o] is a semiprime ring by (1).
Conversely, let R[x; o] be a semiprime ring. Assume that I is an ideal of R
with 12 = 0. We claim that I = 0. Let J = I+ o(I) + -+ oc% 1(I). Then
J is an ideal of R and o(J) C J, moreover J[z;0] is an ideal of R[z;0]. Note
that J* = 0 for some positive integer k implies J[z;0] = 0: For, (J[z;0])* C
Jo(J) - o1 (J)[z;0] C J¥[x;0] = 0, since o't (J) C J for any i; > 0. Thus
J[z; 0] = 0 since R[z; 0] is semiprime. Hence, from J = I+o(I)+---+o%“ (1),
JUHt = (I 4+ o(I) + - + o YD)t = Yo (I)---oJut1(I) = 0 for 0 <
J1seeyJurr < u—1yields J[z;0] = 0. Thus J = 0, and so I = 0. Therefore R
is semiprime. O

Corollary 2.6. (1) [14, Theorem 10.19] R is a semiprime ring if and only if
so is the polynomial ring R[x] over R.

(2) [5, Corollary 3.8] If R is a semiprime ring, then R is a quasi-Armendariz
ring.

The class of semiprime rings and the class of o-quasi- Armendariz rings do not
depend on each other by Example 2.1 and Example 2.3. Notice that Example
2.3 illuminates that the condition “R is a semiprime ring” in Theorem 2.5(1)
is not superfluous (and hence shows that the converse of Theorem 2.5(2) is not
true). The following example shows that the conclusion “R]x; o] is semiprime”
of Theorem 2.5(1) cannot be replaced by the condition “R is a quasi o-rigid
ring”.

Example 2.7. Let R = Zs @® Zy. Define 0 : R — R by o((a,b)) = (b,a). Then
R is a commutative reduced ring. Since R is semiprime and o has an order 2,
R[z; 0] is semiprime by Theorem 2.5(3). Thus R is a o-quasi-Armendariz ring
by Theorem 2.5(2). However, R is not quasi o-rigid; indeed, (1,0)Ro((1,0)) =
0 but (1,0) # 0. Notice that R is not o-skew Armendariz (and hence, not
o-Armendariz) by [7, Example 2].

The following example shows that the condition “R is a o-quasi-Armendariz
ring” in Theorem 2.5(1) cannot be dropped and that the condition “o has a
finite order” in Theorem 2.5(3) is not superfluous.

Example 2.8. Let F be a field and F; = F for i € Z. Let R be a F-subalgebra
of [],cy Fi generated by @;ezF; and 111,., F;- Let o be an automorphism of R
defined by o((a;)) = (ai+1). Then

R= {(ai) € HFi | a; is eventually constant}
i€z
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is reduced and von Neumann regular, but R[x;c] is not semiprime by [11,
Example 4.3]. Note that R is not o-quasi-Armendariz: In fact, let p(x) = ax €
R[z; 0] where a = (1,0,0,...) then p(z) R[z; o]p(x) = 0, but aRa # 0 and hence
aR[z;ola # 0.

Proposition 2.9. Let o be an epimorphism of a ring R.

(1) R is a o-quasi-Armendariz ring if and only if for every p(z) = >_1" , a;x"
and q(z) = Z;L:O bjzl in R[z;o], p(z)R[z;0lq(z) = 0 implies agRo'(b;) = 0
for any nonnegative integer I and 0 < j <mn.

(2) R is a o-skew quasi-Armendariz ring if and only if for every p(x) =
Z;’;O‘aimi and q(x) = Z?:o bjz? in Rlx;o], p(z)Rlx;olq(z) = 0 implies
aoRo*(bj) =0 for any 0 <i<m and 0 < j <n.

Proof. (1) Assume that for every p(z) = Y[ a;a’ and g(z) = Y7 bjz? in
R[z;0], p(x)R[z;0olq(xz) = 0 implies agRo’(b;) = 0, equivalently agRz'b; = 0
for any nonnegative integer ¢t and 0 < j < n, we show that R is a o-quasi-
Armendariz ring. From p(z)R[z;olq(x) = 0 we get p(z)(Rax')q(z) = 0 for
any nonnegative integer [, and hence agRz'q(z) = 0 by assumption. Hence,
0 = (ap+---+amz™)Rr'q(z) = (a1+- - +apz™ Ho(R)z! (o (bg)+- - -+o(b,)z™)
yields a; Rz'(o(b;)) = 0 for each 0 < j < n by assumption. Inductively, we
can see that a;Raz!(c(b;)) = 0 for any nonnegative integer I, 0 < i < m and
0 < j < n. Consequently, a;Rc"(b;) = 0 for any nonnegative integer ¢, showing
that R is a o-quasi-Armendariz ring. The converse is clear.

(2) can be shown by the same arguments as in the proof of (1), letting
I1=0. O

Corollary 2.10. R is a quasi-Armendariz ring if and only if for every poly-
nomials f(z) = >31"aix’ and g(x) = Y7 bja7 in Rlz], f(x)R[z]g(z) = 0
implies agRb; = 0 for each 0 < j < n.

Proposition 2.9 says that every o-quasi-Armendariz ring is o-skew quasi-
Armendariz for an epimorphism o, and so one may ask whether the converse
does hold. However the answer is negative by Example 2.8: In fact, the ring
R in Example 2.8 is o-skew quasi-Armendariz by [9, Example 1.8]. Moreover,
Example 2.8 shows that there exists a reduced and von Neumann regular ring
with the automorphism ¢ which is not o-quasi-Armendariz, and hence not
o-rigid.

Recall that an endomorphism o of a ring R is called semicommutative [2,
Definition 2.1] if whenever ab = 0 for a,b € R, aRo(b) = 0; a ring R is called
o-semicommutative if there exists a semicommutative endomorphism o of R.
Note that R is a reduced and o-semicommutative ring for a monomorphism
o if and only if R is a o-rigid ring by [2, Theorem 2.4]. The semiprimeness
and the o-semicommutativity of a ring are independent of each other by [2,
Example 2.3 and Example 2.5(1)].
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Proposition 2.11. Let o be an automorphism of a ring R. Assume that R is

a o-semicommutative and semiprime ring. Then the following are equivalent:
(1) R is o-rigid.

(2) R is quasi o-rigid.

(3) R is o-semiprime.

(4) R is o-Armendariz.

(5) R is o-skew Armendariz.

(6) R is o-quasi-Armendariz.

(7) R is o-skew quasi-Armendariz.

Proof. (1)<(2)<(3) are shown in [8, Proposition 3.4] when R is o-semicomm-
utative.

(1)=(4)=(5) By [6, Proposition 6] and [10, Theorem 1.8] without hypoth-
esis.

(5)=(7) is well-known when o is an epimorphism.
(7)=(6) can be shown with the help of that R is o-semicommutative.
(6)=(1) Suppose that R is o-quasi-Armendariz. Let ac(a) = 0 for a € R.
Then we get aRo*(a) = 0 for any k > 2, since R is o-semicommutative. Put
p(z) = ax?. Then p(z)R[z;0]a = 0, and so aR[r;o]a = 0 and aRa = 0,
entailing that a = 0 since R is semiprime. Thus R is o-rigid. 0

The following gives us basic examples for o-skew quasi-Armendariz rings.

Theorem 2.12. For an endomorphism o of a ring R, let p(z) = " ax’
and g(x) = 3°7_y bja’ € Rlz;o].

(1) If R is a reduced ring, then p(z)R[z;o]q(z) = 0 implies a;o"(b;) =0 for
all i and j.

(2) If the skew polynomial ring Rlx;o] of R is quasi-Armendariz, then
p(z)R[x;0lq(z) = 0 implies a;x" Rbjz? =0 for all i and j.

Proof. (1) Let R be a reduced ring. From p(z)R[z; o]q(z) = 0, we get p(x)rq(x)
= (ap + a1z + - + ama™)(rbg + rbyxz + - - - + rbpz™) = 0 for any r € R. We
claim that a;o"(b;) = 0 for all i and j. We proceed by induction on i + j. If
i+j =0, then agRby = 0 and so agbyp = 0. Assume that we have a;0%(b;) = 0
for i+ j <k —1. Then for any r € R,

(5) aorby, +aro(r)o(bg—1) + -+ ag_10" " (r)o" L (by) + apa®(r)oF (by) = 0.

Letting 7 = by in Eq.(5), we have ao”(by)a* (by) = 0, by the induction hypoth-
esis. Since R is reduced, apo®(by) = 0, equivalently, arRo*(bg) = 0. Eq.(5)
becomes

(6) agrby + a1o(r)o(bg—1) + -+ ak,lak_l(r)ak_l(bl) =0.

Letting r = by in Eq.(6), we have ax_10%71(b;) = 0, and so a_; Ro*~1(b;) =0
by the same method as above. Continuing this process, we get aiai(bj) =0 for
i+ j = k, consequently, a;o"(b;) =0 for all 0 <i<m and 0 < j <n.



QUASI-ARMENDARIZ PROPERTY FOR SKEW POLYNOMIAL RINGS 565

(2) Assume that R[z; 0] is a quasi-Armendariz ring. Let p(z)R[z; olg(x) = 0.
Then for any r € R and nonnegative integer ¢,
(7)

aorot(by) + ar10(r)ot T (bp_1) + - - - + ap_16F () o* (b)) + aro®(r) ot (b)) = 0,

where 0 < k < m—+n. Set f(y) = ap+(a12)y+- -+ (amx™)y™ and g(y) = bo+
(b12)y+- -+ (bpa™)y™ in (R[z; 0])[y]. This proves that f(y)(R[z;0])[ylg(y) =0
holds. Since R[x;0] is quasi-Armendariz, we obtain a;z'R[x; o]bjz? = 0, and
soaixinjacj:0for0§i§mand0§j§n. O

From Theorem 2.12, we obtain:

Corollary 2.13. For an endomorphism o of a ring R, the ring R is o-skew
quasi-Armendariz, if either R is a reduced ring or R[x; o] is a quasi-Armendariz
ring with an epimorphism o.

For an endomorphism ¢ and an ideal I of a ring R, I is called a o-ideal if
o(I)C 1.

Proposition 2.14. For an endomorphism o of a ring R, we have the following.
(1) Let {I, |~y € T'} be a family of o-ideals of R. If R is a subdirect sum of
o-quasi-Armendariz Tings, then R is a o-quasi-Armendariz ring.
(2) If S is a ring and o« : R — S is a ring isomorphism, then, R is a
o-quasi-Armendariz ring if and only if S is an aoca”'-quasi-Armendariz ring.

Proof. (1) Observe that Nyerl, = 0. Let p(x) = Y>.I" a;z* and g(z) =
> i bjz? in Rlz;o] with p(z)R[z;0]q(x) = 0. Since R/I, is o-quasi-Armen-
dariz for any v € T, a;Ro'(b;) C I, for all 4,5 and nonnegative integer ¢, and
so a;Ro'(bj) = 0. Therefore R is o-quasi-Armendariz.

(2) For a € R, let @ = a(a). Note that p(z) = Y.I"ja;z" and ¢(z) =
> i bjz? in Rlz; o] if and only if p(z) =" axt and ¢ (z) = > im0 b;-xj in
S[z;aca™t]. Also, for any r € R and nonnegative integer t, p(z)rztq(x) = 0
if and only if 35, .4 a;jo*(r)o™*(b;) = 0 for each 0 < k < m + n if and
only if >, ala;)(aoa™ ) (a(r))(aca™) T (a(b;)) = 0 for each 0 < k <
m+mn, since (aca™1)V = ac®a~! for any positive integer w. Equivalently, for
(a0~ (s) (aoa) (b)) =
0 for each 0 < k < m + n if and only if p (z)sz'q (z) = 0 if and only if
p (2)S[z; 0007 ¢ (x) = 0. Hence, for all i,j and any nonnegative integer ¢,
a;Ro'(b;) = 0 if and only if a(a;)Sao’(b;) = 0 if and only if a;S(aaa’l)t(b;) =
0. The proof is completed. (]

any s € S and nonnegative integer ¢, Eiﬂ-:k a

Corollary 2.15 ([5, Proposition 3.7]). If R is a subdirect sum of quasi-Armen-
dariz rings, then R is a quasi-Armendariz ring.
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3. Examples of o-quasi-Armendariz rings

Hirano proved that the n x n full (or upper triangular) matrix ring over
a quasi-Armendariz ring is quasi-Armendariz [5, Theorem 3.12 and Corollary
3.15]. We extend these results to o-quasi-Armendariz rings.

Recall that if ¢ is an endomorphism of a ring R, then o can be extended to
the endomorphism & of Mat,,(R) over R defined by 7((a;;)) = (o(aij;))-

Theorem 3.1. For an endomorphism o of a ring R, the following are equiva-
lent:
(1) R is a o-quasi-Armendariz ring.
(2) Mat,,(R) is a d-quasi-Armendariz ring for any n > 2.
(3) Mat,,(R) is a c-quasi-Armendariz ring for some n > 2.
)

Proof. (1)=(2) Let R be a o-quasi-Armendariz ring. Note that Mat,, (R)[z; 7]
= Mat, (R[z;0]). Let p(z) = Yi_o A’ q(x) = Y Bja? € Mat,(R)[x; 0]
with 4; = (a’;) and B; = (bJ,,). We can write

l m
p(m) = (pst)a Q(x) = (QUw) S Matn<R[x§ U]) with pg = Z aitmi; Guw :Z bz;wxj

Put p(z)Mat,, (R)[z; &]q(z) = 0, then equivalently p(x)Mat, (R[z;0])q(z) = 0.
Let E;;’s be the matrix units of Mat,, (R) with (4, j)-entry 1 and zero elsewhere.
From p(z)(REpkzt)g(z) = 0 for any nonnegative integer ¢, we get

Pan(rz’)grs = 0 for any r € R and all 1 < o, B < n.

Since R is o-quasi-Armendariz, we have al,(rz?)b),, = 0 for any r € R and
nonnegative integer t and all 0 < ¢ < [,0 < j <mand 1 < s,t,v,w < n. It
then follows that

A;Mat, (R[z;0])B;j =0forall 0 <i <[l and 0 <j <m,

concluding that Mat,, (R) is d-quasi-Armendariz.

(2)=(3) is obvious.

(3)=(1) Suppose that Mat,, (R) is 7-quasi-Armendariz for some w > 2. Let
p(z)R[z;0lq(z) = 0 with p(z) = Y i",a;z" and ¢(z) = Z;L:o bjz! in R[z;o].

Then < ZEkk) - ( ZEM) )

k=1
Since Mat,, (R) is d-quasi-Armendariz, we have

(ai Ew:Ekk> (Matw(R)xt) <bj Ew:Ekk> =0
k=1 k=1

for any nonnegative integer ¢ and all ¢ and j; in particular,
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for any r € R, obtaining a;(Rz")b; = 0. Therefore R is o-quasi-Armendariz.
U

Observe that we obtain the following result for U,,(R) over a o-quasi-Armen-
dariz ring R, by the same method as in the proof of Theorem 3.1.

Theorem 3.2. For an endomorphism o of a ring R, the following are equiva-
lent:

(1) R is o-quasi-Armendariz.

(2) Un(R) is g-quasi-Armendariz for any n > 2.

(3) Un(R) is 7-quasi-Armendariz for some n > 2.

Corollary 3.3 ([5, Corollary 3.15]). If R is a quasi-Armendariz, then for any
positive integer n, Uy (R) is also a quasi-Armendariz ring.

For a ring R and n > 2, let

a a2 a3 - Gin
0 a a23 e aon,
Sn(R) = 00 a - am la,a;; € R » and

0 O 0o - a

ay a2 ag --- QA

0 a1 ax -+ ap-1

Vi(R) = Soor : ai,...,ap € R

0 0 o --- a2

0 0 o --- a

Related to Theorem 3.1 and Theorem 3.2, one may suspect that S, (R) and
V,.(R) may be also d-quasi-Armendariz rings for any n > 2, where R is a o-
quasi-Armendariz ring with an endomorphism o. But the possibility is erased
by the next example, and so the subring of a o-quasi-Armendariz ring need not
to be o-quasi-Armendariz:

Example 3.4. Let W be an idy-rigid (i.e., reduced) ring where idy is the
identity endomorphism of a ring W. Then the trivial extension R = T(W, W)
of W is an id g-Armendariz ring by [10, Corollary 2.2], and thus R is id g-quasi-
Armendariz. Then it can be proved that S,,(R) (V,,(R)) is not ids, (g) (idv, (r))-
quasi-Armendariz for all n > 2, with the help of [3, Example 2.5].

By [10, Proposition 2.1 and Corollary 2.2], if R is a o-rigid ring, then S3(R)
and S3(R) are d-Armendariz rings, and so they are -quasi-Armendariz for
an endomorphism o of R; while S,,(R) is not d-Armendariz for n > 4 by [10,
Theorem 1.8] and [7, Example 18], even if R is a o-rigid ring. However, we
have the following.

Lemma 3.5 ([3, Lemma 2.6]). A ring R is semiprime if and only if aRb =0
for a,b € R implies aR N Rb = 0.
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Theorem 3.6. Let o be an endomorphism of a ring R.

(1) Assume that the skew polynomial R[z; o] of R is a semiprime ring. Then
Sn(R) and V,(R) are 7-quasi-Armendariz rings for any n > 2.

(2) If Vi (R) (or, Sp(R)) is a 6-quasi-Armendariz ring for n > 2, then R is
a o-quasi-Armendariz ring.

Proof. (1) Note that S, (R)[z;5] = Sp(R[z;0]) for n > 2. Then every polyno-
mial p(z) = Y i, Aya™ € S, (R)[x; 0] can be expressed by the form of

P11 P12 P13 " DPin
0 p11 p23s - Do
0 0 pu -+ pan = (p11,p12>---7p(n71)n)
0 0 0 - pn
where A, = (af;) € S,(R) for any 0 < w < m and p;; = Y5, afja"

Rlz;0] for any 1 < 4,5 < n. Assume p(z)S,(R)[z;]q(z) = 0 for w >
where p(z) = 3" ) Aux™ = (p11,P125 - - - Pw—1)w) and q(z) = >0 Bya®
(@11, @12, - -5 Qw—1yw) € Sw(R)[x;0], Ay = (aiy), By = (bY,) € Sy(R) for any
0<u<m,0<v<nand p;j,qs € R[z;o] for any 1 <4, j,s,t < w. We claim
that A,S, (R[z;0])B, =0 for any 0 < u < m, and 0 < v < n. We proceed by
induction on w. For w = 2, suppose that p(x)S2(R)[z;7]q(x) = 0 with p(x) =
(p11,p12),9(2) = (q11,q12) € S2(R)[z;5]. Then (p11,pr2)(riiz!, ri22") (11, q12)
= 0 for any r11,712 € R and nonnegative integer [, and so we have

> m

(8) pui(riizt)g =0,

(9) pi1(ruz)qiz + pi1 (r22)qun + pra(rmzt) g = 0.

From Eq.(8), p11R[x;0]gi1 = 0 and hence a¥y R[z;0]by; =0 for all 0 < u <m
and 0 < v < n since R is o-quasi-Armendariz by Theorem 2.5(2). Then Eq.(9)
becomes

(10) p11(rizt)qia + pra(rine)gin = 0.

Since p11R[z; 0] = 0, we get pi1(riiz’)qi2 = —pia(riiz')qin € puR[z; 0] N
R[z;0]g11 = 0 by Lemma 3.5, and so p11 R[x;0]q12 = 0 and p1aR[z;0]q11 = 0.
Thus a}y R[x; o]by, = 0 and a{,R[z;0]by; =0 forall0 <u <mand 0 < v <n,
since R is o-quasi-Armendariz. These imply that A, S2(R[z;0])B, = 0 for all
0 <u <mand0 < v <mn, and therefore S3(R) is 7-quasi-Armendariz. Assume
that our claim is true for 2 < w < k — 1. Let p(x)Sk(R)[z;5]q(x) = 0 with
p() = (p11,p125 -+, P—1)x) and q(z) = (q11, Q125 -+ -, qe—1)x) € Sk(R)[z;5].

Then for any nonnegative integer [ and 711,712,...,7x—1)x € R,
(11)
(P11, P12, - - - 7p(k—1)k)(7’11ml,7'1295l7 cee 7T(k—1)kxl)(Q117Q127 e ,(J(k—1)k) =0.

By the induction hypothesis, we have p;; R[z; 0]gs; = 0 and so a}}; R[x; o]bg, = 0
foral0 <u<m,0<v<nandl<ijs,t<k— 1 Hence, from Eq.(11) we
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have the following equations:

(1,k) p11(7”11961)Q1k+[p11(T12$l)+p12(7“11$l)]QQk+~ . ~+[p11(T1k$l)+p12(r2k$l)+
4 pi(riizt))gin = 0,

(2,k) p11(ri1z!)gor +[p11(rasa’) +pas(ri1z?)]gse+- - -+ [pr1(roxa’) + pos (rapa’)+
o+ por(rinzt)]gin =0,

(k-2,k) p11(ri1z)) -2k + [P11(rs—2)k—-1)2") + Ps—1)(6—1) (r112")]ae—1)6+
(P11 (r—2)k2") + Po—1) (k1) (T (h— 1)k ") + P2y (r112")]q11 = 0,
(k-1,k) p11(7’11$l)Q(k—1)k + [pll(""(k—l)kxl) +p(k_1)k(T11$l)}Q11 = 0.
Since pllR[l';O']QH = 0, we obtain p11(7"11scl)q(k_1)k +p(k_1)k(T11zl)q11 =0
from (k-1,k), and so
P11(7’11Il)11(k—1)k = —pi-nk(rnz')q1 € puRz; o] N Rlz;olgi =0
by Lemma 3.5. Thus
(12) p11R[z; 0]q—1)r = 0 and pg_1yx R[2; 0]qi1 = 0.
By Eq.(12) and the induction hypothesis, (k-2,k) becomes p1; (rllxl)q(k,g)k +
Pe—1)(e—1) (r112Y) q— 1)k + Pe—2)k (r112')q11 = 0, and so
(13)  puR[x; 0]q—2)k + Pk—1)(k—1) Bl2; 0lq—1)k + Pr—2)r Rl2; 0]q11 = 0.
Multiplying Eq.(13) by g11R[z; o] on the left hand-side, we similarly get
qu1 R[x; o]p—2y R[z; 0lqi1 = 0,
and hence p(;_2) R[z; 0]q11 = 0 and thus
p11R[T; olq—2)k = —P—1)(k—1) B[7; 0)q—1)% € P11 R[7; 0] R[2;0]q(—1)% =0
by the induction hypothesis and the above arguments. Then we have
pr1R[z; o]q—2) =0
and px—1)k—1)R[x; 0]q—1)r = 0. Continuing this procedure yields
pijR[z;0]gse = 0
for any 1 <4, j,s,t < k. Consequently, a; R[z;0]by, = 0 for any 1 < i,j,5,t <
kE,0<wu<mand 0<v<n. Thus 4,5k(R)[z;5]|B, = A,Sk(R[z;0])B, = O
for any 0 < uw < m and 0 < v < n. Therefore Sy, (R) is d-quasi-Armendariz
for any w > 2. Similarly, it is shown that V,,(R) is d-quasi-Armendariz for any
n > 2.

(2) is proved by the same arguments as in the proof of (3)=(1) of Theorem
3.1. U

In general, S, (R) and V,,(R) for n > 2 are not semiprime rings, even if R is a
semiprime ring. But we get the following by [14, Theorem 10.19] and Theorem
3.6.
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Corollary 3.7. If R is a semiprime ring, then S,(R) and V,(R) for any
n > 2 are quasi-Armendariz rings. If S, (R) (or, Vo (R)) for n > 2 is a quasi-
Armendariz ring, then R is a quasi-Armendariz ring.

For an endomorphism ¢ and a o-ideal I of a ring R, 5 : R/I — R/I defined
by 6(a +I) = o(a) + I for a € R is an endomorphism of the factor ring R/I.
Note that V,,(R) & R[z]/(z™) by [15], where (z™) is an ideal of the polynomial
ring R[z] over R generated by z™. The next corollary follows directly from
Theorem 3.6.

Corollary 3.8. Let o be an endomorphism of a ring R. If the skew polynomial
ring R[x; o] of R is a semiprime ring, then the factor ring R[z]/(x"™) is 7-quasi-
Armendariz for n > 2.

The following example shows that the homomorphic image of a o-quasi-
Armendariz ring may not necessarily be g-quasi-Armendariz.

Example 3.9. Let R = T(Z,Z4) be the trivial extension of Z by Z4, and
o : R — R be defined by o((a,5)) = (a,—5). Then R is o-Armendariz by
[10, Example 1.10], and so R is o-quasi-Armendariz. However, for a o-ideal
I = {(a,0) | a € 4Z} of R, the factor ring R/I = {(a,b)|a, b€ Z4} is not
g-quasi-Armendariz: Indeed, ((2,0) + (2,1)z)(R/I)[z;5]((2,0) + (2,1)z) = 0,
but 0 # (2,0)(1,0)(2,1) € (2,0)(R/I)(2,1), and so (2,0)(R/I)[z;5](2,1) # 0.

For a nonempty subset S of a ring R, we write rg(S) = {¢ € R | Sc =
0} (resp., lr(S) = {c € R | ¢S = 0}) which is called the right (resp., left)
annihilator of S in R.

Proposition 3.10. For an endomorphism o of a ring R, if R is a o-quasi-
Armendariz ring and rg(I) is a o-ideal of R for an ideal I of R, then R/rr(I)
is a G-quasi-Armendariz ring.

Proof. Let a = a+rg(I) for a € R. Suppose that p(x) = ag+a1x+- - “tama™,
q(z) = bo+brx+---+bz™ € (R/jR(I))[x; g with p(x)(R/rr(I))|z;7]q(z) = 0.
We claim that a;(R/rr(I)[z;5])b; = 0 for each 4, j. From

p()(R/rr(I))[x;o]q(x) =0,

we get p(z)(Fzt)g(x) = 0 for any 7 € R/rg(I) and nonnegative integer ¢. Hence
for0O<k<m-+n, 3 4 a;ot(r)ot*i(b;) € rr(I), and so

c- Z a;o'(r)o' ™ (b;) =0
i+j=k
for any ¢ € I. Thus cagrot(bo)z® + (cagrot(br) + caro(r)ot™(bg))at ™ + - +
Camo™(r)otT™(b,)a™ Tt = (cag + carx + - - - + cama™) (rat)(bg + bix 4+ - +
bpz™) = 0, and so (cag+carx+- - -+ camar™)R[x; o) (bg + b1z + - - - +bpz™) = 0.
Since R is o-quasi-Armendariz, we have (ca;)R[z;0]b; = 0 for each i,j and
c € I, and a;R[x;0]b; C rr(I). Hence a;(R/rr(I)[z;5])b; = 0 for each 4, j, and
therefore R/rr(I) is o-quasi-Armendariz. O
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Let 0 be an endomorphism of a ring R and e an idempotent of R such that
o(e) = e. Then the map  : eRe — eRe defined by G (ere) = eo(r)e for r € R
is an endomorphism of eRe.

Proposition 3.11. Let o be an endomorphism of a ring R and e? = e € R
with o(e) = e. If R is o-quasi-Armendariz, then eRe is d-quasi-Armendariz.

Proof. Let p(z) = 3" ja;z" and ¢(z) = Z?:o bjz? in (eRe)[r;5]. Suppose
that p(z)(eRe)[z; 7]q(x) = 0. Note that 5(e) = ec(e)e = e, and so p(z)e = p(z )
For any r € R and nonnegative integer ¢, p(z)rztq(z) = p(z)(ere)ziq(z) =

and so p(z)R[z; o]g(z) = 0. Since R is o-quasi-Armendariz, a; R[x; o]b; = 0 for
each i, j. Hence, for any nonnegative integer t, 0 = a;Ro’(b;) = (aZ JRo'(eb;)
= a;(eRe)d"(b;), since p(z)e = p(z) and eq(z) = ¢(z). Thus a;(eRe[x;d])b; =
0 for each 14, j, and therefore eRe is g-quasi-Armendariz. (]

Corollary 3.12 ([5, Proposition 3.13]). If R is a quasi-Armendariz ring, then
for any nonzero idempotent e € R, eRe is a quasi-Armendariz ring.

In [5, Theorem 3.16], it is proved that if R is a quasi-Armendariz ring, then
the polynomial ring R[z] over R is quasi-Armendariz. Finally, we extend this
result and generalize the result of [10, Proposition 2.3] to a o-quasi-Armendariz
ring as follows.

Recall that if o is an endomorphism of a ring R, then the map 7 : R[z] —
R[] defined by 5(>_ -, a;xz’) = > i~ o(a;)z" is an endomorphism of the poly-
nomial ring R[z] and clearly this map extends o.

Theorem 3.13. Let o be an automorphism of a ring R with ot = idg for some
positive integer t. Then R is a o-quasi-Armendariz ring if and only if R[x] is
a o-quasi-Armendariz ring.

Proof. We extend the proof of [10, Proposition 2.3] to this case. Assume that
R is o-quasi-Armendariz. Let p(y) = fo + fiy + - + fmy™ and q(y) =
9o + g1y + -+ + gny™ € (R[z])[y; 0] with p(y)(R[z])[y; o]e(y) = 0. We also let
fi = aiy + @y, x + -+ a; 2", gj = bj, +bjx+---+bj,a’ € R[z] for each
0<i<mand0<j<n. We claim that f;(R[z][y;5])g; =0 for all 0 <i<m
and 0 < j < n. Take a positive integer k such that k = > deg(fi) +
Z?:o deg(g;), where the degree is considered as polynomials in R[z] and the
degree of zero polynomial is taken to be 0. Let p(zt*+1) = fo + fraotF Tt 4.
™™ and q(zt*+1) = go + g1ttt + - + ga"* " € R[x;0]. Then the
set of coefficients of the f;s (resp., g]s) equals the set of coefficients of p(x**1)
(resp., q(z"**1)). Since p(y)(R[z])[y; 5la(y) = 0, we have also p(y)ryq(y) = 0
for any 7 € R and nonnegative integer s. Then fora®(go)y® + (fora®(g1) +
f1e(r)as (go)yst + -+ frna™(r)a*t™ (g, )y T = 0. This implies that
(fO + fll'tk+1 NI fmxmtk+m),rxs(go +gll'tk+1 N +gnxntk+n) = 0. Hence
p(z™ ) R[z; o]g(x 1) = 0. Since R is o-quasi-Armendariz, a,R[z;0lbs = 0
foreach 0 < ¢ <m, 0 < j<n 0< a<iy,and 0 < g < j,. Thus
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fi(R[z]ly;a])g; = 0 for all 0 < i < m and 0 < j < n. Therefore R[z] is
g-quasi-Armendariz.

Conversely, assume that R[z] is 5-quasi-Armendariz. Let p(z) = Y i a2
and g(z) = >°7_objz? in R[z;0] such that p(x)R[z; olg(x) = 0. Since

p(z)ra’q(z) =0
for any r € R and nonnegative integer s, we have agro®(bg) = 0, agro®(by) +
a10(1)0 " (bo) = 0., ama™ (o™ ™ (B) = 0. Let ply) = ao + ary + - +
amy™, q(y) = bo+b1y—+- - +bpy™ € (R[z])|y; 7). For any r € R and nonnegative
integer s, p(y)ry*q(y) = aora®(bo)y® +(aora® (b1) +a15(r)a*** (bo))y* " +- - -+
A @™ (1)T 5T (b, )y™ TS = 0. Thus p(y)Rly; 7lq(y) = 0, and so

p(y)(R[z])[y; 5lq(y) = 0
because yx = zy. Since R[z] is d-quasi-Armendariz, we have a;(R[z][y; 7])b; =
0 for all 4, j and so a;R[z;0]b; = 0. Thus R is o-quasi-Armendariz. (]
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