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FREE ALGEBRAS OVER A POSET IN VARIETIES

Aldo Figallo, Jr. and Alicia Ziliani

Abstract. In 1945, the notion of free lattice over a poset was introduced
by R. Dilworth (Trans. Am. Math. Soc. 57 (1945), 123–154). In this

note, a construction of the free algebra over a poset in varieties finitely
generated is shown. Finally, this result is applied to different classes of
algebras.

1. Introduction

In 1945, R. Dilworth ([7]) introduced the notion of free lattice over a poset.
Later on, this subject was studied by many authors and in different classes
of algebras. Analyzing some of them, we realized that there are certain simi-
larities, not only in the construction but also in the structure of the varieties
considered. In this sense we can assert that:

(i) Each variety is generated by an algebra and it has an underlying or-
dered structure definable by means of certain equations in terms of the
operations of this algebra.

(ii) If I is an ordered set and A is the algebra which generates the variety,
then the first step in the construction of the free algebra L(I) over I is
to consider the set of all increasing functions from I to A.

(iii) All the constructions mentioned above are strongly based on the fact
that the algebras of these varieties can be represented by algebras of
sets.

In what follows, we will focus on varieties of algebras that have an underlying
ordered structure definable by means of certain equations pi(x, y) = qi(x, y),
1 ≤ i ≤ n which are in terms of the operations of the algebra. For example,
that is the case of Hilbert algebras ([6]) where the order is given by a single
equation where p1(x, y) = x → y and q1(x, y) = x → x or that of distributive
lattices in which we can consider p1(x, y) = x∧ y, q1(x, y) = x (or equivalently
by p1(x, y) = x ∨ y, q1(x, y) = y).
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Let V be a variety of algebras under the above conditions. Then, the notion
of free algebra over a poset I in V can be defined as follows.

Definition 1. A V-algebra LV(I) is free over I if it verifies these conditions:

(L1) there is an order–embedding g : I → LV(I) such that LV(I) = [g(I)]V,
where [X]V is the V-subalgebra of LV(I) generated by X,

(L2) for each V-algebra A and each increasing function f : I → A, there is
a homomorphism h : LV(I) → A such that h ◦ g = f .

Construction

Now, we will determine the structure of LV(I) in the particular case that
the variety V is generated by n algebras Si, n ∈ N, such that C =

∏n
i=1 Si is

not an antichain.
Let E be the set of all increasing functions from I to the V-algebra C and

let g : I → CE be defined by g(i) = Gi, where Gi(f) = f(i) for all f ∈ E and
i ∈ I. Then, L = [G]V is the free V-algebra over I, where G = {Gi : i ∈ I}.
Indeed, it follows easily that i ≤ j implies Gi ≤ Gj for all i, j ∈ I. On the
other hand, suppose that there are i, j ∈ I such that Gi ≤ Gj and i ̸≤ j. Now,
let us consider a, b ∈ C, a < b and define f∗ : I → C by

f∗(k) =

{
b if k ≥ i
a otherwise.

Hence, we have that f∗ ∈ E, f∗(i) = b and f∗(j) = a. These statements
imply that Gi(f

∗) ̸≤ Gj(f
∗), which is a contradiction. Thus, g is an order–

embedding. Besides, by the definition of g we get that G = g(I) and so,
L = [g(I)]V. Therefore, (L1) holds.

Now we assume that A is a V-algebra and f : I → A is an increasing
function. Since V is the variety generated by C, we have that A is isomorphic
to a subalgebra A∗ of CX , where X is an arbitrary set. Then, there is an
isomorphism φ : A → A∗ defined by the prescription φ(a) = Ha, where Ha ∈
CX for all a ∈ A and so, let us consider the function φ∗ = φ ◦ f , where
φ∗(i) = φ(f(i)) = Hf(i). We claim that there is a homomorphism h : L → A∗

such that h ◦ g = φ∗. Indeed, for each x0 ∈ X we define αx0 : I → C by
αx0(i) = Hf(i)(x0). Then, we infer that αx0 ∈ E. This assertion allows us to
consider the function k : X → E, defined by k(x) = αx for all x ∈ X. Hence,
it is routine to check that h : L → CX where h(F ) = F being F (x) = F (k(x))
is a homomorphism. Moreover, we have that (h ◦ g)(i) = h(Gi) = Gi. Thus,
for all x ∈ X we infer that Gi(x) = Gi(k(x)) = Gi(αx) = αx(i) = Hf(i)(x) =
φ∗(i)(x), which enable us to conclude that (h ◦ g)(i) = φ∗(i) for all i ∈ I.
Finally, we have that h(L) ⊆ A∗. Indeed, since L′ = {F ∈ CE : h(F ) ∈ A∗} is
a V-subalgebra of CE and Gi ∈ L′ for all i ∈ I, then L ⊆ L′ and consequently
h(L) ⊆ A∗. Therefore, (L2) holds.
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Remark 2. (i) If I is an antichain, the notion introduced in Definition 1
coincides with the usual one of free algebra given in universal algebra.

(ii) From (i) and taking into account that we are dealing with varieties,
Birkhoff’s theorem (see [2]) should be verified. This means that LV(I)
∈ V, but this is not true. Indeed, let us consider the variety V(Z)
generated by the set Z of all integers and let J be the chain with two
elements. Then, we have that LV(J) ̸∈ V(Z).

(iii) If the algebra C, described as above, is an antichain then LV(I) ∈ V if
and only if I is an antichain.

In what follows we will apply the results obtained above to the varieties
of 2-valued implicative semilattices and that of Hilbert algebras generated by
finite chains.

2-valued implicative semilattices

Notice that (n + 1)-valued modal implicative semilattices were introduced
and studied in [3]. Based on this notion, in n = 2 case, we will call SI2-
algebras the one defined as algebras ⟨A,→,∧, 1⟩ of type (2, 2, 0) which verify
the following identities:

(IS21) x → x = 1,
(IS22) (x → y) → y = y,
(IS23) x → (y ∧ z) = (x → z) ∧ (x → y),
(IS24) x ∧ (x → y) = x ∧ y,
(IS25) ((x→y)→x)→x = 1.

The variety of these algebras will be denoted by IS2 and it is generated by
the algebra S = ⟨{0, 1},→,∧, 1⟩, where 0 < 1, x ∧ y is the infimum of x, y and
→ satisfies the identities 0→x = 1 and 1→x = x.

Our next aim is to describe the free IS2-algebra over a poset. From now
on, if X is poset and Y ⊆ X, we will denote by [Y ) the set of all x ∈ X such
that y ≤ x for some y ∈ Y .

Lemma 3. Let LIS2(I) be the free algebra over a poset I. Then, LIS2(I) =
[
∧

i∈I Gi).

Proof. Let F,H ∈ [
∧

i∈I Gi). Then, taking into account that H ≤ F →H we
have that F →H ∈ [

∧
i∈I Gi). Besides, F ∧H ∈ [

∧
i∈I Gi) and so, [

∧
i∈I Gi) ∈

IS2. On the other hand, as Gi ∈ [
∧

i∈I Gi) for all i ∈ I we conclude that
LIS2(I) ⊆ [

∧
i∈I Gi). The proof of the other inclusion is straightforward. □

Let us consider the poset I illustrated in Figure 1.
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Then, the algebra LIS2(I) is the one indicated in Figure 2:
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where ga, gb and gc are the generators of this algebra.
Our next task is to determine the cardinal number of the free IS2-algebra

over a poset I when I is an antichain with n elements and it will be denoted
by LIS2(n).

From Lemma 3, LIS2(n) is a Boolean algebra. Then, we have that

LIS2(n) ≃
∏

D∈E(LIS2 (n))

LIS2(n)/D,

where E(LIS2(n)) is the set of all maximal deductive systems of LIS2(n).
Therefore,

LIS2(n) ≃ B2
α,

where α = |E(LIS2(n))| is the cardinal number of E(LIS2(n)) and B2 is the
Boolean algebra with two elements. Thus, in order to obtain LIS2(n) we will
calculate α. First, let us observe that

∧
i∈I Gi ̸∈ M for all M ∈ E(LIS2(n)).
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On the other hand, let β : Epi(LIS2(n),B2) −→ E(LIS2(n)) be the function
defined by β(H) = Ker(H), where Ker(H) = {f ∈ LIS2(n) : H(f) = 1}.
Then, it is simple to verify that β is bijective and so, we infer that

|E(LIS2(n))| = |Epi(LIS2(n),B2)|.
Let H ∈ Epi(LIS2(n),B2) and H = H|G : G → B2. Since

∧
i∈I Gi ̸∈

Ker(H), we have that

0 = H(
∧
i∈I

Gi) =
∧
i∈I

H(Gi).

Therefore, there is i0, 1 ≤ i0 ≤ n, such that H(Gi0) = 0. Then, if we
consider the set

F = {f : G→B2 : f(Gi) = 0 for some i, 1 ≤ i ≤ n}
it follows that |Epi(LIS2(n),B2)| = |F | and so, we deduce that

α = |F | = 2n − 1.

Therefore,

LIS2(n) ≃ B2
2n−1.

Theorem 4. Let LIS2(n) be the free IS2-algebra over a poset I where I is an
antichain and |I| = n. Then |LIS2(n)| = 22

n−1.

Hilbert algebras generated by finite chains

A. Diego was one of the authors who made a fundamental contribution to
the development of the theory of Hilbert algebras and his researches can be
found in ([5]) (see also [4], [6]). From the results obtained by this author on
the topic under consideration, it is worth mentioning the determination of the
free Hilbert algebras with a finite set of free generators. Following A. Diego,
by a Hilbert algebra we mean an algebra ⟨A,→, 1⟩ of type (2, 0) satisfying the
identities:

(H1) x→x = 1,
(H2) 1→x = x,
(H3) x→(y→z) = (x→y)→(x→z),
(H4) (x→y)→((y→x)→x) = (y→x)→((x→y)→y).

It is well known that by adding Ivo Thomas’s identity:

(Tn) Tn(x0, . . . , xn−1) = βn−2 → (βn−3 → (· · ·→ (β0 → x0) · · · )) = 1, where
βi = (xi→xi+1)→x0 for all i, 1 ≤ i ≤ n− 2,

to these algebras we obtain the variety of Hilbert algebras generated by a chain
with n elements which we will denote by Hn. These algebras were considered
by J. Berman and W. Blok in [1], where they showed the cardinal number of
the finite free algebra with a finite set of free generators.

Now, taking into account the construction above indicated, we determine the
algebra LH3(I). Figure 3 illustrated the poset I and the algebra C3 = {0, 1

2 , 1}
which generates this variety:



548 ALDO FIGALLO, JR. AND ALICIA ZILIANI

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

...

• a

• b

I

Figure 3

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

......

• 0

• 1
2

• 1

C3

Then, the free algebra LH3(I) over the poset I is the one indicated in Figure
4:
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where g1 and g2 are the free generators of this algebra.
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