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QUASI-ARMENDARIZ PROPERTY FOR SKEW

POLYNOMIAL RINGS

Muhittin Başer and Tai Keun Kwak

Abstract. The concept of the quasi-Armendariz property of rings prop-
erly contains Armendariz rings and semiprime rings. In this paper, we
extend the quasi-Armendariz property for a polynomial ring to the skew

polynomial ring, hence we call such ring a σ-quasi-Armendariz ring for
a ring endomorphism σ, and investigate its structures, several extensions
and related properties. In particular, we study the semiprimeness and

the quasi-Armendariz property between a ring R and the skew polyno-
mial ring R[x;σ] of R, and so these provide us with an opportunity to
study quasi-Armendariz rings and semiprime rings in a general setting,
and several known results follow as consequences of our results.

1. Introduction

Rege et al. called a ring R Armendariz [18] if whenever the product of
any two polynomials in R[x] over R is zero, then so is the product of any
pair of coefficients from the two polynomials. This nomenclature was used by
them since it was Armendariz [1, Lemma 1] who initially showed that a re-
duced ring always satisfies this condition. Such rings have been extensively
studied in literature [12, 15, 18]. Armendariz rings are generalized to quasi-
Armendariz rings. A ring R is called quasi-Armendariz [5] if whenever poly-
nomials f(x) = a0 + a1x + · · · + amxm, g(x) = b0 + b1x + · · · + bnx

n ∈ R[x]
satisfy f(x)R[x]g(x) = 0, then aiRbj = 0 for each i, j. Semiprime rings are
quasi-Armendariz rings by [5, Corollary 3.8], but the converse does not hold in
general. In [5], it is shown that the class of quasi-Armendariz rings is Morita
stable and that several extensions of a quasi-Armendariz ring are also quasi-
Armendariz rings. According to [7] and [10], the Armendariz property for a
polynomial ring is extended to one for the skew polynomial ring which is a
generalization of a σ-rigid ring. An endomorphism σ of a ring R is called rigid
[13] if aσ(a) = 0 implies a = 0 for a ∈ R, and R is called a σ-rigid ring [6] if
there exists a rigid endomorphism σ of R. Any rigid endomorphism of a ring
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is a monomorphism, and σ-rigid rings are reduced rings (i.e., rings have not
nonzero nilpotent elements) by [6, Proposition 5]. For an endomorphism σ of
a ring R, the skew polynomial ring R[x; σ] of R consists of the polynomial in x
with coefficients in R written on the left, subject to the relation xr = σ(r)x for
all r ∈ R. A ring R is called σ-Armendariz (resp., σ-skew Armendariz) [10, Def-
inition 1.1] (resp., [7, Definition]) if for p(x) =

∑m
i=0 aix

i and q(x) =
∑n

j=0 bjx
j

in R[x;σ], p(x)q(x) = 0 implies aibj = 0 (resp., aiσ
i(bj) = 0) for all 0 ≤ i ≤ m

and 0 ≤ j ≤ n. Any σ-rigid ring is σ-Armendariz by [6, Proposition 6] and
any σ-Armendariz ring is σ-skew Armendariz by [10, Theorem 1.8], but the
converses do not hold by [10, Example 1.6 and Example 1.9]. Moreover, by
[7, Proposition 3], [10, Proposition 1.7] and [16, Theorem A], R is a σ-rigid
ring if and only if R is a reduced and σ-Armendariz ring if and only if R is a
reduced and σ-skew Armendariz ring for a monomorphism σ if and only if the
skew polynomial ring R[x;σ] of R is a reduced ring. Various extensions of the
extended Armendariz rings are also investigated in [7] and [10].

On the other hand, the notion of σ-skew Armendariz rings is generalized
as follows: Let σ be an endomorphism of a ring R. R is called a σ-skew
quasi-Armendariz ring [9, Definition 2.1] if for p(x) =

∑m
i=0 aix

i and q(x) =∑n
j=0 bjx

j in R[x;σ], p(x)R[x;σ]q(x) = 0 implies aiRσi(bj) = 0 for all 0 ≤
i ≤ m and 0 ≤ j ≤ n; while Cortes [4, Definition 3.11] used the term quasi-
skew Armendariz for what is called σ-skew quasi-Armendariz when σ is an
automorphism. It is shown that the class of σ-skew quasi-Armendariz rings is
Morita stable and that several extensions of a σ-skew quasi-Armendariz ring
are also σ-skew quasi-Armendariz rings in [4] and [9]. Observe that every σ-
skew Armendariz ring is σ-skew quasi-Armendariz when σ is an epimorphism,
but the converse does not hold by [9, Example 2.2(1)].

In this paper, we introduce the concept of a σ-quasi-Armendariz ring (Defi-
nition 2.4), drawing a parallel with a σ-skew quasi-Armendariz ring. We show
that for any endomorphism σ, every σ-Armendariz ring is σ-quasi-Armendariz,
and every σ-quasi-Armendariz ring is σ-skew quasi-Armendariz in case that σ
is an epimorphism; but the converses do not hold. We also study the related
topics and extensions of σ-quasi-Armendariz rings. In particular, we investigate
the semiprimeness and the quasi-Armendariz property between R and R[x;σ],
and so these provide us with an opportunity to study quasi-Armendariz rings
and semiprime rings in a general setting.

Throughout this paper R denotes an associative ring with identity and σ
denotes a nonzero and non identity endomorphism, unless specified otherwise.
Denote the n by n full matrix ring over R by Matn(R) and the n by n upper
triangular matrix ring over R by Un(R). Let Z, Zn and Q be the set of all
integers, the ring of integers modulo n and the set of all rational numbers,
respectively.
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2. Structures of σ-quasi-Armendariz rings

Note that for p(x), q(x) ∈ R[x;σ], p(x)R[x;σ]q(x) = 0 if and only if
p(x)rxtq(x) = 0 for any r ∈ R and nonnegative integer t. We freely use
this fact in the process. Consider the following condition (∗):
(∗) For p(x) =

∑m
i=0 aix

i and q(x) =
∑n

j=0 bjx
j in R[x;σ], p(x)R[x;σ]q(x) =

0 implies aiR[x;σ]bj = 0 for all 0 ≤ i ≤ m and 0 ≤ j ≤ n, equivalently,
aiRσt(bj) = 0 for any nonnegative integer t and all i, j.

Every σ-Armendariz ring satisfies the condition (∗) by simple computation,
but the converse does not hold by Example 2.7 to follow, and there exists a
σ-skew Armendariz ring R which does not satisfy the condition (∗) by the next
example.

Example 2.1. Let R be the polynomial ring Z2[x] over Z2, and let the endo-
morphism σ : R → R be defined by σ(f(x)) = f(0) for f(x) ∈ Z2[x]. Then R is
not σ-Armendariz, but R is a reduced σ-skew Armendariz ring by [10, Example
1.9]. For p(y) = xy = q(y) in Z2[x][y;σ], we have p(y)(Z2[x][y;σ])q(y) = 0 but
0 ̸= xf(x)x ∈ x(Z2[x][y;σ])x for any nonzero f(x) ∈ Z2[x], showing that R
does not satisfy the condition (∗).

Recall that for an automorphism σ of a ring R, R is called quasi σ-rigid [8,
Definition 1.3] if aRσ(a) = 0 implies a = 0 for a ∈ R. In [8], it is shown that
every σ-rigid ring is quasi σ-rigid and every quasi σ-rigid ring is semiprime but
not conversely.

Proposition 2.2. Let σ be an automorphism of a ring R. If R is a quasi
σ-rigid ring, then R satisfies the condition (∗).

Proof. Assume that R is a quasi σ-rigid ring. Let p(x)(rxt)q(x) = 0 for any
r ∈ R and nonnegative integer t, where p(x) =

∑m
i=0 aix

i and q(x) =
∑n

j=0 bjx
j

in R[x;σ]. We claim that aiRσt(bj) = 0 for any nonnegative integer t and
all 0 ≤ i ≤ m and 0 ≤ j ≤ n. We proceed by induction on i + j. From
p(x)(rxt)q(x) = 0 for any r ∈ R and nonnegative integer t, we get a0Rσt(b0) =
0 and so it proves for i + j = 0. Now assume that our claim is true for
i+ j ≤ k − 1. For i+ j = k, we have

(1) a0rσ
t(bk) + a1σ(r)σ

t+1(bk−1) + · · ·+ akσ
k(r)σt+k(b0) = 0.

Multiplying Eq.(1) by σt+k(b0)R on the left hand-side, we have

σt+k(b0)Rakσ
k(r)σt+k(b0) = 0 ⇒ (akRσt+k(b0)R)2 = 0

⇒ akRσt+k(b0) = 0

⇒ akRσt(b0) = 0

for any nonnegative integer t, by the induction hypothesis and [8, Lemma 2.4].
Then Eq.(1) becomes

(2) a0rσ
t(bk) + a1σ(r)σ

t+1(bk−1) + · · ·+ ak−1σ
k−1(r)σt+k−1(b1) = 0.
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Multiplying Eq.(2) by σt+k−1(b1)R on the left hand-side, we get ak−1Rσt(b1) =
0 for any nonnegative integer t, by the same arguments above. Continuing this
process, we get aiRσt(bj) = 0 for i + j = k and any nonnegative integer t.
Consequently, aiRσt(bj) = 0 for any nonnegative integer t and all i, j, entailing
that R satisfies the condition (∗). □

Observe that the class of quasi σ-rigid rings does not depend on the class
of σ-Armendariz rings each other. The quasi σ-rigid ring R, in [8, Example
1.1], is not σ-Armendariz for the automorphism σ by [7, Example 13] and
[10, Theorem 1.7]. Furthermore, the next example shows that there exists a
σ-Armendariz ring which is not quasi σ-rigid for an automorphism σ of R.

Example 2.3. Recall that for a ring R and an (R,R)-bimodule M , the trivial
extension of R by M is the ring T (R,M) = R⊕M with the usual addition and
the following multiplication: (r1,m1)(r2,m2) = (r1r2, r1m2 +m1r2).

Let R = T (Z,Q) be the trivial extension of Z by Q. Let σ : R → R be an
automorphism defined by σ((a, s)) = (a, s/2). Then R is a σ-Armendariz ring
by [10, Example 1.6]. However, R is not quasi σ–rigid: Indeed, for ( 0 1

0 0 ) ̸= 0,
we have ( 0 1

0 0 ) (
a t
0 a )σ (( 0 1

0 0 )) = 0 for any a ∈ Z and any t ∈ Q. Note that it
can be easily checked that R is not semiprime, and R[x;σ] is not semiprime,
either.

Based on these facts, we define the following that extends both σ-Armendariz
rings and quasi σ-rigid rings, and that is an extension of quasi-Armendariz
rings.

Definition 2.4. Let σ be an endomorphism of a ring R. The ring R is called a
quasi-Armendariz ring with the endomorphism σ (simply, a σ-quasi-Armendariz
ring) if it satisfies the condition (∗).

Every σ-Armendariz ring is σ-quasi-Armendariz for an endomorphism σ and
every quasi σ-rigid ring is also σ-quasi-Armendariz for an automorphism σ by
Proposition 2.2; but the converses are not true by [8, Example 1.1] and Example
2.3, respectively. Any quasi-Armendariz ring R is an idR-quasi-Armendariz
ring, where idR is an identity endomorphism of R and so every semiprime ring
R is idR-quasi-Armendariz by [5, Corollary 3.8].

Following [17], for an automorphism σ of a ring R, the ring R is called
σ-semiprime if whenever A is an ideal of R and m is an integer such that
Aσt(A) = 0 for all t ≥ m, then A = 0. Notice that R is a σ-semiprime ring if
and only if the skew polynomial ring R[x;σ] is semiprime by [17, Proposition
1.1]. It is well-known that for an automorphism σ of a ring R, the ring R
is σ-semiprime if and only if whenever a ∈ R and m is an integer such that
aRσt(a) = 0 for all t ≥ m, then a = 0. Quasi σ-rigid rings are clearly σ-
semiprime.

Recall that R is σ-rigid if and only if the skew polynomial ring R[x;σ] of R
is reduced if and only if R is reduced and σ-Armendariz by [7, Proposition 3]
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and [10, Proposition 1.7]. Observe that there exists a semiprime ring R with
an automorphism σ such that the skew polynomial ring R[x;σ] of R is not
semiprime by Example 2.8 (below). However, we have the following:

Theorem 2.5. Let σ be an endomorphism of a ring R.
(1) If R is a semiprime and σ-quasi-Armendariz ring, then the skew poly-

nomial ring R[x;σ] of R is semiprime.
(2) If R[x;σ] is a semiprime ring, then R is a σ-quasi-Armendariz ring.
(3) Let σ be an automorphism of finite order. R is a semiprime ring if and

only if R[x;σ] is a semiprime ring.

Proof. (1) Let R be a semiprime and σ-quasi-Armendariz ring. Assume that
p(x)R[x;σ]p(x) = 0 where p(x) =

∑m
i=0 aix

i ∈ R[x;σ]. Then aiR[x;σ]ai = 0,
in particular aiRai = 0 for all 0 ≤ i ≤ m. Since R is semiprime, ai = 0 for all
0 ≤ i ≤ m and thus p(x) = 0. Therefore R[x;σ] is semiprime.

(2) Let R[x;σ] be a semiprime ring. For any a, b ∈ R and some nonnegative
integer l, (axl)R[x;σ]b = 0 ⇔ (bR[x;σ](axl)R[x;σ])2 = 0 ⇔ bR[x;σ]a = 0 ⇔
aR[x;σ]b = 0, and we use this fact in the process. Suppose that p(x) =∑m

i=0 aix
i, q(x) =

∑n
j=0 bjx

j ∈ R[x;σ] such that p(x)R[x;σ]q(x) = 0. We

claim that aiR[x;σ]bj = 0 for all 0 ≤ i ≤ m and 0 ≤ j ≤ n. When i + j = 0,
we can easily obtain that a0R[x;σ]b0 = 0. Now we assume that our claim is
true for i+ j ≤ k − 1. From p(x)R[x;σ]q(x) = 0, we have

(3) a0(rx
t)bkx

k + a1x(rx
t)bk−1x

k−1 + · · ·+ akx
k(rxt)b0 = 0

for any r ∈ R and nonnegative integer t. Multiplying Eq.(3) by b0R[x;σ]
on the left hand-side, we get b0R[x;σ]akx

k(rxt)b0 = 0 by the induction hy-
pothesis. Thus (b0R[x;σ]akx

kR[x;σ])2 = 0 and so b0R[x;σ]ak = 0, an hence,
akR[x;σ]b0 = 0 since R[x;σ] is semiprime. Then Eq.(3) becomes

(4) a0(rx
t)bkx

k + a1x(rx
t)bk−1x

k−1 + · · ·+ ak−1x
k−1(rxt)b1x = 0.

Multiplying Eq.(4) by b1xR[x;σ] on the left hand-side, we similarly get

b1xR[x;σ]ak−1x
k−1(rxt)b1x = 0,

since b1xR[x;σ]ai = 0 for each i ≤ k − 2 by the induction hypothesis and
the above arguments. Hence, b1xR[x;σ]ak−1 = 0 and so ak−1R[x;σ]b1 =
0. Continuing this process, we have aiR[x;σ]bj = 0 for i + j = k. Thus
aiR[x;σ]bj = 0 for any 0 ≤ i ≤ m and 0 ≤ j ≤ n. Therefore R is σ-quasi-
Armendariz.

(3) Let σu = idR for some positive integer u. Assume that R is a semiprime
ring. First, we claim that R is σ-quasi-Armendariz. Let p(x) =

∑m
i=0 aix

i

and q(x) =
∑n

j=0 bjx
j ∈ R[x;σ] with p(x)R[x;σ]q(x) = 0. For any r ∈ R and

nonnegative integer t, we have

0 = p(x)rxtq(x)

= a0rσ
t(b0)x

t + (a0rσ
t(b1) + a1σ(r)σ

t+1(b0))x
t+1
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+ · · ·+ amσm(r)σt+m(bn)x
m+n+t.

By the similar arguments to the proof of Proposition 2.2, we have aiRσl(bj) = 0
for any 0 ≤ i ≤ m, 0 ≤ j ≤ n and 0 ≤ l ≤ u − 1, letting σt+s(b) = σl(b) for
any nonnegative integers t and s, 0 ≤ l ≤ u − 1 and b ∈ R. Hence, R is
σ-quasi-Armendariz. Consequently, R[x;σ] is a semiprime ring by (1).

Conversely, let R[x;σ] be a semiprime ring. Assume that I is an ideal of R
with I2 = 0. We claim that I = 0. Let J = I + σ(I) + · · · + σu−1(I). Then
J is an ideal of R and σ(J) ⊆ J , moreover J [x;σ] is an ideal of R[x;σ]. Note
that Jk = 0 for some positive integer k implies J [x;σ] = 0: For, (J [x;σ])k ⊆
Jσi1(J) · · ·σik−1(J)[x;σ] ⊆ Jk[x;σ] = 0, since σit(J) ⊆ J for any it ≥ 0. Thus
J [x;σ] = 0 since R[x;σ] is semiprime. Hence, from J = I+σ(I)+· · ·+σu−1(I),
Ju+1 = (I + σ(I) + · · · + σu−1(I))u+1 =

∑
σj1(I) · · ·σju+1(I) = 0 for 0 ≤

j1, . . . , ju+1 ≤ u− 1 yields J [x;σ] = 0. Thus J = 0, and so I = 0. Therefore R
is semiprime. □

Corollary 2.6. (1) [14, Theorem 10.19] R is a semiprime ring if and only if
so is the polynomial ring R[x] over R.

(2) [5, Corollary 3.8] If R is a semiprime ring, then R is a quasi-Armendariz
ring.

The class of semiprime rings and the class of σ-quasi-Armendariz rings do not
depend on each other by Example 2.1 and Example 2.3. Notice that Example
2.3 illuminates that the condition “R is a semiprime ring” in Theorem 2.5(1)
is not superfluous (and hence shows that the converse of Theorem 2.5(2) is not
true). The following example shows that the conclusion “R[x;σ] is semiprime”
of Theorem 2.5(1) cannot be replaced by the condition “R is a quasi σ-rigid
ring”.

Example 2.7. Let R = Z2⊕Z2. Define σ : R → R by σ((a, b)) = (b, a). Then
R is a commutative reduced ring. Since R is semiprime and σ has an order 2,
R[x;σ] is semiprime by Theorem 2.5(3). Thus R is a σ-quasi-Armendariz ring
by Theorem 2.5(2). However, R is not quasi σ-rigid; indeed, (1, 0)Rσ((1, 0)) =
0 but (1, 0) ̸= 0. Notice that R is not σ-skew Armendariz (and hence, not
σ-Armendariz) by [7, Example 2].

The following example shows that the condition “R is a σ-quasi-Armendariz
ring” in Theorem 2.5(1) cannot be dropped and that the condition “σ has a
finite order” in Theorem 2.5(3) is not superfluous.

Example 2.8. Let F be a field and Fi = F for i ∈ Z. Let R be a F -subalgebra
of
∏

i∈Z Fi generated by ⊕i∈ZFi and 1∏
i∈Z Fi

. Let σ be an automorphism of R

defined by σ((ai)) = (ai+1). Then

R =

{
(ai) ∈

∏
i∈Z

Fi | ai is eventually constant

}
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is reduced and von Neumann regular, but R[x;σ] is not semiprime by [11,
Example 4.3]. Note that R is not σ-quasi-Armendariz: In fact, let p(x) = ax ∈
R[x;σ] where a = (1, 0, 0, . . .) then p(x)R[x;σ]p(x) = 0, but aRa ̸= 0 and hence
aR[x;σ]a ̸= 0.

Proposition 2.9. Let σ be an epimorphism of a ring R.
(1) R is a σ-quasi-Armendariz ring if and only if for every p(x) =

∑m
i=0 aix

i

and q(x) =
∑n

j=0 bjx
j in R[x;σ], p(x)R[x;σ]q(x) = 0 implies a0Rσl(bj) = 0

for any nonnegative integer l and 0 ≤ j ≤ n.
(2) R is a σ-skew quasi-Armendariz ring if and only if for every p(x) =∑m
i=0 aix

i and q(x) =
∑n

j=0 bjx
j in R[x;σ], p(x)R[x;σ]q(x) = 0 implies

a0Rσi(bj) = 0 for any 0 ≤ i ≤ m and 0 ≤ j ≤ n.

Proof. (1) Assume that for every p(x) =
∑m

i=0 aix
i and q(x) =

∑n
j=0 bjx

j in

R[x;σ], p(x)R[x;σ]q(x) = 0 implies a0Rσt(bj) = 0, equivalently a0Rxtbj = 0
for any nonnegative integer t and 0 ≤ j ≤ n, we show that R is a σ-quasi-
Armendariz ring. From p(x)R[x;σ]q(x) = 0 we get p(x)(Rxl)q(x) = 0 for
any nonnegative integer l, and hence a0Rxlq(x) = 0 by assumption. Hence,
0 = (a0+· · ·+amxm)Rxlq(x) = (a1+· · ·+amxm−1)σ(R)xl(σ(b0)+· · ·+σ(bn)x

n)
yields a1Rxl(σ(bj)) = 0 for each 0 ≤ j ≤ n by assumption. Inductively, we
can see that aiRxl(σi(bj)) = 0 for any nonnegative integer l, 0 ≤ i ≤ m and
0 ≤ j ≤ n. Consequently, aiRσt(bj) = 0 for any nonnegative integer t, showing
that R is a σ-quasi-Armendariz ring. The converse is clear.

(2) can be shown by the same arguments as in the proof of (1), letting
l = 0. □

Corollary 2.10. R is a quasi-Armendariz ring if and only if for every poly-
nomials f(x) =

∑m
i=0 aix

i and g(x) =
∑n

j=0 bjx
j in R[x], f(x)R[x]g(x) = 0

implies a0Rbj = 0 for each 0 ≤ j ≤ n.

Proposition 2.9 says that every σ-quasi-Armendariz ring is σ-skew quasi-
Armendariz for an epimorphism σ, and so one may ask whether the converse
does hold. However the answer is negative by Example 2.8: In fact, the ring
R in Example 2.8 is σ-skew quasi-Armendariz by [9, Example 1.8]. Moreover,
Example 2.8 shows that there exists a reduced and von Neumann regular ring
with the automorphism σ which is not σ-quasi-Armendariz, and hence not
σ-rigid.

Recall that an endomorphism σ of a ring R is called semicommutative [2,
Definition 2.1] if whenever ab = 0 for a, b ∈ R, aRσ(b) = 0; a ring R is called
σ-semicommutative if there exists a semicommutative endomorphism σ of R.
Note that R is a reduced and σ-semicommutative ring for a monomorphism
σ if and only if R is a σ-rigid ring by [2, Theorem 2.4]. The semiprimeness
and the σ-semicommutativity of a ring are independent of each other by [2,
Example 2.3 and Example 2.5(1)].
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Proposition 2.11. Let σ be an automorphism of a ring R. Assume that R is
a σ-semicommutative and semiprime ring. Then the following are equivalent:

(1) R is σ-rigid.
(2) R is quasi σ-rigid.
(3) R is σ-semiprime.
(4) R is σ-Armendariz.
(5) R is σ-skew Armendariz.
(6) R is σ-quasi-Armendariz.
(7) R is σ-skew quasi-Armendariz.

Proof. (1)⇔(2)⇔(3) are shown in [8, Proposition 3.4] when R is σ-semicomm-
utative.

(1)⇒(4)⇒(5) By [6, Proposition 6] and [10, Theorem 1.8] without hypoth-
esis.

(5)⇒(7) is well-known when σ is an epimorphism.
(7)⇒(6) can be shown with the help of that R is σ-semicommutative.
(6)⇒(1) Suppose that R is σ-quasi-Armendariz. Let aσ(a) = 0 for a ∈ R.

Then we get aRσk(a) = 0 for any k ≥ 2, since R is σ-semicommutative. Put
p(x) = ax2. Then p(x)R[x;σ]a = 0, and so aR[x;σ]a = 0 and aRa = 0,
entailing that a = 0 since R is semiprime. Thus R is σ-rigid. □

The following gives us basic examples for σ-skew quasi-Armendariz rings.

Theorem 2.12. For an endomorphism σ of a ring R, let p(x) =
∑m

i=0 aix
i

and q(x) =
∑n

j=0 bjx
j ∈ R[x;σ].

(1) If R is a reduced ring, then p(x)R[x;σ]q(x) = 0 implies aiσ
i(bj) = 0 for

all i and j.
(2) If the skew polynomial ring R[x;σ] of R is quasi-Armendariz, then

p(x)R[x;σ]q(x) = 0 implies aix
iRbjx

j = 0 for all i and j.

Proof. (1) Let R be a reduced ring. From p(x)R[x;σ]q(x) = 0, we get p(x)rq(x)
= (a0 + a1x + · · · + amxm)(rb0 + rb1x + · · · + rbnx

n) = 0 for any r ∈ R. We
claim that aiσ

i(bj) = 0 for all i and j. We proceed by induction on i + j. If
i+ j = 0, then a0Rb0 = 0 and so a0b0 = 0. Assume that we have aiσ

i(bj) = 0
for i+ j ≤ k − 1. Then for any r ∈ R,

(5) a0rbk + a1σ(r)σ(bk−1) + · · ·+ ak−1σ
k−1(r)σk−1(b1) + akσ

k(r)σk(b0) = 0.

Letting r = b0 in Eq.(5), we have akσ
k(b0)σ

k(b0) = 0, by the induction hypoth-
esis. Since R is reduced, akσ

k(b0) = 0, equivalently, akRσk(b0) = 0. Eq.(5)
becomes

(6) a0rbk + a1σ(r)σ(bk−1) + · · ·+ ak−1σ
k−1(r)σk−1(b1) = 0.

Letting r = b1 in Eq.(6), we have ak−1σ
k−1(b1) = 0, and so ak−1Rσk−1(b1) = 0

by the same method as above. Continuing this process, we get aiσ
i(bj) = 0 for

i+ j = k, consequently, aiσ
i(bj) = 0 for all 0 ≤ i ≤ m and 0 ≤ j ≤ n.
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(2) Assume that R[x;σ] is a quasi-Armendariz ring. Let p(x)R[x;σ]q(x) = 0.
Then for any r ∈ R and nonnegative integer t,
(7)
a0rσ

t(bk) + a1σ(r)σ
t+1(bk−1) + · · ·+ ak−1σ

k−1(r)σk+t−1(b1) + akσ
k(r)σk+t(b0) = 0,

where 0 ≤ k ≤ m+n. Set f(y) = a0+(a1x)y+ · · ·+(amxm)ym and g(y) = b0+
(b1x)y+· · ·+(bnx

n)yn in (R[x;σ])[y]. This proves that f(y)(R[x;σ])[y]g(y) = 0
holds. Since R[x;σ] is quasi-Armendariz, we obtain aix

iR[x;σ]bjx
j = 0, and

so aix
iRbjx

j = 0 for 0 ≤ i ≤ m and 0 ≤ j ≤ n. □

From Theorem 2.12, we obtain:

Corollary 2.13. For an endomorphism σ of a ring R, the ring R is σ-skew
quasi-Armendariz, if either R is a reduced ring or R[x;σ] is a quasi-Armendariz
ring with an epimorphism σ.

For an endomorphism σ and an ideal I of a ring R, I is called a σ-ideal if
σ(I) ⊆ I.

Proposition 2.14. For an endomorphism σ of a ring R, we have the following.
(1) Let {Iγ | γ ∈ Γ} be a family of σ-ideals of R. If R is a subdirect sum of

σ-quasi-Armendariz rings, then R is a σ-quasi-Armendariz ring.
(2) If S is a ring and α : R → S is a ring isomorphism, then, R is a

σ-quasi-Armendariz ring if and only if S is an ασα−1-quasi-Armendariz ring.

Proof. (1) Observe that ∩γ∈ΓIγ = 0. Let p(x) =
∑m

i=0 aix
i and q(x) =∑n

j=0 bjx
j in R[x;σ] with p(x)R[x;σ]q(x) = 0. Since R/Iγ is σ-quasi-Armen-

dariz for any γ ∈ Γ, aiRσt(bj) ⊆ Iγ for all i, j and nonnegative integer t, and
so aiRσt(bj) = 0. Therefore R is σ-quasi-Armendariz.

(2) For a ∈ R, let a′ = α(a). Note that p(x) =
∑m

i=0 aix
i and q(x) =∑n

j=0 bjx
j in R[x;σ] if and only if p

′
(x) =

∑m
i=0 a

′

ix
i and q

′
(x) =

∑n
j=0 b

′

jx
j in

S[x;ασα−1]. Also, for any r ∈ R and nonnegative integer t, p(x)rxtq(x) = 0
if and only if

∑
i+j=k aiσ

i(r)σi+t(bj) = 0 for each 0 ≤ k ≤ m + n if and

only if
∑

i+j=k α(ai)(ασα
−1)i(α(r))(ασα−1)i+t(α(bj)) = 0 for each 0 ≤ k ≤

m+n, since (ασα−1)w = ασwα−1 for any positive integer w. Equivalently, for

any s ∈ S and nonnegative integer t,
∑

i+j=k a
′

i(ασα
−1)i(s)(ασα−1)i+t(b

′

j) =

0 for each 0 ≤ k ≤ m + n if and only if p
′
(x)sxtq

′
(x) = 0 if and only if

p
′
(x)S[x;ασα−1]q

′
(x) = 0. Hence, for all i, j and any nonnegative integer t,

aiRσt(bj) = 0 if and only if α(ai)Sασ
t(bj) = 0 if and only if a

′

iS(ασα
−1)t(b

′

j) =
0. The proof is completed. □

Corollary 2.15 ([5, Proposition 3.7]). If R is a subdirect sum of quasi-Armen-
dariz rings, then R is a quasi-Armendariz ring.
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3. Examples of σ-quasi-Armendariz rings

Hirano proved that the n × n full (or upper triangular) matrix ring over
a quasi-Armendariz ring is quasi-Armendariz [5, Theorem 3.12 and Corollary
3.15]. We extend these results to σ-quasi-Armendariz rings.

Recall that if σ is an endomorphism of a ring R, then σ can be extended to
the endomorphism σ̄ of Matn(R) over R defined by σ̄((aij)) = (σ(aij)).

Theorem 3.1. For an endomorphism σ of a ring R, the following are equiva-
lent:

(1) R is a σ-quasi-Armendariz ring.
(2) Matn(R) is a σ̄-quasi-Armendariz ring for any n ≥ 2.
(3) Matn(R) is a σ̄-quasi-Armendariz ring for some n ≥ 2.

Proof. (1)⇒(2) Let R be a σ-quasi-Armendariz ring. Note that Matn(R)[x; σ̄]
∼= Matn(R[x;σ]). Let p(x) =

∑l
i=0 Aix

i, q(x) =
∑m

j=0 Bjx
j ∈ Matn(R)[x;σ]

with Ai = (aist) and Bj = (bjvw). We can write

p(x)= (pst), q(x)= (qvw)∈Matn(R[x;σ]) with pst=

l∑
i=0

aistx
i, qvw=

m∑
j=0

bjvwx
j .

Put p(x)Matn(R)[x; σ̄]q(x) = 0, then equivalently p(x)Matn(R[x;σ])q(x) = 0.
Let Eij ’s be the matrix units of Matn(R) with (i, j)-entry 1 and zero elsewhere.
From p(x)(REhkx

t)g(x) = 0 for any nonnegative integer t, we get

pαh(rx
t)qkβ = 0 for any r ∈ R and all 1 ≤ α, β ≤ n.

Since R is σ-quasi-Armendariz, we have aist(rx
t)bjvw = 0 for any r ∈ R and

nonnegative integer t and all 0 ≤ i ≤ l, 0 ≤ j ≤ m and 1 ≤ s, t, v, w ≤ n. It
then follows that

AiMatn(R[x;σ])Bj = 0 for all 0 ≤ i ≤ l and 0 ≤ j ≤ m,

concluding that Matn(R) is σ̄-quasi-Armendariz.
(2)⇒(3) is obvious.
(3)⇒(1) Suppose that Matw(R) is σ̄-quasi-Armendariz for some w ≥ 2. Let

p(x)R[x;σ]q(x) = 0 with p(x) =
∑m

i=0 aix
i and q(x) =

∑n
j=0 bjx

j in R[x;σ].
Then (

p(x)
w∑

k=1

Ekk

)
Matw (R[x;σ])

(
q(x)

w∑
k=1

Ekk

)
= 0.

Since Matw(R) is σ̄-quasi-Armendariz, we have(
ai

w∑
k=1

Ekk

)(
Matw(R)xt

)(
bj

w∑
k=1

Ekk

)
= 0

for any nonnegative integer t and all i and j; in particular,(
ai

w∑
k=1

Ekk

)(
rxt

w∑
k=1

Ekk

)(
bj

w∑
k=1

Ekk

)
= 0



QUASI-ARMENDARIZ PROPERTY FOR SKEW POLYNOMIAL RINGS 567

for any r ∈ R, obtaining ai(Rxt)bj = 0. Therefore R is σ-quasi-Armendariz.
□

Observe that we obtain the following result for Un(R) over a σ-quasi-Armen-
dariz ring R, by the same method as in the proof of Theorem 3.1.

Theorem 3.2. For an endomorphism σ of a ring R, the following are equiva-
lent:

(1) R is σ-quasi-Armendariz.
(2) Un(R) is σ̄-quasi-Armendariz for any n ≥ 2.
(3) Un(R) is σ̄-quasi-Armendariz for some n ≥ 2.

Corollary 3.3 ([5, Corollary 3.15]). If R is a quasi-Armendariz, then for any
positive integer n, Un(R) is also a quasi-Armendariz ring.

For a ring R and n ≥ 2, let

Sn(R) =




a a12 a13 · · · a1n
0 a a23 · · · a2n
0 0 a · · · a3n
...

...
...

. . .
...

0 0 0 · · · a

 |a, aij ∈ R


and

Vn(R) =




a1 a2 a3 · · · an
0 a1 a2 · · · an−1

...
...

...
...

...
0 0 0 · · · a2
0 0 0 · · · a1

 | a1, . . . , an ∈ R


.

Related to Theorem 3.1 and Theorem 3.2, one may suspect that Sn(R) and
Vn(R) may be also σ̄-quasi-Armendariz rings for any n ≥ 2, where R is a σ-
quasi-Armendariz ring with an endomorphism σ. But the possibility is erased
by the next example, and so the subring of a σ-quasi-Armendariz ring need not
to be σ-quasi-Armendariz:

Example 3.4. Let W be an idW -rigid (i.e., reduced) ring where idW is the
identity endomorphism of a ring W . Then the trivial extension R = T (W,W )
of W is an idR-Armendariz ring by [10, Corollary 2.2], and thus R is idR-quasi-
Armendariz. Then it can be proved that Sn(R) (Vn(R)) is not īdSn(R)(īdVn(R))-
quasi-Armendariz for all n ≥ 2, with the help of [3, Example 2.5].

By [10, Proposition 2.1 and Corollary 2.2], if R is a σ-rigid ring, then S2(R)
and S3(R) are σ̄-Armendariz rings, and so they are σ̄-quasi-Armendariz for
an endomorphism σ of R; while Sn(R) is not σ̄-Armendariz for n ≥ 4 by [10,
Theorem 1.8] and [7, Example 18], even if R is a σ-rigid ring. However, we
have the following.

Lemma 3.5 ([3, Lemma 2.6]). A ring R is semiprime if and only if aRb = 0
for a, b ∈ R implies aR ∩Rb = 0.
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Theorem 3.6. Let σ be an endomorphism of a ring R.
(1) Assume that the skew polynomial R[x;σ] of R is a semiprime ring. Then

Sn(R) and Vn(R) are σ̄-quasi-Armendariz rings for any n ≥ 2.
(2) If Vn(R) (or, Sn(R)) is a σ̄-quasi-Armendariz ring for n ≥ 2, then R is

a σ-quasi-Armendariz ring.

Proof. (1) Note that Sn(R)[x; σ̄] ∼= Sn(R[x;σ]) for n ≥ 2. Then every polyno-
mial p(x) =

∑m
u=0 Aux

u ∈ Sn(R)[x; σ̄] can be expressed by the form of
p11 p12 p13 · · · p1n
0 p11 p23 · · · p2n
0 0 p11 · · · p3n
...

...
...

. . .
...

0 0 0 · · · p11

 = (p11, p12, . . . , p(n−1)n)

where Au = (auij) ∈ Sn(R) for any 0 ≤ u ≤ m and pij =
∑m

u=0 a
u
ijx

u ∈
R[x;σ] for any 1 ≤ i, j ≤ n. Assume p(x)Sw(R)[x; σ̄]q(x) = 0 for w ≥ 2,
where p(x) =

∑m
u=0 Aux

u = (p11, p12, . . . , p(w−1)w) and q(x) =
∑n

v=0 Bvx
v =

(q11, q12, . . . , q(w−1)w) ∈ Sw(R)[x; σ̄], Au = (auij), Bv = (bvst) ∈ Sw(R) for any
0 ≤ u ≤ m, 0 ≤ v ≤ n and pij , qst ∈ R[x;σ] for any 1 ≤ i, j, s, t ≤ w. We claim
that AuSw(R[x;σ])Bv = 0 for any 0 ≤ u ≤ m, and 0 ≤ v ≤ n. We proceed by
induction on w. For w = 2, suppose that p(x)S2(R)[x; σ̄]q(x) = 0 with p(x) =
(p11, p12), q(x) = (q11, q12) ∈ S2(R)[x; σ̄]. Then (p11, p12)(r11x

l, r12x
l)(q11, q12)

= 0 for any r11, r12 ∈ R and nonnegative integer l, and so we have

(8) p11(r11x
l)q11 = 0,

(9) p11(r11x
l)q12 + p11(r12x

l)q11 + p12(r11x
l)q11 = 0.

From Eq.(8), p11R[x;σ]q11 = 0 and hence au11R[x;σ]bv11 = 0 for all 0 ≤ u ≤ m
and 0 ≤ v ≤ n since R is σ-quasi-Armendariz by Theorem 2.5(2). Then Eq.(9)
becomes

(10) p11(r11x
l)q12 + p12(r11x

l)q11 = 0.

Since p11R[x;σ]q11 = 0, we get p11(r11x
l)q12 = −p12(r11x

l)q11 ∈ p11R[x;σ] ∩
R[x;σ]q11 = 0 by Lemma 3.5, and so p11R[x;σ]q12 = 0 and p12R[x;σ]q11 = 0.
Thus au11R[x;σ]bv12 = 0 and au12R[x;σ]bv11 = 0 for all 0 ≤ u ≤ m and 0 ≤ v ≤ n,
since R is σ-quasi-Armendariz. These imply that AuS2(R[x;σ])Bv = 0 for all
0 ≤ u ≤ m and 0 ≤ v ≤ n, and therefore S2(R) is σ̄-quasi-Armendariz. Assume
that our claim is true for 2 ≤ w ≤ k − 1. Let p(x)Sk(R)[x; σ̄]q(x) = 0 with
p(x) = (p11, p12, . . . , p(k−1)k) and q(x) = (q11, q12, . . . , q(k−1)k) ∈ Sk(R)[x; σ̄].
Then for any nonnegative integer l and r11, r12, . . . , r(k−1)k ∈ R,
(11)

(p11, p12, . . . , p(k−1)k)(r11x
l, r12x

l, . . . , r(k−1)kx
l)(q11, q12, . . . , q(k−1)k) = 0.

By the induction hypothesis, we have pijR[x;σ]qst = 0 and so auijR[x;σ]bvst = 0
for all 0 ≤ u ≤ m, 0 ≤ v ≤ n and 1 ≤ i, j, s, t ≤ k − 1. Hence, from Eq.(11) we
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have the following equations:
(1,k) p11(r11x

l)q1k+[p11(r12x
l)+p12(r11x

l)]q2k+· · ·+[p11(r1kx
l)+p12(r2kx

l)+
· · ·+ p1k(r11x

l)]q11 = 0,
(2,k) p11(r11x

l)q2k+[p11(r23x
l)+p23(r11x

l)]q3k+· · ·+[p11(r2kx
l)+p23(r3kx

l)+
· · ·+ p2k(r11x

l)]q11 = 0,

...

(k-2,k) p11(r11x
l)q(k−2)k + [p11(r(k−2)(k−1)x

l) + p(k−1)(k−1)(r11x
l)]q(k−1)k+

[p11(r(k−2)kx
l) + p(k−1)(k−1)(r(k−1)kx

l) + p(k−2)k(r11x
l)]q11 = 0,

(k-1,k) p11(r11x
l)q(k−1)k + [p11(r(k−1)kx

l) + p(k−1)k(r11x
l)]q11 = 0.

Since p11R[x;σ]q11 = 0, we obtain p11(r11x
l)q(k−1)k + p(k−1)k(r11x

l)q11 = 0
from (k-1,k), and so

p11(r11x
l)q(k−1)k = −p(k−1)k(r11x

l)q11 ∈ p11R[x;σ] ∩R[x;σ]q11 = 0

by Lemma 3.5. Thus

(12) p11R[x;σ]q(k−1)k = 0 and p(k−1)kR[x;σ]q11 = 0.

By Eq.(12) and the induction hypothesis, (k-2,k) becomes p11(r11x
l)q(k−2)k +

p(k−1)(k−1)(r11x
l)q(k−1)k + p(k−2)k(r11x

l)q11 = 0, and so

(13) p11R[x;σ]q(k−2)k + p(k−1)(k−1)R[x;σ]q(k−1)k + p(k−2)kR[x;σ]q11 = 0.

Multiplying Eq.(13) by q11R[x;σ] on the left hand-side, we similarly get

q11R[x;σ]p(k−2)kR[x;σ]q11 = 0,

and hence p(k−2)kR[x;σ]q11 = 0 and thus

p11R[x;σ]q(k−2)k = −p(k−1)(k−1)R[x;σ]q(k−1)k ⊆ p11R[x;σ]∩R[x;σ]q(k−1)k=0

by the induction hypothesis and the above arguments. Then we have

p11R[x;σ]q(k−2)k = 0

and p(k−1)(k−1)R[x;σ]q(k−1)k = 0. Continuing this procedure yields

pijR[x;σ]qst = 0

for any 1 ≤ i, j, s, t ≤ k. Consequently, auijR[x;σ]bvst = 0 for any 1 ≤ i, j, s, t ≤
k, 0 ≤ u ≤ m and 0 ≤ v ≤ n. Thus AuSk(R)[x; σ̄]Bv = AuSk(R[x;σ])Bv = O
for any 0 ≤ u ≤ m and 0 ≤ v ≤ n. Therefore Sw(R) is σ̄-quasi-Armendariz
for any w ≥ 2. Similarly, it is shown that Vn(R) is σ̄-quasi-Armendariz for any
n ≥ 2.

(2) is proved by the same arguments as in the proof of (3)⇒(1) of Theorem
3.1. □

In general, Sn(R) and Vn(R) for n ≥ 2 are not semiprime rings, even if R is a
semiprime ring. But we get the following by [14, Theorem 10.19] and Theorem
3.6.
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Corollary 3.7. If R is a semiprime ring, then Sn(R) and Vn(R) for any
n ≥ 2 are quasi-Armendariz rings. If Sn(R) (or, Vn(R)) for n ≥ 2 is a quasi-
Armendariz ring, then R is a quasi-Armendariz ring.

For an endomorphism σ and a σ-ideal I of a ring R, σ̄ : R/I → R/I defined
by σ̄(a + I) = σ(a) + I for a ∈ R is an endomorphism of the factor ring R/I.
Note that Vn(R) ∼= R[x]/⟨xn⟩ by [15], where ⟨xn⟩ is an ideal of the polynomial
ring R[x] over R generated by xn. The next corollary follows directly from
Theorem 3.6.

Corollary 3.8. Let σ be an endomorphism of a ring R. If the skew polynomial
ring R[x;σ] of R is a semiprime ring, then the factor ring R[x]/⟨xn⟩ is σ̄-quasi-
Armendariz for n ≥ 2.

The following example shows that the homomorphic image of a σ-quasi-
Armendariz ring may not necessarily be σ̄-quasi-Armendariz.

Example 3.9. Let R = T (Z,Z4) be the trivial extension of Z by Z4, and
σ : R → R be defined by σ((a, s̄)) = (a,−s̄). Then R is σ-Armendariz by
[10, Example 1.10], and so R is σ-quasi-Armendariz. However, for a σ-ideal
I = {(a, 0̄) | a ∈ 4Z} of R, the factor ring R/I ∼=

{
(ā, b̄) | ā, b̄ ∈ Z4

}
is not

σ̄-quasi-Armendariz: Indeed, ((2̄, 0̄) + (2̄, 1̄)x)(R/I)[x; σ̄]((2̄, 0̄) + (2̄, 1̄)x) = 0,
but 0 ̸= (2̄, 0̄)(1̄, 0̄)(2̄, 1̄) ∈ (2̄, 0̄)(R/I)(2̄, 1̄), and so (2̄, 0̄)(R/I)[x; σ̄](2̄, 1̄) ̸= 0.

For a nonempty subset S of a ring R, we write rR(S) = {c ∈ R | Sc =
0} (resp., ℓR(S) = {c ∈ R | cS = 0}) which is called the right (resp., left)
annihilator of S in R.

Proposition 3.10. For an endomorphism σ of a ring R, if R is a σ-quasi-
Armendariz ring and rR(I) is a σ-ideal of R for an ideal I of R, then R/rR(I)
is a σ̄-quasi-Armendariz ring.

Proof. Let ā = a+rR(I) for a ∈ R. Suppose that p(x) = ā0+ ā1x+ · · ·+ āmxm,
q(x) = b̄0+b̄1x+· · ·+b̄nx

n ∈ (R/rR(I))[x; σ̄] with p(x)(R/rR(I))[x; σ̄]q(x) = 0̄.
We claim that āi(R/rR(I)[x; σ̄])b̄j = 0̄ for each i, j. From

p(x)(R/rR(I))[x; σ̄]q(x) = 0̄,

we get p(x)(r̄xt)q(x) = 0̄ for any r̄ ∈ R/rR(I) and nonnegative integer t. Hence
for 0 ≤ k ≤ m+ n,

∑
i+j=k aiσ

i(r)σt+i(bj) ∈ rR(I), and so

c ·
∑

i+j=k

aiσ
i(r)σt+i(bj) = 0

for any c ∈ I. Thus ca0rσ
t(b0)x

t + (ca0rσ
t(b1) + ca1σ(r)σ

t+1(b0))x
t+1 + · · ·+

camσm(r)σt+m(bn)x
m+n+t = (ca0 + ca1x+ · · ·+ camxm)(rxt)(b0 + b1x+ · · ·+

bnx
n) = 0, and so (ca0+ ca1x+ · · ·+ camxm)R[x;σ](b0+ b1x+ · · ·+ bnx

n) = 0.
Since R is σ-quasi-Armendariz, we have (cai)R[x;σ]bj = 0 for each i, j and
c ∈ I, and aiR[x;σ]bj ⊆ rR(I). Hence āi(R/rR(I)[x; σ̄])b̄j = 0̄ for each i, j, and
therefore R/rR(I) is σ̄-quasi-Armendariz. □
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Let σ be an endomorphism of a ring R and e an idempotent of R such that
σ(e) = e. Then the map σ̄ : eRe → eRe defined by σ̄(ere) = eσ(r)e for r ∈ R
is an endomorphism of eRe.

Proposition 3.11. Let σ be an endomorphism of a ring R and e2 = e ∈ R
with σ(e) = e. If R is σ-quasi-Armendariz, then eRe is σ̄-quasi-Armendariz.

Proof. Let p(x) =
∑m

i=0 aix
i and q(x) =

∑n
j=0 bjx

j in (eRe)[x; σ̄]. Suppose

that p(x)(eRe)[x; σ̄]q(x) = 0. Note that σ̄(e) = eσ(e)e = e, and so p(x)e = p(x).
For any r ∈ R and nonnegative integer t, p(x)rxtq(x) = p(x)(ere)xtq(x) = 0,
and so p(x)R[x;σ]q(x) = 0. Since R is σ-quasi-Armendariz, aiR[x;σ]bj = 0 for
each i, j. Hence, for any nonnegative integer t, 0 = aiRσt(bj) = (aie)Rσt(ebj)
= ai(eRe)σ̄t(bj), since p(x)e = p(x) and eq(x) = q(x). Thus ai(eRe[x; σ̄])bj =
0 for each i, j, and therefore eRe is σ̄-quasi-Armendariz. □

Corollary 3.12 ([5, Proposition 3.13]). If R is a quasi-Armendariz ring, then
for any nonzero idempotent e ∈ R, eRe is a quasi-Armendariz ring.

In [5, Theorem 3.16], it is proved that if R is a quasi-Armendariz ring, then
the polynomial ring R[x] over R is quasi-Armendariz. Finally, we extend this
result and generalize the result of [10, Proposition 2.3] to a σ-quasi-Armendariz
ring as follows.

Recall that if σ is an endomorphism of a ring R, then the map σ̄ : R[x] →
R[x] defined by σ̄(

∑m
i=0 aix

i) =
∑m

i=0 σ(ai)x
i is an endomorphism of the poly-

nomial ring R[x] and clearly this map extends σ.

Theorem 3.13. Let σ be an automorphism of a ring R with σt = idR for some
positive integer t. Then R is a σ-quasi-Armendariz ring if and only if R[x] is
a σ̄-quasi-Armendariz ring.

Proof. We extend the proof of [10, Proposition 2.3] to this case. Assume that
R is σ-quasi-Armendariz. Let p(y) = f0 + f1y + · · · + fmym and q(y) =
g0 + g1y + · · · + gny

n ∈ (R[x])[y; σ̄] with p(y)(R[x])[y; σ̄]q(y) = 0. We also let
fi = ai0 + ai1x + · · · + aiwx

iw , gj = bj0 + bj1x + · · · + bjvx
jv ∈ R[x] for each

0 ≤ i ≤ m and 0 ≤ j ≤ n. We claim that fi(R[x][y; σ̄])gj = 0 for all 0 ≤ i ≤ m
and 0 ≤ j ≤ n. Take a positive integer k such that k =

∑m
i=0 deg(fi) +∑n

j=0 deg(gj), where the degree is considered as polynomials in R[x] and the

degree of zero polynomial is taken to be 0. Let p(xtk+1) = f0 + f1x
tk+1 + · · ·+

fmxmtk+m and q(xtk+1) = g0 + g1x
tk+1 + · · · + gnx

ntk+n ∈ R[x;σ]. Then the
set of coefficients of the f ,

is (resp., g
,
js) equals the set of coefficients of p(xtk+1)

(resp., q(xtk+1)). Since p(y)(R[x])[y; σ̄]q(y) = 0, we have also p(y)rysq(y) = 0
for any r ∈ R and nonnegative integer s. Then f0rσ̄

s(g0)y
s + (f0rσ̄

s(g1) +
f1σ̄(r)σ̄

s+1(g0))y
s+1 + · · · + fmσ̄m(r)σ̄s+m(gn)y

s+m+n = 0. This implies that
(f0+ f1x

tk+1+ · · ·+ fmxmtk+m)rxs(g0+ g1x
tk+1+ · · ·+ gnx

ntk+n) = 0. Hence
p(xtk+1)R[x;σ]q(xtk+1) = 0. Since R is σ-quasi-Armendariz, aαR[x;σ]bβ = 0
for each 0 ≤ i ≤ m, 0 ≤ j ≤ n, 0 ≤ α ≤ iw and 0 ≤ β ≤ jv. Thus
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fi(R[x][y; σ̄])gj = 0 for all 0 ≤ i ≤ m and 0 ≤ j ≤ n. Therefore R[x] is
σ̄-quasi-Armendariz.

Conversely, assume that R[x] is σ̄-quasi-Armendariz. Let p(x) =
∑m

i=0 aix
i

and q(x) =
∑n

j=0 bjx
j in R[x;σ] such that p(x)R[x;σ]q(x) = 0. Since

p(x)rxsq(x) = 0

for any r ∈ R and nonnegative integer s, we have a0rσ
s(b0) = 0, a0rσ

s(b1) +
a1σ(r)σ

s+1(b0) = 0, . . ., amσm(r)σs+m(bn) = 0. Let p(y) = a0 + a1y + · · · +
amym, q(y) = b0+b1y+· · ·+bny

n ∈ (R[x])[y; σ̄]. For any r ∈ R and nonnegative
integer s, p(y)rysq(y) = a0rσ̄

s(b0)y
s+(a0rσ̄

s(b1)+a1σ̄(r)σ̄
s+1(b0))y

s+1+ · · ·+
amσ̄m(r)σ̄s+m(bn)y

m+n+s = 0. Thus p(y)R[y; σ̄]q(y) = 0, and so

p(y)(R[x])[y; σ̄]q(y) = 0

because yx = xy. Since R[x] is σ̄-quasi-Armendariz, we have ai(R[x][y; σ̄])bj =
0 for all i, j and so aiR[x;σ]bj = 0. Thus R is σ-quasi-Armendariz. □
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[3] M. Başer, F. Kaynarca, T. K. Kwak, and Y. Lee, Weak quasi-Armendariz rings, to

apperar in Algebra Colloq.
[4] W. Cortes, Skew Armendariz rings and annihilator ideals of skew polynomial rings,

Algebraic structures and their representations, 249–259, Contemp. Math., 376, Amer.
Math. Soc., Providence, RI, 2005.

[5] Y. Hirano, On annihilator ideals of a polynomial ring over a noncommutative ring, J.
Pure Appl. Algebra 168 (2002), no. 1, 45–52.

[6] C. Y. Hong, N. K. Kim, and T. K. Kwak, Ore extensions of Baer and p.p.-rings, J.
Pure Appl. Algebra 151 (2000), no. 3, 215-226.

[7] , On skew Armendariz rings, Comm. Algebra 31 (2003), no. 1, 103–122.
[8] , On quasi-rigid ideals and rings, Bull. Korean Math. Soc. 47 (2010), no. 2,

385–399.
[9] C. Y. Hong, N. K. Kim, and Y. Lee, Skew polynomial rings over semiprime rings, J.

Korean Math. Soc. 47 (2010), no. 5, 879–897.

[10] C. Y. Hong, T. K. Kwak, and S. T. Rizvi, Extensions of generalized Armendariz rings,
Algebra Colloq. 13 (2006), no. 2, 253–266.

[11] A. A. M. Kamal, Some remarks on Ore extension rings, Comm. Algebra 22 (1994), no.
10, 3637–3667.

[12] N. K. Kim and Y. Lee, Armendariz rings and reduced rings, J. Algebra 223 (2000), no.
2, 477–488.

[13] J. Krempa, Some examples of reduced rings, Algebra Colloq. 3 (1996), no. 4, 289–300.
[14] T. Y. Lam, A First Course in Noncommutative Rings, Springer-Verlag, New York, 1991.



QUASI-ARMENDARIZ PROPERTY FOR SKEW POLYNOMIAL RINGS 573

[15] T. K. Lee and Y. Q. Zhou, Armendariz and reduced rings, Comm. Algebra 32 (2004),
no. 6, 2287–2299.

[16] J. Matczuk, A characterization of σ-rigid rings, Comm. Algebra 32 (2004), no. 11,
4333–4336.

[17] K. R. Pearson and W. Stephenson, A skew polynomial ring over a Jacobson ring need
not be a Jacobson ring, Comm. Algebra 5 (1977), no. 8, 783–794.

[18] M. B. Rege and S. Chhawchharia, Armendariz rings, Proc. Japan Acad. Ser. A Math.

Sci. 73 (1997), no. 1, 14–17.

Muhittin Başer
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