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8-RANKS OF CLASS GROUPS OF IMAGINARY
QUADRATIC NUMBER FIELDS AND THEIR DENSITIES

HwaNyUuP JUNG AND QIN YUE

ABSTRACT. For imaginary quadratic number fields F' = Q(\/ép1 - - - pt—1),
where € € {—1,—2} and distinct primes p; = 1 mod 4, we give conditions
of 8-ranks of class groups C(F) of F equal to 1 or 2 provided that 4-ranks
of C'(F) are at most equal to 2. Especially for F' = Q(,/ep1pz), we com-
pute densities of 8-ranks of C(F') equal to 1 or 2 in all such imaginary
quadratic fields F'. The results are stated in terms of congruence relations
of p; modulo 2™, the quartic residue symbol (%)4 and binary quadratic

forms such as p;+<2p1)/4 = 22 — 2p1y?, where h4(2p1) is the narrow
class number of Q(v/2p1). The results are also very useful for numerical

computations.

1. Introduction

It is a classical topic to study the structure of 2-primary subgroups of the nar-
row class groups C (F') for quadratic number fields F ([1, 2, 3, 9, 12, 13, 14]).
Gerth gave a method to compute their densities ([4, 5, 6, 15, 16]). By genus
theory, we have known 2-rank of C'y (F'); by Rédei’s matrix, we have got 4-rank
of C (F') clearly. In this paper, we always assume that F' = Q(,/ep1 - pi—1),
where e € {—1, —2}, are imaginary quadratic number fields with distinct primes
p; = 1 mod 4. We will mainly obtain conditions for 8-ranks of class groups
C(F) equal to 1 or 2 provided that 4-ranks of C(F)) are at most equal to 2.
Especially for F' = Q(,/ep1pz), we compute densities of 8-ranks of C(F’) equal
to 1 or 2 in all such fields.

In §2, we describe some well-known facts. We support the degree 4 extension
N, over K = Q(v/2p;1) with prime p; = 1 mod 8, in which all finite primes of K
are unramified. We set up relations between the Galois group Gal(Ny/K) and
the narrow class group C4 (K) of K. We represent general Legendre symbols
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1250 H. JUNG AND Q. YUE

by binary quadratic forms ¢"+r)/4 = 22 — 2py? and :I:p;“r@pl)/4 =222 — p1y?
over Z, where hy(2p;) is the narrow class number of K. Meanwhile, we give
some quartic reciprocity laws.

In §3, we investigate 8-ranks of class groups C(F) for imaginary quadratic
fields I' = Q(y/Ep1-- pi—1), where ¢ € {—1,—2} and distinct primes p; =
1 mod 4. We give the necessary and sufficient conditions for 8-ranks of C(F')
equal to 1 or 2 provided that 4-ranks of C(F') are at most equal to 2. Their
results are expressed by congruence relations of p; modulo 2", general Legendre
symbols and quartic residue symbols (£*)4, ( 2}%)4 (see [10]). These results are
very useful for numerical calculations.

In §4, especially for F' = Q(,/p1pz), we compute densities for 8-ranks of
C(F) equal to 1 or 2 in such quadratic number fields (Theorem 4.1).

We use the following notation:
Or ring of integers of a quadratic number field F' = Q(v/d),

C(F),C+(F) 1ideal class group, narrow ideal class group of F,
h(d), h+(d) class number, narrow class number of F' = Q(v/d),

Pa ideal of F' over an integer a € Z,

[Pa] class of an ideal p, € Op in Cy(F),

t ideals of F' = Q(v/d) over prime 2,

2A subgroup of elements of order < 2 of an abelian group A,

ron (A) 2™-rank of A,

Rp Rédei’s matrix of F,

At set of primes p = 1 mod 8 represented by 2 + 32y over Z,

A~ set of primes p = 1 mod 8 not represented by =2 + 3242 over Z,
Bt set of primes p = 1 mod 8 represented by =2 + 64y over Z,

B~ set of primes p = 1 mod 8 not represented by 2 + 64y% over Z,
(B), (B)4 Legendre symbol, quartic residue symbol.

q q

2. Preliminaries

First, for a prime p; = 1 mod 8, we find the cyclic extension N of degree 4
over K = Q(y/2p1), in which no finite prime of K ramifies. In terms of norm
from L = Q(v/2) over Q, p; = u? — 2w? with u;,w; € Z and, without loss of
generality, we shall always assume that

7r1:u1+w1\/§€LWithu1£1mod4, w1 = 0 mod 4,

which is called a primary element in L. In fact, w; is even and we can multiply
u1 4+ w12 by the element (1 +1/2)? = 3 4+ 2/2 of norm 1, if necessary. By
genus theory, 2-primary subgroup of the narrow class group C, (K) of K is a
cyclic and 4|hy(2p1). Let Np = Q(V2,/p1,/71). It is clear that Ny is a
normal extension of degree 8 over Q. Consider the tower of relative quadratic
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extensions:
N, = @(\/5’ VD1, \/7T1)
|
K =Q(V2, /p1)
|
K =Q(v2p1)
|
Q.
Let t and p; be the prime ideals of K over 2 and p;, respectively. We can verify
that t and p; are unramified in Ny, so all finite primes of K are unramified in
N, (in details, see [3]). Moreover, if p; € A", then u; € N by [1], so Ny is the
unramified cyclic extension of degree 4 over K.
Let po = 1 mod 8 be a prime. Then py = u2 — 2w? with uy, wy € Z, and

7r2:uQ+w2\/§€LWithu251mod4, we = 0 mod 4.

Suppose (g—;) = 1, so ps splits completely in K;. Let pj = mo0p, = (m2) be a
prime ideal of L over py and P; be a prime ideal of K; over ph, i.e., pj|p2 and

Palph. Then O, /P2 = O /ph = Z/(p2). Hence the general Legendre symbol

(I8, p. 196]) o .
(5.)= ()

which is denoted by (Zt). In fact,

T
U1 2 _ . .
— ) =1<& 2* = m; mod mo O, has a solution in Op,.
2

Since Op/py = Z/(p2) and (BL) =1, (Z1) = (7), where ™1 = uy — w2 is
the conjugate element of 7. Hence po splits completely in L; = Q(v/2, V/71)
if and only if (Z2) = 1. By the reciprocity law ([8, Theorem 165]), we have
(2%) = (%2). Therefore p, splits completely in N, if and only if (Z2) = 1. We

have proved:

Lemma 2.1. Let p; = ps = 1 mod 8 be primes with (;’—;) =1 and m,m be
defined as above. Then
(i) p2 splits completely in Ny if and only if (%) =1.

(ii) p2 splits completely in K1 but does not in N if and only if (71) = —1.

In the following, we use the binary quadratic form to describe the value of
(%%). Let Hi(K) be the narrow Hilbert class field of K, which is the maxi-
mal abelian extension over K in which no finite prime of K ramifies. Then
Gal(Hy(K)/K) = C4(K) and K C K; C Ny C Hy(K). Especially, if
p1 € AT, then N, C H(K), which is the Hilbert class field of K. By re-
striction there is an epimorphism: C4(K) — Gal(N4/K), where Gal(N4 /K)
is cyclic of order 4. Hence

O (K)/C. (K)* = Gal(N. /K)



1252 H. JUNG AND Q. YUE

and analogously

O (K)/C4 (K)? = Gal(K, /K).
Let p be a prime ideal of O. We have that p splits completely in N, <
the Artin symbol (%) =1¢€ Gal(Ny+/K) & [p] € CL(K)* (see [11, p.
104]). Let ps be a prime ideal of Okg over ps. Then we conclude that po
splits completely in Ny < (T1) = 1 & [po] € C1(K)* & [po]+(P1)/4 =1 &
p;+(2p1)/4 = 22 — 2pyy? for some z,y € Z.

Let t and p; be prime ideals of Ok over 2 and p;, respectively. By genus
theory, [t], [p1] and [tp1] are of order at most 2 and only one of them is the unit
in C4(K). Suppose [t] is of order 2. Then we have that ps splits completely
in K7 but does not in Ny < (71) = -1 & [po] € C+(K)? and [ps] ¢ Cy(K)*
& [fpa)h+@r/4 = 1 € O (K) < phtP/% = 222 — poy? for some 2,y € Z.
Suppose [t] = 1 and [p] is of order 2. Then, similarly, we have that (71) = —1
& [p][pe]+ P/t =1 € O (K) & p’;+(2p1)/4 = p122 — 2y? for some z,y € Z.
Hence we have proved:

Lemma 2.2. Let py = p2 = 1 mod 8 be primes with (2

p1
P2
(i) (2) =1 if and only z‘fp’2"‘+(21’1)/4 _
(i) (

) = —1 if and only if ipg+(2p1)/4 = 222 — p1y? for some z,y € Z.
Moreover, for p» = u3 — 2w = 1mod 8, we have that (32) = 1 = (

Since py = 2(up + w2)? — (uz + 2wy)? and uy + wy = wa(1 — /2) mod Oy,
by [1], we conclude that

)=1. Then

=

2% — 2p1y? for some x,y € Z.

SEN]

wa )
T

) (1)

p2€A+<:>U2>O,U2+w2>O<:><
b2 T2

2
(ﬂ):lﬁ(—) =1&p,e BT,
b2 b2/ 4

Now we describe some results about quartic reciprocity law. Let p1 = ps =
1 mod 4 be distinct primes. Then p; = a +b%,ps = a3 +b3, by = by = 0 mod 2,
over Z in terms of norm from L; = Q(i), where i = v/—1. We shall always
assume that

A1 = aq + by, Ao = as + iby with a1 + by = as + by = 1 mod 4,

which are called primary elements in L;.
For any a € Z[i] with A1 1 «, there exists a unique integer j (0 < j < 3)
such that

N(Ap)—1 y
a & =14/ mod \Or, .

We will define by (%)4 = 4/ the quartic residue symbol of & modulo A\;. There
is a fact that (%)4 = 1 if and only if 2* = py mod p; has a solution with x € Z,
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which is denoted by (%)4 = 1. There is the law of quartic reciprocity (see [10,

p.123)):

Lemma 2.3. Let py = p = 1 mod 4 be distinct primes, p1 = a3 + b3, py =
a% + b%, and A1 = a1 + ib1, Ao = ag + ibs be primary elements as above.

(i) If(%) =1, then (B)4(22), = (%)

P2 p1
(ii) Suppose p1 = ps = 5 mod 8 and (Z—;) = —1. Then

(), (), = 5 (22)

where we take a1 + b1 = as + bs =1 mod 8.

Proof. (i) Let p1 = A A1 and ps = Ao, where A; and o are the conjugate
elements of A\; and As, respectively. By the quartic reciprocity law, we have

(5).0,= (.8, = GDUELG.R),

A
/\72 _
%)4(%)4 - (%)’

|
/N
>/‘>/
= [
N—
- [V
/N

where (32)4(32)s = 1.

(ii) Similarly, we have that
(5).G2). - ().,
- ()\12/\2)4(%)4(%)4
A
- (A12A2>4<f)'

Since p; = 5 mod 8 and 2p; = (a3 +b1)? + (a1 — by)?, we assume that a; + by
1mod 8 and a; — by = 5 mod 8. Similarly, we may assume that as —|—'b2
1mod 8 and az — by = 5mod 8. By [10, p. 136, Ex.37], we have (%1)4

j(ar=bi=bi=1/4_Gince 2 = 3(1 4 i)? and ()4 = i@ D/, we have

2 2 ,3(p171+p2*1)+a1*b1*b%*1+a2*b2*b§*1 . P1t+p2—2
<7) <7) _ Ay : _ g
/\1 4 /\2 4

In fact, since a; +b; = as+by = 1 mod 8, a; —by — b3 —1 = a; +by — (by +1)?
0 mod 8 and az — by — b3 — 1 = ay + by — (ba + 1)?> = 0 mod 8.

o
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3. Elements of order 8

Let F = Q(v/D) be a quadratic field and D be the discriminant of F.
The prime discriminant is either p* = (—1)(1’_1)/2]9 if p is an odd prime or
p* = —4,8, -8 if p = 2. Then D has the unique decomposition D = pj - - - pf
into a product of prime discriminants and p; = 2 if 2|D. By genus theory,
ro(C(F)) =t —1.

We will denote by (%) the Legendre symbol if p is an odd prime and by (%)
the Kronecker symbol. If () = (=1)* with a € Fs, we shall write (3)" = a.
Then the Rédei matrix Rp = (a;;) of F is the ¢ x t matrix with a;; € Fo given
by

Dar, for 1 <i,j<t.
D /p; ep s . > b0J) =
(BLy ifi=j,

B {(”é)’ if i # j,
aij =

Note that the sum of all rows of R is equal to 0. Let R be the (¢t — 1) x ¢
matrix obtained from Rp by deleting the ¢-th row. Then rank Ry = rank Rp,
where the rank is always meant to the rank over Fs.

Let D(F) be the set of all positive square-free divisors ¢ of the discriminant
D. Then D(F) is an elementary abelian 2-group with multiplication ¢q; - g2 =
7162/ (q1,q2)%, where (q1,q2) is the greatest common divisor of g1, qz. For q €
D(F), we define X, = (z1,...,2:)T € F§ by

1 if p;lg,
T, = Tp|q for 1 <i<t.
0 ifpifg,

Then we have that RpX, = 0 & (1) =1 for every odd prime p|(D/q) and
(_[;/q) = 1 for every odd prime p|g < 2* — Dy* = ¢z* is solvable over Z &
q € D(F) N Npjg(F*). Hence,

0:D(F)N Npjg(F*) = {Xq: Rp X, =0}, ¢ — X,

is an isomorphism. By genus theory, a : D(F) N Np/g(F*) — 2C(F) N C(F)?
is surjective and |Ker(a)| = 2. We have the Rédei’s criterion:

’/’4(O+(F)) = TQ(D(F) n NF/Q(F*)) —1=t¢t—1—rank Rp.

We know the method of Rédei’s matrix to determine the solutions of the Dio-
phantine equations gz = x2 — Dy? over Z. For convenience, if it has a non-
trivial solution over Z, then it will be called solvable.

Let F = Q(v/—d) be an imaginary quadratic field with d = p; ---p;_; and
distinct primes p; = 1 mod 4. Then the narrow class group C. (F) is just the
class group C(F) and ro(C(F)) =t — 1 by genus theory. The Rédei’s matrix
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of F'is
D/p; e :
( I{fl)l (Ppll)/ (%),
81 Br= p. / D/pi_i v p' , :<0 ( pO: )/)7
(ptil) (T,;) (pt%l) 1 Pt—1
o .- 0 (L
P1Pt—1

where p; = 2 and M is equal to the (¢t — 1) x (¢ — 1) Rédei’s matrix Rg of the
real quadratic field E = Q(v/d).

Proposition 3.1. Let F' = Q(v/—d) be an imaginary quadratic field with d =
p1---pi—1 and distinct primes p; = 1 mod 4 (t > 3). Let E = Q(v/d) be a real
quadratic field. Then

(i) r4(C(F)) =0 if and only if d =5 mod 8 and r4(C4(E)) = 0.

(ii) r4(C(F)) =7r (1 <r <t —1) if and only if either r4(C+(E)) =r —1
and ¢ = 1 mod 8 for each ¢ € D(E) or r4(C4+(E)) = r and there is
some q € D(E) such that ¢ =5 mod 8.

Proof. (i) Since p; =1 mod 4 for 1 <i <t —1, Rg is a symmetric matrix and
rank Ry < t — 2. By Rédei’s criterion, r4(C(F)) =0 & rankRp =t — 1 &
rank Rp =t — 2 and (Pl'”it—l) =-1<ry(C+(F)) =0and d =5 mod 8.

(ii) Suppose r4(C(F)) = r, so rank Rp =t — 1 — . Note that the sum of all
row vectors of Rg is equal to zero vector. We have that rank Rp =t — 1 —r if
and only if either rank R =t — 1 — r and the vector « is linearly represented
by column vectors of Rg in (3.1) or rank Rg = ¢t — 1 —r — 1 and « is not
linearly represented by column vectors of Rg. We only need to prove that «
is linearly represented by column vectors of Rg if and only if ¢ = 1 mod 8 for
each ¢ € D(E).

If « is linearly represented by column vectors of Rg and ¢ = p; -+ - ps € D(E)
(s <t—1), then RgX, = 0, where X, is a vector corresponding with ¢ € D(E).
Hence, since Rg is a symmetric matrix, the addition with the first s columns
(rows) of Rp is equal to zero vector, so (pl_?_ps) =1,ie,q=p1-ps =

1 mod 8.

Conversely, since d = py---pi—1 € D(F), d = 1 mod 8 and (pl___itil) =1,
we need prove rank(Rp,«) = rank Rg. Without loss of generality, we assume
that the first k =t —1—7r rows 1, ..., Bx of Rp is a maximal subset of linearly

independent of all rows of Rg. If, for a row §; (k <i <t —1) of R, we have
Br+ -+ Br+ Bi =0, then ¢ = py - ppp; € D(E) and ¢ = 1 mod 8. Let

B (2
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Then (£)' + -+ (=) + () = 0 and rank M = k, so the last row of M’ is
linearly represented by the first k rows of M’. Hence rank(Rg,a) = rank Rg
and « is linearly represented by column vectors of Rg. ([l

Write D*(F') = D(F) N Npg(F*) for simplicity.

Remark 3.2. By the process of proving Proposition 3.1, we have that
(i) r4(C(F)) = r4(C+(E)) if and only if D*(F) = D*(E);
(ii) r4(C(F)) = r4(C4+(F))+1 if and only if there is some ¢|p; - - - p;—1 such
that 2¢2z% = 2% + p1 - - - ps_1y? is solvable if and only if 2¢q € D*(F).

By Proposition 3.1, we have that r4(C(F)) = 1 if and only if one of the
following conditions holds:

(1) rank Rp = rank R + 1 =t — 2 and D*(F) = D*(F) = {1,q1, g2, d},
where at least one of g1 = p1 -+ p, and g2 = pry1 - - pr—1 is congruent
to 5 modulo 8 (1 <r <t—1);

(2) rank Rp = rankRg =t —2 and p1---pi—1 = 1 mod 8, so D*(F) =
{1,2q1,2q2,d}, where ¢ =p1---prand ¢g = pry1 - pr—1 (0 <r <t—1
and ¢y =1if r =0).

Theorem 3.3. Let ' = Q(de), where d = py---p_1 with distinct primes
p; = 1 mod 4, be an imaginary quadratic field and r4(C(F)) = 1.
(i) Suppose D*(F) = {1,q1,q2,d}, where g = p1---p, = 1 mod 8 and
G2 = Pri1-pe—1 =5 mod 8. Thenrs(C(F)) =1 if and only if (£), =
1.
(ii) Suppose D*(F) = {1,q1,q2,d}, where ¢ = p1---p, = 5mod 8 and
G2 = pra1--pi—1 = d5mod8. Then rg(C(F)) = 1 if and only if
(22)5(2), = 1.
(i) Suppose D*(F) = {1,2q1,2q2,d}, where g = p1---p, = 5 mod 8 and
g2 = pry1---Pi—1 = 5 mod 8. Then rs(C(F)) =1 if and only if either
d = 9mod 16 and (%)4(%)4 = —1 or either d = 1 mod 16 and
(%)4(%)4 =1
(iv) Suppose D*(F) = {1,2q1,2q2,d}, where g1 = p1---pr = 1 mod 8 and
G2 = Pra1- - Pi—1 = 1L mod 8. Then rs(C(F)) = 1 if and only if either
d = 1mod 16 and (%)4(2&)4 = —1 or either d = 9mod 16 and

9 9 q1
(2)a(22), = 1.

Proof. (i) Suppose rank Rp =t —2, D*(F) ={1,q1,¢2,d} and ¢1 = p1---p, =
1mod 8, ¢ = pry1---pr—1 = 5 mod 8. Then the sum of the first  row vectors
of Ry is equal to zero vector. Let q2 = q;Op. Then 1 # [q1] € 2C(F)NC(F)2.
By Rédei’s criterion, 22 = ¢;22 + qoy? has a relatively prime solution (z,y, z) =
(a,b,c) over N, so [q1] = [c]> € C(F)?, where ¢ is an ideal of Of over c.
Since ¢? = q1a? + ¢2b? and ¢ = 1 mod 8, we have that the Jacobi symbols
(q%) = land (=) = (£)4, where (£2)s = ()a---(12)s. We conclude that
rs(C(F)) =1 & [q1] € C(F)* & [c][m] € C(F)?, where m is an ambiguous



8-RANKS OF CLASS GROUPS OF IMAGINARY QUADRATIC NUMBER FIELDS 1257

ideal of F over m|2d < mcz? = 22 + dy? is solvable over Z < the following

system of equations is solvable over [y

RpX =

(Pti1 )/
& (q%) = (rf_pr) =1= (q%)4 (since rank Ry, =t — 2).

(ii) Suppose rank Rp = t — 2, D*(F) = {1,q1,¢2,d} and ¢1 = p1---p, =
5mod 8, g3 = pry1---pi—1 = Hbmod 8. Then the sum of the first t — 1 row
vectors of Rg is equal to zero and the sum of the first » row vectors of M is
also equal to zero. Let 22 = q12? + goy? have a non-trivial solution (x,y,2) =
(a,b,c) over N. Then, by Rédei’s criterion, r4(C(F)) = 1 and 1 # [q1] =
[c]? € ,C(F)NC(F)?, where q2 = ¢;Op and ¢ is an ideal of F over c. Since
¢1 = ¢2 = 5 mod 8, without loss of generality, ¢ = q1a® + 4202, where b = 2/
and ¢ = b = 1 mod 2. Hence the Jacobi symbol (i) =1= (3—1) = —(q%).
Since ¢ = qra® + g2b%, we have that (q%) = (3—3)4((1%) and (q%) = (3—2)4((%).
Similarly, we conclude that

rs(C(F)) =1 < ECF4©<—>:<£>@($> (qﬁ) - 1

s(C(F)) [a1] € C(F) o - AN

(iii) Suppose rank Rp = t — 2 and D*(F) = {1,2¢,2q2,d}, where ¢; =
p1---pr = bmod 8 and ¢2 = pry1---pi—1 = H5mod 8. Then the sum of the

first £ — 1 row vectors of Rp is equal to zero vector, i.e., (Pl“'QPf—l) = 1. Let

222 = g2 + g2y? have a non-trivial solution (z,y, z) = (a,b,c) over N, where
a,b,c are all odd. Then 1 # [tq;] = [¢]?> € C(F)?, where t* = 20, q} = ¢ OF,
and ¢ is an ideal of F over ¢. Since 2¢? = ¢a? + ¢2b?, we have that Jacobi
symbols (%) = (2%) =1 and

()= CGO.G) ) =GO.G)

Since (q1a)? + db? = 2¢1¢*> = 10 mod 16, we have that d = 9 mod 16 < 9a? +

c

9v> = 10mod 16 < ab = £3mod 8 & (2) = —(2) & (o) = —(q%); in
other word, d = 1mod 16 < (1) = (q%). We conclude that rg(C(F)) = 1
& [tn] € C(F)* & (§) =1, ie, () = () « either d = 9mod 16 with

(%)4(%)4 = —1or d=1mod 16 with
(@) (@) —1
qr/74\qz /4 '
(iv) It is clear from the process of proving (iii). O

Let F' = Q(y/—p1p2) be an imaginary quadratic field with p; = ps = 1 mod
4. By Rédei’s criterion, we have that r4(C(F)) = 1 if and only if one of the
following four conditions holds:
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(1) pp=p2+4=1mod8 and (&) =
(2) m E}7255mod83md(102):1
(3) p1 =p2 =5 mod 8 and (%) =

(4) p1 =p2 =1 mod 8 and (p—l) = _1_

By Theorem 3.3 and Lemma 2.3, we have proved:

Corollary 3.4. Let F = Q(y/—p1p2) be an imaginary quadratic field.

(i) Supposepr =1mod 8, po =5 mod 8 and (5>) = 1. Thenrs(C(F)) =1
if and only if (%)4 =1.

(ii) Suppose py = pz = 5mod 8 and (E) = 1. Then rs(C(F)) =1 if and
only if (£2)4(E2)s = =1 if and only if (%) = 1, where A\ and Xy are
defined as Lemma 2.3.

(ili) Suppose p1 = p2 = 5mod 8 and (L) = —1. Then rs(C(F)) = 1 if
and only if either p1ps = 9 mod 16 and (2p1) (2’)2 Ja=—1 orpips =
1 mod 16 and (2”1)4(2177)12) =1 if and only if (A;) =1, where A\ and
Ao are defined as Lemma 2.3.

(iv) Suppose p1 = p2 =1 mod 8 and (82) = —1. Then rs(C(F)) =1 if and
only if either p1,p2 € At or p1,p2 € A~ if and only if (1”1;{) =1,
where m and wo are defined as in §2.

Example 3.5. In Corollary 3.4, let F' = Q(y/—p1p2) with distinct primes
p1 = p2 = 1 mod 4. Let C(F)3 denote the 2-primary subgroup of C'(F).

(i) For py = 17 and pp = 13, (12) = 1, 3* = 13+ 17-4, (12)s = 1, so
rs(C(F)) = 1 by Theorem 3.3(i). In fact, C(F)2 2 Z/(8)®Z/(2) b
Pari-GP.

(ii) For py = 13 and p; = 29, (33) = 1, 13 = 32 + 2%, 29 = 5% 4 22,
(12)4(33)2 = —1 by quartic reciprocity, so rs(C(F)) = 1 by Theo-
rem 3. 3(1 ). In fact, C(F)2 = Z/(8) ®Z/(2) by Pari-GP.

(iii) For p; = 13 and p, = 37, (31) = —1, py *p2 = 1 mod 16, 2- 37 =
44f14.13,2.17: 114 —395-37, (%37 ) (213)4 =1,s078(C(F)) =1
by Theorem 3.3(iii). In fact, C'(F ) =7/(8) ®Z/(2) by Pari-GP.

(iv) For p1 = 17 and ps = 73, p1,p2 € A~, rs(C(F)) = 1 by Theo-
rem 3.3(iv). In fact, C(F)2 2 Z/(16) & Z/(2) by Pari-GP.

In Proposition 3.1, we know that r4(C(F)) = 2 if and only if one of the

following conditions holds:

(1) rank Rp = rankRg = t — 3 and D(F) = (q1) X (24¢}) x (d), where
G1=p1--pr=1mod8 (1 <r<t—1)and¢ld

(2) rank Rp =rank Rp+1=1t¢t—3 and D(F) = D(E) = (¢1) x (g2) % (g3),
where g1 = p1---pr,q2 = pri1 - ps and g3 = pPoy1 - Pr1-

Theorem 3.6. Let F = Q(v/—d), where d = py---p;_1 and distinct primes
pi = 1mod 8, be an imaginary quadratic field. Let rank Rp = t — 3 and
D(F)=(q1) X (2) x (d), where g =p1---pr (1 <7 <t—1).
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(i) Let q3 = ¢Or. Then [q1] € C(F)* if and only if (L)a=(8)s=1

(ii) Let p; = u? —2w? = 1 mod 8 and m; = u; +w;v/2 for 1 <i <t — 1.
Let 7 = [[_, mi = u} + w2, ) = Hf;iﬂ m = uh + whv/2 and
2 = 20p. Then [{ € C(F)* if and only if (A=2) = (A22) = (Z}) if

o h

and only if either both p1,...,p,. and pry1,...,p—1 belonging to A~ are
two even numbers and (%) =1 or both p1,...,pr and Pry1,...,Pe—1
2

belonging to A~ are two odd numbers and (:—i) = —1. Moreover,
rs(C(F)) = 2 if and only if [q1],[t] € C(F)* if and only if (&)a =
(2)a =1 and (1242) = (:272) = ().

!’
q1 L T2

Proof. (i) Suppose rank Rp =t — 3 and D(F) = (¢1) x (2) x (d), where ¢1 =
p1---pr (1 <17 <t—1). Then the two sums of both the first r row vectors
and the first ¢ — 1 row vectors of Ry are equal to zero. Let 22 = q122 + ¢o9/?,
g2 = d/q1, have a non-trivial solution (z,y,z) = (a,b,c) over N. Then 1 #
[q1] = [c]? € C(F)?, where q3 = ¢1OF and c¢ is an ideal of F over c. Since

a

c? = qra? + g2b? and q; = g2 = 1 mod 8, the Jacobi symbols () = (qil) =1

q2
€Yo (% Yo (&
(Q1) B (q1)4’ ((J2) (q2)4'
We conclude that [q1] € C(F)* < [¢][m] € C(F)?, where m is an ambiguous

ideal of F over m|2d < mcz? = x? + dy? is solvable over Z < the following
system of equations is solvable over Fy

and

RpX =

(&) /
(Pt—l)
()= (B =1and (2)= (B =1

(ii) Since qi1g2 = Npjo(mimy) = u? — 2w? = 2(u + w)? — (u 4 2w)?, where
u = vjub + 2wiwh and w = vjwh + uhw], we have

[ = [puru]® € C(F)?,

where p,1 is an ideal of F' over u + w. For each p; (1 < i <), Or/(m;)
Z/(p;) and (*F*) = (*£*). On the other hand,

o~
) ) o !0
U+w = UUy + 2Wiwy + ujwy + uswy

1,0 !/ / / / !/ /
—w1u2\/§ + 2wjwy — w1w2\/§ + uywi

w) (1 — V2)(uly — whv/2) mod m;,

urw vTw wi — 2\ /7h _
( ; )= : >:<?i)(1T2)(7Ti>,1SZST.

SO
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Similarly, we get:

(1) (e (%)(ﬂ)(ﬁ), rrl<j<t_l

Dj T 5 Ty T

Since g1 = uf? — 2w}, (%) = (%) = 1, similarly, (42) = (£) = 1. Note

the fact that p; € AT if and only if (1;—‘/5) = 1. By reciprocity law, we know

that (:—:1) = (:—é) Since rank Rp =t — 2 and p; = 1 mod 8, we conclude that
2 1

[] € C(F)* < the following system of equations is solvable over Fo

(s
Rox=| -
()
& (“q*—lw) = 1 and (“q*—;”) = 1 & either both py,...,p. and pry1,...,Di_1
belonging to A~ are two even numbers and (:—z) =1 or both p1,...,p, and
Prit,-.-,Pi—1 belonging to A~ are two odd numbers and (:—i) =1 O

Let F' = Q(y/—p1p2) be an imaginary quadratic field with p; = ps = 1 mod
4. By Rédei’s criterion, we have that r4(C(F)) = 2 if and only if p; = ps =
1 mod 8 and (Z—;) = 1. By Theorem 3.6 and Lemma 2.2, we have proved:

Corollary 3.7. Let F = Q(y/—pip2) be an imaginary quadratic field with
primes p1 = p2 = 1 mod 8 and (%) =1. Let p? = p1OF and t* = 20r. Then
(i) [p1] € C(F)* if and only if (B)a=(2)s=1.
(ii) [ € C(F)* if and only if (2L) = (ﬂ) = (%) if and only if

T s

either p1,ps € AT and (%) =1, or p1,p2 € A~ and (:—;) = —14f
and only if either p1,ps € AT and pg+(2pl)/4 = 2% — 2p1y? for some

x,y € Z, or p1,ps € A™ and :I:pg+(2pl)/4 = 222 — p1y? for some
x,y € Z, where w1 and w2 are defined as in §2. Moreover, rg(C(F)) = 2
if and only if [p1],[f] € C(F)* if and only if (B)s = ()4 =1 and
(2) = (58 =22,

™ ™2

We now turn to another imaginary quadratic fields F = Q(v/—2d) with d =
p1 -+ pe—1 and distinct primes p; = 1 mod 4. We know that ro(C(F)) =t —1
by genus theory and the Rédei’s matrix Rp is a symmetric matrix. We have
that r4(C(F)) =1 if and only if rank Rp =t — 2 and D*(F) = {1, ¢1, 2q2, 2d},
where g1 =p1---pr and g2 = pry1 - Pt

Theorem 3.8. Let ' = Q(v/—2d) be an imaginary quadratic field with d =
p1 - pi—1 and distinct primes p; = 1 mod 4. Let rank Rp = t—2 and D*(F) =

{17(]17 2(]2, 2d}



8-RANKS OF CLASS GROUPS OF IMAGINARY QUADRATIC NUMBER FIELDS 1261

(i) Suppose ¢y =p1---pr =1mod 8, g2 =pry1--pi—1 and 1 <r <t—1.
Then rs(C(F)) =1 if and only if (2(%)4 =1.

(ii) Supposep; =1 mod 8 for1 <i < t—1, thatis, ¢1 =d and gz = 1. Then
rs(C(F)) = 1 if and only if an even number of the primes p1,...,pi—1
belong to B™.

Proof. (i) Suppose rank Rp =t —2 and ¢1 = p1---p, € D(F). Then the sum
of the first r row vectors of Ry is equal to zero. Let 22 = q122 + 2¢2y? have a
relatively prime solution (z,y,2) = (a,b,c) over N. Then [q1] = [p.]? € C(F)?,
where q3 = ¢;OF and p, is an ideal of F over c. Since ¢ = qia® + 2¢2b* and
g1 = 1 mod 8, we have that (q%) =land ()= (%)4. Similarly, we conclude

that 5
rs(C(F)) =14 [q1] € C(F)* & (i) - (2) — 1
a1 Q1 /4
(ii) Let t* = 20p. Then by the process of proving (i), we conclude that

rs(C(F)) =1« [t € C(F)* & (pl---2m_1)4 = 1 < an even number of the

primes p1,...,ps—1 belong to B~. (I

Let FF = Q(v/—2p1p2) be an imaginary quadratic field with p; = py =
1 mod 4. By Rédei’s criterion, we have that r4(C(F')) = 1 if and only if one of
the following conditions holds:

(1) pr=p2+4=1mod8and (2) =1;
(2) p1 =p2 =1 mod 8 and (Z—;) = 1.
By Theorem 3.8, we get:

Corollary 3.9. Let F = Q(v/—2p1p2) be an imaginary quadratic field.
(i) Suppose p; = p2 +4 = 1mod 8 and (%) =1. Thenrs(C(F)) =1 if
and only zf(2p2) =1.
(ii) Suppose p1 = p2 =1 mod 8 and (82) = —1. Then rs(C(F)) =1 if and
only if (pfpz )4 = 1 if and only if either p1,p2 € BT or p1,ps € B™.

Example 3.10. In Corollary 3.9, let F' = Q(v/—2p1p2) with distinct primes
p1 = p2 = 1 mod 4. Let C(F)y denote the 2-primary subgroup of C'(F).
(i) For p; = 17 and py = 53, (53) (1—) 1, (21%2)4 (21573)4 = (%)4 —
1, s0rg(C(F)) = 1 by Corollary 3.9(i). In fact, C(F)s =2 Z/(16)®Z/(2)
by Pari-GP.
(i) For p1 = 17 and po = 97, (%) = (2) = —1 and 17,97 € B™, so
rs(C(F)) = 1 by Corollary 3.9(ii). In fact C(F):=Z/8)®Z/(2)D
Pari-GP.

Let F' = Q(v/—2d) be an imaginary quadratic field with d = py -+ - p;—1 and
distinct primes p; = 1 mod 8. Then the Rédei’s matrix is

M 0
RF_(O 0)’
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where the (¢ — 1) x (¢t — 1) matrix M is equal to the Rédei’s matrix R of
E:Q(\/a). Let p; = u? — 2w? and m=u w2 for 1 <i<t—1.

Theorem 3.11. Let F = Q(v/—2d) be an imaginary quadratic field with d =
p1- - Pi—1 and distinct primes p; = 1 mod 8. Suppose rank Rp =t — 3, that is,
D(F) = (2) x (q1) x (2d), where gy = p1---py and g2 = pri1---pr—1. Let qf =
@ Op, 2 =20p, ) = [[[_, m = v} +w| V2 and 7 = HE;{_H 7 = ub+wh/2.
Then we have

(i) [t] € C(F)* if and only if(q%)4 =(2),= (:—%) if and only if either both

a2

DPly--yPr ANADry1, ..., Pr—1 belonging to B~ are two even numbers and
) =1 or both py,...,pr and pry1,...,pi—1 belonging to B~ are two
p +
2
odd numbers and (Z+) = —1.
2
(it) [a1] € C(F)* if and only if (32)s = (2)a(F}) = 1.

Proof. (i) By the assumption, we know that the two sums of both the first
r row vectors and the first ¢ — 1 row vectors of Ry are equal to zero. Since
d = q1q2 = u? — 2w?, where u = vjuh + 2wjwh and w = ujwlh + uhw},
2u? = 4w? + 2d and [t] = [p,]? € C(F)?, where p,, is an ideal of F over .
Similarly, we conclude that

[ e O(F) & (ﬁ) - (ﬁ> =1

On the other hand, for each p; (1 <1

i ;
2ufwh = 1 (uh—why/2) mod (m;) and () = (“2=22Y2) since () = (L) =

(MO - -

Similarly, for each p; (r+1<j <t—-1),
/ ! / /
) -G -GG -GG

Since ¢ :/u'f — 2w??, we have that (;)—f) = 1,and (%)4 = (Z—il), similarly,

(%)4 = (32)- By reciprocity law, (7}) = (7#). Hence we conclude that
2 1

[ € CF) & (2)a = (2): = () & cither both py, ... py and pra, -, pe

belonging to B~ are two even numbers and (%) =1 or both py,...,p, and
2

Dri1,---,Pi—1 belonging to B~ are two odd numbers and (:—:1) =-1.
2
(i) Let 22 = q2® + 2qoy?%, where ¢; = p1---p, and g2 = d/qi, have a
relatively prime solution (z,y, 2) = (a,b,c) over N. Then [q1] = [p.]? € C(F)?,
where q? = ¢;Op and p.. is an ideal of I over c. Since ¢ = qya? + 2¢2b%, we
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have that (>) =1 and (5) = (222), (L) = (&)a(;;). Similarly, we have that

@ a2
(] € C(F)* < (ﬁ) = (ﬁ) =1
T 42
We need to determine the value of the Jacobi symbol (;-). Let 2u” = 4w? +2d
and q1c®* = (qra)? + 2db®. Then 2qu?c? = Npjg(qra + bvV—2d)Np (2w +
V—2d), i.e.,

(3.2) 2q1u’c® = 4¢3 (aw — qob)? + 2d(qra + 2bw)?.

b
q1

We can choose a solution (z,y, 2) = (a, b, ¢) of the equation z? = g 22 + 2¢oy?
such that the greatest common divisor (uc,aw — g2b) = 1. In fact, in F' =
Q(V=2d), let tp? = (2w ++/—2d)OF, where t is the dyadic ideal of F' and p,, is
an ideal of F' over u. Since [q;] € C(F)?, there is an ideal p. of F over positive
integer number ¢ such that [q1][pc]? = 1 and p. + p. = O = py + Pe, where
pe is the conjugate ideal of p.. Hence q1p? = (a + byv/—2d)OF and we get such
(x,y,2) = (a,b, c) satisfying (uc, aw — g2b) = 1.

By (3.2), we have the Jacobi symbol (‘““q;;”b) = (%) =1 ie, ()= ()
On the other hand,

@g2 = Npjoul +wiV2)Npjo(uh + whv2)
= (uju + 2wiw))® — 2(ujwh +ujuwh)? = — 2w,
where u = v} ub +2wjwhy and w = vjw)+uhw]. Foreach p; (r+1<j <t—-1),
Or/(m;) 2 Z/(py), w = wjws + uhw) = wh(u) — w1/2) mod (;). Hence

w w wh\ fuh — w2 wh\ fuh — w2
()=(2)= () () =G (),

Since gz = u¥ — 2wf?, the Jacobi symbol (%‘) = 1; by (g—;) =1, (L:l) =

T2
(ul_ﬂiu;l\/é) Hence (-) = (;2) = (31). As a conclusion, we get that

et o () = (2), () -1

Q1 Q2 7?2 (I

Let F = Q(v/—2p1p2) be an imaginary quadratic field with distinct primes
p1 = p2 = 1 mod 4. By Rédei’s criterion, we have that r4(C(F)) = 2 if and
only if p; = ps = 1 mod 8 and (g—;) = 1. By Theorem 3.11 and Lemma 2.2, we
get:

Corollary 3.12. Let F = Q(v/—2p1p2) be an imaginary quadratic field with
district primes p1 = pa = 1 mod 8 and (%) = 1. Let t> = 20 and p? = p1OF.
Then

(i) [t} € C(F)* if and only if (p%)4 = (1%2)4 = (%2) if and only if either

T
p1,pa € B pht POt — 02 _9p42 over Z or py, py € B, pht PP/

=222 — p1y? over Z.
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(ii) [p1] € C(F)* if and only if (322), = (&), - (2
rs(C(F)) = 2 if and only if (2 )4:(% 4:(%)4:(
(

Example 3.13. Let F' = Q(v/—2-41-241), (311) = 1. Then C(F)2 X Z/(8)®
Z/(8) by Pari-GP. We also verify the condition of Corollary 3.12. It is clear
2
41

that 41 = 3%+ 32,41 € A%, 41,241 € B~ and (31)s = ()4 = (H)(F) = -1
In terms of norm from Q(v/—1), 41 = 52 + 42, 241 = 152 + 42, (4L)4(2)y =
(—1)414;1(%) = 1 by quartic reciprocity. So (44)s = —1. By 41 =

132 —2-82, 241 = 292 —2-202, let m; = 13 — 82 and 7 = 29 — 20V/2.

Then (72) = (2%3? ;\()}[)(13728\/5) = (=£2) = —1. Hence, the 8-rank of C(F)

is equal to 2 by Corollary 3.12.

4. Densities

In the section, we use a Gerth’s method (see [4, 5, 6, 16]) to investigate
the densities of 8-rank of C(F) equal to 1 or 2 in all quadratic number fields

F = Q(y/—ep1p2), where ¢ € {1,2} and p; = p; = 1 mod 4. For a positive real
number z, let

Ar = {pip2: distinct primes p; = p2 = 1 mod 4,p; < pa and p1ps < z},
Aix = {F=Q(—pip2) : m4(C(F)) = rg(C(F)) = 1 and p1p2 € A, },

rs(C
Aze = {F =Q(V=pip2) : 1a(C(F)) = rs(C(F')) = 2 and p1p2 € Ay},
Az = {F=Q(v=2pip2) : 1a(C(F)) =rs(C(F)) = 1 and p1ps € A},
Ay = {F=Q(/-2p1p2) : r4(C(F)) = r3(C(F)) = 2 and p1ps € A }.

We define densities d; (1 < i < 4) as follows:

(4.1) d; = 1151010 A
Theorem 4.1. Let dy,ds,ds and dy be defined as (4.1). Then
5 1 3 1
dy = dy=—=, dy = —, dy=—.
"T16T 7 1280 P 160 Tt 128

Proof. We know that, by ([7, Theorem 437]) and p; = pa = 1 mod 4, p; < pa,

z loglog x z loglog x
Ay| = 1= ( ).
|Ae| Z 4logx to log

P1p2€As
Let F = Q(y/—p1p2) € A1 5. Then by Corollary 3.4, we have that r4(C(F)) =
rg(C(F)) =1 if and only if one of the following five conditions holds:
1) pp=p2+4=1mod8, (2)=1and (&), =1
(2) p+4=p2=1mod38, (£2)=1and ()4 =1;
(3) pL=p2=5mod38, (£2)=1and (%) =1, where A1, A2 are defined as
Lemma 2.3;

—~
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(4) p1 = p2 = 5 mod 8, (;’—f) = —1 and (’\—i) = 1, where A1, A2 are defined
as Lemma 2.3;

(5) pr = p2 = 1mod 38, (£2) = —1 and (17:17@2) = 1, where m,m are
defined as §2.
Hence

A = Y 1+ (B2)(1+ ()

P1P2€Ax
p1=p2+4=1 mod 8

©ox0e)

P1P2€AL
p1+4=py=1 mod 8

1
Ll
(

P1=p2=5 mod 8

Z 1
4
P1P2E€A

p1=p2=>5 mod 8

fE e ()

P1P2EAL
p1=pa=1 mod 8

1 1 1 1 1 z loglog x
= > (—+—+—+—+—)+o(7)

eyl 16 16 16 16 16 log x
5 «xloglogx x loglog x
e )
64 log x log x

An intuitive explanation of the formula might proceed as follows. In the second
equation, a factor of i is introduced by each congruence relation of p;, po mod 8.
This is considered in detail in [4, 6].

For the sake of completeness, we give a sketch of proof.

> G0+

P1P2 x
p1=p2+4=1 mod 8

_ 1 Z 1+0 Z X1(p2) + x2(p2) + x3(p2)
16

1p2€A, P1P2€AS
pp * p1=po+4=1 mod 8

_ zloglogx O(xloglogx)
- 6bdlogx log =

where x1(p2) = (£2), x2(p2) = (52)a, x3(ps) = (52)4(22) are Dirichlet charac-

ters modulo p;. By [6, Theorem 2], we have that

log1
S xule) — o EEETY por i 123
log
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Similarly, we have above character sum estimate for the product of characters:

(B2), (B2)4, (32), (522).
Hence

BT |Al,z| _ 5
di = lim, A,] 16

Let F' = Q(/—p1p2) € Az . Then, by Corollary 3.7, we have that r4(C(F))

= rs(C(F)) = 2 if and only if p1 = ps = 1 mod 8, (5)s = (£2)4 = 1 and

() =053 =55,

T

Al = 3 S ()0 () 0+ (2))

m(l1—V2 -2
< () 0+ (520)

p1=p2=1mod 8
_ Z i+0(xloglog;z:)
32 log x

P1P2€Ay
p1=p2=1 mod 8

_ zloglogx O(xloglog:r)
~ 512logx logz /'

Hence

Thus
|Ag 2 | 1

dy = lim -
T abee |A,] 128

Let ' = Q(v/—2p1p2) € Asy. Then, by Corollary 3.9, we have that
r4(C(F)) = rs(C(F)) = 1 if and only if one of the following three conditions
holds:

(1) P11 = p2+4—1m0d8(
(2) po=p1+4=1mod 8, (

=N

2p1

)—1and(2p%2)
L) =1and ()4 =

2

HBFEP

(3) pr=p2=1mod8, (5) = —1and (p121)2)4:1
Hence
A = X () (2))

P1P2E€EAg
p1=p2+4=1 mod 8

PR () CoN

P1P2E€AL
pa=p1+4=1 mod 8

w3 -G+ G

P1P2€AL
p1=po=1 mod 8

_ Z (i+ 1 n 1)+ (zloglogx)
- 1616 16/ " °\ loga

pP1p2€AL
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3 zloglogx xloglogx
: +0< )

64 log x log x
Hence
ds =1 — = —
R S I T:
Let F = Q(v/—2p1p2) € Asy. Then by Corollary 3.12, we have that
r4(C(F)) = rs(C(F)) = 2 if and only if p1 = p> = 1 mod 8, (B)y = (£2), =

)
(2)s=(2)s = (). Hence

2

=S R0 ()0 ()
(R0 (2)2)

p1=p2=1mod 8
1  zloglogx (xlog logx>
. 0 .

512 log x log x
Hence
dy = 1 =,
TR AL T 128 O
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