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A New Augmented Lyapunov Functional Approach to Robust Stability Criteria for
Uncertain Fuzzy Neural Networks with Time-varying Delays
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Abstract - This paper proposes new delay-dependent robust stability criteria for neural networks with time-varying
delays. By construction of a suitable Lyapunov-Krasovskii's (L-K) functional and use of Finsler's lemma, new stability
criteria for the networks are established in terms of linear matrix inequalities (LMIs) which can be easily solved by

various effective optimization algorithms.
proposed methods.

Two numerical examples are given to illustrate the effectiveness of the
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1. Introduction

Neural networks (NNs) have been received considerable
attentions due to their extensive applications such as
combinatorial optimization, signal processing, pattern
recognition, associate memory, knowledge acquisition, and
so on [1]-[14]. In the implementation of neural networks,
there exists time-delay due to the finite speed of
information processing. It is well known that time-delay
often causes undesirable oscillation, poor performance, and
instability of the networks. Since the stability issue is a
prerequisite to the applications of NNs, various approach to
stability criteria for NNs with time-delay have been
investigated in the literature [5]-[8] and references therein.

The stability criteria for systems including time delays
can be classified into two categories according to their
the of

dependent ones and delay-independent ones.

the time-delay: delay-
Since the

delay—dependent stability criteria include the information

dependence on size

on the size of delay, they are generally less conservative
than the delay-independent ones particularly when the
size of time-delay is small. Therefore, a great number of
results on delay-dependent stability conditions for time-

[9]-[11].

On the other hand, the well-known Takagi—-Sugeno
(T-S) fuzzy model [12] is recognized as an efficient tool in
approximating a complex nonlinear system. The T-S fuzzy
modeling is a multi-model approach in which some linear
models are blended into an overall single model through
nonlinear membership functions to represent the nonlinear
dynamics. Based on the T-S fuzzy model, the stability
with
by a simple analytic

for fuzzy systems time-delay
in [13]-[16]. In [13],

method, a sufficient condition for asymptotic stability of

conditions are

addressed

uncertain fuzzy systems with interval time-varying delay
in the form of LMIs.
ignored terms in estimating upper bounds of the derivative

was expressed By considering
of L-K functional, a further improved delay-dependent
stability conditions for T-S fuzzy systems with time-
varying delays were presented in [14]. By using of the
theory of topological degree and applying the properties of
the

existence, uniqueness and global asymptotic stability of

nonsingular M-matrix, sufficient conditions for
equilibrium point have been established for fuzzy cellular
NNs with time-varying delays [15]. In [16], the problems
of robust stability for T-S fuzzy Hopfield NNs with

time-varying delay based on a delay decomposition

delay systems have been reported in the literature approach were considered.
In this paper, we propose new delay-dependent
T oA A, A3 2Rgsta A7 B 2ady stability criteria for uncertain fuzzy NNs with time-
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varying delays. By constructing a suitable L-K functional

B R ) e S g ke L A T and utilizing Finsler's lemma with no free-weighting
TR g o ddista Ay 2ug matrices technique, new stability criteria are derived in
TR 8 A gddista drlE st as terms of LMIs which will be driven in Theorem 1. And
Aedzk 2011 89 3 based on the results of Theorem 1, a further improved
HEeE 1 2011d 99 294l stability criterion, Theorem 2, is proposed by adding
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triple-integral term with free-weighting matrices. Two

numerical examples are included to show the
effectiveness of the proposed method.

Notation: R' is the n-dimensional Euclidean space,
R™"*" denotes the set of m by =n real matrix.
C

functions mapping the interval [—h,0] into R", with the

b = = C([—h, R") denotes the Banach space of continuous
topology of uniform convergence. For symmetric matrices
X and Y, the notation X> Y (respectively, X > Y¥) means
that the matrix X—Y is positive definite (respectively,
nonnegative). 7 and 0 denote the identity matrix and zero
matrix with appropriate dimensions. |l -] refers to the
Euclidean vector norm and the induced matrix norm.
diag{---} denotes the block diagonal matrix. * represents
the elements below the main diagonal of a symmetric
matrix. For a given matrix X&ER"*", such that
rank(X)=r, we define X' <€R""" as the right
orthogonal complement of X; ie., XX = 0.

2. Problem Statements

Consider the following uncertain NNs with time-
varying delays

y(t) = — (A+24(t)y() + (W + AW, (£)g(y(2)) V)
+ (W + AW (t)g(y(t—h(t))+0,

where y(t)= [y, (t),...y, )" ER" is the neuron state
vector, n denotes the number of neurons in a neural
)seng, (T E
activation function vector with initial condition g¢(0)= 0,
A=diag{a,} ER""" is a diagonal matrix, W, =(uf;) ER"*"

network, g(-)=[g,(- R" denotes the neuron

and W, =(w,) ER"*" are the interconnection matrices
representing the weight coefficients of the neurons,
b=1[b,....b,]" ER" means the external bias at time t,
AA(t), AW(t) and AW (t) are the

uncertainties of system matrices, and h(t) are the

parametric
time-varying delays satisfying

0< h(t) < hy hit) < hy, (2)
where h, is a positive scalar and h, is a any constant

one.

In this paper, it is assumed that the activation
functions satisfy the following condition:

Assumption 1. The neurons activation functions g;( )
are assumed to be non-decreasing, bounded and globally
Lipschiz; that is

o 9 -ale)

A T = k,Jr §£J ER 67‘, = fjv i=1,...,n, (3)
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where k. and k are constant values.

It should be noted that by using the Brouwer’'s
fixed-point theorem, it can be easily proved that there
exists at least one equilibrium point for system (1) [6].
For simplicity, in stability analysis of the system (1), the
equilibrium point ¥ = [y;,...,]” is shifted to the origin by
utilizing the transformation z(-)=y(-)—y", which leads
the system (1) to the following form

a(t) = — (A+A4)a () + (W] + AW (0))f (2 (1)) 4)
(W + AW () f(a(t— (1)),

where z(t)= [z,(t),....z, #)]" ER" is the state vector of
the transformed system.

Also,  f(+)=1[f,(+),erf, (-7
~g,()) with £,(0)=

and  f,(-)=g;(- +y;)

0, and f;(-) satisfies Assumption 1.

In this paper, a model of uncertain T-S fuzzy NNs
with time-varying delays are considered as

Plant Rule I:

IF 0,(t) is 9y, ..., and 60 (t) is O, [=1,2,...r,
THEN
o(t) = — (4, + A4, ()a (0) + (W, + AW, () f (2 (1)
+ (W, + AW, () f ((t—h(t))),
z(t)= ¢(t), —h, <t <0, )

where  0,(t),....0,(t) are the premise variables, and
6,0, are fuzzy sets, r is the number of IF-THEN
rules, and ¢(t) €C,, denotes the initial conditions. The
parameter uncertainties AA4,(t), AW, (t) and AW, (t) are

defined as follows
[A4,(t) A

W, (t) AW, ()= DF(t)[E, K, ), (6)

with FT)Ft) < I, Vt = 0.
Using center-average defuzzifier, product interference
and singleton fuzzifier, the defuzzified output of system

(5) can be inferred as follow

Zul — (A, + A4, () (£) + (W, + AW, (D)) f(t)
+(VVU+AVI/1',(t))f(:L'(t*h(t)))L )
where
w (6(¢))

)= 116,60, 16)) ®)

= Y w0)
and 6,(0,(t)) is the grade of membership of 6,(t) in ©,.

It is assumed that

)= 0, Zw,

)>0, Vt. 9



Then, we have the following condition

D=0 6= 1 (10)

Let us define

Then, system (7) can be rewritten as

— Az () + W f () + W f(z(t—
p(t) = F(t)q(t),

qt)= —Ex(t)+ £,

a

h(t)))+ Dp(t), (12)
Fa@()+ E f(x(t—h(t)).

In order to investigate the delay-dependent stability
analysis for uncertain T-S fuzzy NNs with time-varying
delays (12), we introduce the following facts and lemmas.

Fact 1.
matrices Y, Y,, X, with %, =% and 0<X%,, then
2+ 275,15, <0 if and only if:

(Schur Complement) [17] Given constant

SIS il
* — %,

-3, %,
>

<o |00

1

Fact 2. [18] For any real vectors a, b and any matrix
Q>0 with appropriate dimensions, we have

+207b < a” Qu+" Q" .

Lemma 1. lemma) [19] Let (ER,
o=0T R, and BER"*" such that rank(B)<n. The
following statements are equivalent:

(i) P¢<0, VR =0, (=0,

(ii) ILER™™ : o+ LB+ BTL" <0

(iii))(BY)"®B* <0

(Finsler’s

Lemma 2. For any constant matrix M>0, the

following inequality holds:

(B—a) / "7 (s)Mi(s)ds (13)

IA
|

—
~ =)
&
N
=
—
5 .;‘»

=
B

]

_Lﬁ/:/j“} () Mir(w)du 14
7(/‘,:\/::}7(10(1’11) T]L’(/:\/::}t(u)du).

IA
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Proof. By Jensen’s inequality [10], Eq. (13) is obtained.
Moreover, the following inequality holds

du) TM( / ;a}(u)du).
15)

By using Fact 1, Eq. (15) is equivalent to the following

(a—s)f°5c () Mis(u)du = (/J ()

s

> 0. (16)

* (a—s)M !

Integration of (16) from B to « yields

f / u) M (u)duds f /

> 0. (17
* /@ (a—s)M ds

Therefore, the inequality (17) is equivalent to the
inequality (14) according to Fact 1. This complete the
proof. |

Lemma 3. For any scalar h(t) =0 and any constant
matrix QER" ", Q= Q”, the following inequality holds:

- / iw / s‘g;;T< )

< @CTG‘/)X QX ¢(t)+2¢T ()X

where

eT(t—hy)a "),z T(t—hy),

1 t r 1 t—h(t) r
W‘/L—hu)x (s)ds,—hU_h(t) /1,—71,[; z7(s)ds,
F@@).f T @ (t—=h@)).f7 @t —h,).p7 (1)),

and X is free weighting matrix with appropriate
dimensions.
Proof. From Fact 2, the following inequality holds

_2/, o / w)duds (19

/f n( / X QX T¢(t) +a " (u) Qulu)]duds.

From (19), we obtain

[ )i
/t o / HX QX T¢(t)]duds
+2/t ht‘/é u)duds
R0

= W e yx @ X Te() + 2 t)xft
2 t—h

IN
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Therefore, the inequality (19) is equivalent

inequality (18). This complete the proof.

3. Main Results

to the
|

In this section, we propose stability criteria for system

(12). Before introducing our main result, the notations are

defined for simplicity:

= [A.o.on, 1,0,,0,.0,. W, W,0,, D),

=[4,0,,0,,—£0,,0,,0,, Wy, W;,,0,, D], ((=1,...,r),
w= [—E.o .0,,0,,0,,0,.0,, 5, £,0,,0,
= [~ £,0,,0,,0,,0,,0,,0,, B £,,0,,0,],(=1,..r),
=12l (”71....,11)7
¢1.1:]€13+1%13+N11+G11+h[:(227 Q@ —2K, H K,
by 3= 731’;+RzT; 4= By TNy - K AT KA, &) = Ry,
D 6= 20y D ;= hplyy, D= N +H([(m +K)
@y, = —(1—hy) G, —2Q, — 2K, HK,
Dy, =20, b,,=—(1-h,)G,+H(K, +K),
L Rzz 2K71HK;)7 Dy, va
Dy 5=~ Nyt By, 4557 ~ By @40 = M +H(Km+K)=
D, 4= ‘/v22+(h2'/2 @ P 1= hyltg Py N23+/117A17
Dy 5= —Nyyy P52 = hyBhyg, P519= Nog; 45(6:_
brr=—hy@y—2 Q37 Py 5= Nyy =20,
¢9,9 _(1_h )G —2H,, 4510,10: Nyy —2H,, —el,,
@Z = 0,, elesewhere,
X, = [dgm-], (4,j=1,...,11),
él,e‘: Ry, 4;1,7: — I, é‘&,ﬁ: 71233’ 3.7
é-’l‘(i: R 54.7: — Ry, é&(i: Ry ‘is.?: -
éM: — @ ém: @ 4:),."].: 0, elesewhere,
T = 2 Hht) 5,
—2¢ 2 0, 0, 0,

*x —3Q @ 0, 0 ..
E = * * —Q 0, 0,.7.1,

*  x k hQ0,.,,

*x  kx  *x % 0

Q—Q 0, 0.,
T:ix *x 0, @ 0,.5,
2 hy | x ok —Q 0,4
*x x  x 0O

Eni= 5 Th)E, (21)

Now, we have the following theorem.

Theorem 1. For given scalars h;> 0 and h,, diagonal

matrices K, =diag{k;,...k,} and K, =diag{k{,...

.,k:}, the

system (12) is asymptotically stable for 0< h(t) < h, and

ht) < hp, if there exist positive diagonal
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matrices

A= diag{)\l,.“,)\“},

matrices

[G szeRZnXQn’ Qi(i:17273)eRn,X71,

scalar e satisfying the following LMIs for [=1,..r:

LY Oy
0 I

n X< 10n n

St E @[ LY O
x -7 |lo

n n > 10n

LY O | [Z0a 500 ]| 1°
00 « 1o

n X 10n n n X 10n

where I}, %, ) 5% are defined in (21), and I}*

right orthogonal complement of I}.

Proof. Let us consider the following
candidate as

V=V, + V,+ V+ V,+ V, + V,

where
z(t) 4 x(t)
z(t—hy) Ry Ry, Ry z(t—hy,
V,= . * Ry, Ry t
fffh ?(S)ds *ox ‘/It—h, T(S)ds
‘ a(s) 17 [N Mo V][ (s)
v, = i(s * Noy Nog | (s) |ds
)] [ x o Ny Lf(2(s))
n x wi(t)

S [iﬂ alliile
V= hU‘/t hz‘/ w)duds,

- h’U‘/f hz/ u)duds,
Vs= ft h[f f v)dvduds.

The time-derivative of ¥, is obtained as

. o) B0 Bo B[ o)
Vi=2 w(t=hy)| | * Ry Ry, 2(t—hy)
o, * x Rylle(t)—z(t—h,)
T t) r
:v(t—hU)
1 t
=9 m/li’L(Z)m(S)ds 02,

1 t—h(t) ( )
]LU*h,(t) f,, o(s)ds

hy

where

A= diag{(sl"'”dn}’ }11 =
Hy =diag{hy,,--shy,}, Hy =diag{hyy,....hs,}, positive definite
R= [@j};ngERS“XS"; N = [N”

and positive

L-K functional



= L ' x\s)as
4= h(t)(h(t) /1,—71,(1,) (o) ) o
t—nh(t
+(h[;7h(t))(_hy—1h(t)‘/t,h, x(s)ds),

oo By By By
B=loo n@)r |<|* rfis|
00(hy—h(t)1] L* * By

Also, the time-derivative of ¥ is

x(t) 17[My Mo Ms|[ 2(t)
Vo= | ) | | % Ny My { a(t)
Fe@n] |« % Ny L)
m(t—h,[,) TNanleg :L(t—hU)
—| z(t—h,) * Ny Ny x(t—hU)]
fla(t—"hy)) * x Nyl |f(z(t—h,))
+2lf (1) — K (0] A1) + 21K (1) — Flar ()] Ax(e)

(26)
We can obtain an upper bound of the time-derivative of
V, as follows

_ (t) 17|Gy Gia| [ 2(t)
5= féc(t))} [* G, f&(t»} @7
(t—h(t) 17[G G (t—h(t))
=0=m)| oy [* G} slote- i)

Calculating the time-derivative of ¥, leads to

V= 120 Qat) —hy [ ROLEOr 28)
t—h

t=h(t).
—nf Q)

By Lemma 2 and the method of [20], the first integral
term in (28) can be estimated as
t

—hy, ézT(s)Qlf'U(s)ds

t—h(t)

- —(h[;—h(t))/tih(t):'vT(s)Qlfv(s)ds

_h,(t)/tih(t)m (s)Qx(s)ds
< =g =@ [T 2T () Qils)ds (29)

, t—nh(t)
—h z7(s)Qa(s)ds
wf 5

< (=24 h W) e ) =2t —hENTQ [z (t) — 2 (t—h(¢))].

With the similar method introduced above, an upper

bound of other integral term in (28) can be obtained as

t—h(t). .
—hU/ IT(S) x(s)ds
t—hy

<~ -nt) [ 0@
*h}lh(t)(hL,*h(t))/ilh() "(s)Qu(s)ds

Al Xldol EMste 2ot HX| w2 UESR ISl 2ol of

0%
0z
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< (=1—=hy'h(t)) x

Then,

[t—nt) =2t —nh ) Qlalt—h(t) —x(t—h,)

from (28)-(30), an upper bound of V4 can be

V, < B2 () Qz(t)
(=240 W) (t) =zt —nE)]" @ [2(t) —x(t—h(t))]

+(=1—=hy'h(t)) <

[e(t=n) =zt =h )" Q x(t—n(t) —z(t—h,)].

(30)

(31)

By use of Lemma 2, an upper bound of V. can be found

as

V=

<

5

hQUIT(t)QQI(t)*hU/t CET(S)QZI(S)dS
t—nh(t)

t—h(t) r
h[,/ z 7 (s)Qyr(s)ds
t—hy

hQU.TJT(t)QZ.YJ(t)

7hUh71(t)(/;—h(z)I(S)dS)TQZ(f;—h(z)I(S)ds)

t=h(t T t—h(t
—h[;(h[/—h(t))il(/ . >I(8)d8) QQ(/ " )x(s)ds)

t—hy

hQUz'T(t)sz(t)

,(ﬁ [ iWx<s)ds)r(h,,h<t>@)(ﬁ / Lh(f(s)ds)

t—h(t) T
S ] g n010) <

1 t*h(t)’
(—h[,—h(t) /1,—71,,; ac(s)ds).

Calculating Vb gives that

1'/6:

I/\

\/\

U ( / / u)duds
t—hy
= ” 27( f f w)duds
t—h(
t—h(
— f f z(u)duds
t—hy s

Ly @t / f u)duds
t—nh(
t—h(t t—h(t
/ / (u)duds
t—hy

a2 () Qu(t)
2

2 O (h(t)x(t)*/tih(t)x(s)ds) Q3 X

(h(t)x(t)f/i’ | )x(s)ds)

2

2 t—h(t)
e [

((h[/f}z,(t))m(tfh(t))f/hh(t)w(s)ds)

(32)

T
oo

2123
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= @) Qalt)
1 t r
*Q(I(t)7W/1,—h(1)x(5)d5) Q3 X

(33)
where Lemma 2 was utilized in (33).
It should be noted that Eq.(3) means
1, G, (0) —k , (O11F a, (0) & 2, (0] =
£, (e RO~ k2, ¢~ h(e)]
X [f;(a; (e =) = k=, (t—h(t))] <0,
[f]'(xj(t_hy))_k/‘;@/(t_hg)] [fj(xj(t_hy))_k/‘_;rxy'(t_hy)] <0,
(34)

where j=1,...,n.
From the inequalities (34), for any positive diagonal

matrices  H, =diag{hy,--,h,}, H, =diag{hy,....h,,} and
Hy = diag{hy,, - -hy, }, the following inequality holds
0= 2" (1)K, B K x(t )+2x (t)K, + K )H f(z(t))
=2f (@ (t)) Hy f (x(t)) =227 (t — b)) K, Hy K e (¢ — h(t))
+2x’(tfh(t))(1(,,,+K)Hf(ac( t—n(t)))
—=2f " (2 (t = h(t))) Hyf (z(t = h(2)))
—23«T( l)KmHK;L( —hy)
227 (¢ U)(K,,+K)Hf( t—hy)

—2fT(:v( —hy ) Hyf (@ (t—h,)-
(35)
From (12) with FTt)Ft)< 1, we have p"{t)p(t)<
¢ (t)q(t). Then, there exists a positive scalar e satisfying
the following inequality

elc"(t)whwe(t) —p” (t)p(t)] = 0. (36)

From (25)-(36) and S-procedure [17], the time-derivative
of V has a new upper bound as

V< (TS )+ Fp )+ D), (37)

where %, ), Sy, and ¥ are defined in Eq. (21).
Also, the system (12) with the augmented vector ((t) can

be rewritten as
ITt)=0, ., (38)

where I'is defined in Eq. (21) and ¢(t) is in Eq. (18).
Therefore, an asymptotic stability condition for system
(12) is

2124

() )+ Zp iy +¥ D) < 0 with I(E)=0,,,. (39

By use of (i) and (ii) of Lemma 1, for any matrix L with
appropriate dimension, inequality (39) is equivalent to

- Y SN
S+ S+ B LT LT <0, (40)
By Fact 1, inequality (40) is equivalent to

RS /sl A
. -

[Emm R <0, (41)

n

which can be represented as

T = 7T T T
S0 |Fnon T T H BT )
i=1 * —1,
Note that
)"+ 17" =o. (43)

At each Ith rule, by multiplying on the left side and right

. . . (111l )TOIUan
side of the inequality (42) by and
On X 11n [n
Tt o
[ ! ””X”], we have
On X 10n In

[ T Ounxﬂ} ':E[h(t)]+‘5[h(t)] 6%7][ T Ounxﬂ}<0
0 . * 0n><1071 ]n

n > 10n n

(I=1,...,r) (44)

where (43) was utilized in (44).

Therefore, by convex-hull properties, if the LMIs (22)
and (23) satisfy, then the inequality (44) holds. This
means that system (12) is asymptotically stable. This
completes our proof. |

Theorem 1 is derived by the L-K functional without
free-weighting matrices. By employing free-weighting
matrices, a further improved delay-dependent stability
criterion can be obtained, which will be introduced in
Theorem 2.

For the sake's of simplicity, we define the following

notations:
XT: [)(]T7 AXVQTv 0n><9n]’ YT [( KT’ YT )n><8n}
[T T — 7 T
Zri[Zl 7077,><4717Z2 ’0n><5n}7 WTf[ VVI 0ry><4n7 W70n><471]

Z,—-1 0,6 0,0, 0, 0,0

non n UnXdn

o, 7 —1020 0, 0, O
H1:[0n><3n,7[n70n><7n]7 le [77 O” 0 " 0” 0” ﬂ[ On 0”:271
On [n 017 On 017 On - [n 017 Xdn

E[h(t)]: E[IL((,)]J'_HIT(hUQl (h2z//2)Q4) 1
+[X, Y, h(t)Z, (hy,—h(t))WIII,
+ 17X, Y, h()Z, (h,— h(t))W]T,



Oy = RO)XQT ' XT+(hy—n))YQ 'Y T

+(0*(0)/2)2Q; 27 +((h,—h(1))*/2)WQ, "W

(45)

Here, 3, is defined in (21).

Theorem 2. For given scalars h,> 0 and h,, diagonal
matrices K, =diag{k{,...k} and K, =diag{k{,...k}}, the
system (12) is asymptotically stable for 0 < h(t) < h, and
ht) < h p If there exist positive diagonal matrices
A= diag{\,-- N}, A= diag{6,,-.0,},  H =diag{h;,-hy,},
Hy =diag{hy,,-+hy, }, H, = diag{hy,,-.., hs,L} positive definite

matrices ~ R=[R ], 4, R, = [V ];.5 ER,
G= [G;',j]QXZ ERQ”X%r Qi(i:1’273%4) Rn><n, pOSitiU@
scalar ¢, and any matrices X, €ER"*", Y, ER"",
ZER" ", WER"™™" (i=1,2) satisfying the following

LMIs for I=1,..,r:

5 o,
0’” “1om In 12n % 3n
Osnxin L,
[E[ﬂ] GW]T} [01171 xn} [hUW} [hUY]
* —el 0, 0, 0,
X * - 2@4 077 O”
* *x =20, 0,
* * *  —hyQ
[ It 0y, } 0
Onscron 1 1anin <0,
Oz x 11 I,
(46)
[ r' 0} o 1
()n “10n In 12n X 3n
Psn x11n 1,
E[h d Eyv/lT:| [Olln ><n:| [h[/w} {hUY]
* —el 0, 0, 0,
* * -2, O, 0,
* x 20 0,
* * *  —h,Q
[ L O, } 0
0 7 12n3n |
n < 10n n R
O, 11n 1,
(47)

where I,%, X, Y, ZW, and E[h(,)] are defined in (21)

and I;" is the right orthogonal complement of I

Proof. Let us choose the following L-K functional
candidate with free-weighting matrices as

V=V, + Vy+ Vy+ (1/h) )V, + V + Vy + Vi (48)

where V,(i=1,2,3,4,5,6) is the same L-K functional used

in Theorem 1, and

Al Xldol EMste 22t HX| 72 UES IS Zol otdd md
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v)dvduds.

v S

Using Lemma 3, we have wupper bound of the
time-derivative of (1/h,)V, as

(/) V= by T @0~ [ RAOEOT

t—nhi(t) . ) '_
*f z7(s) Qa(s)ds
t—hy

< hyeT(t)Qual(t)

+h(t)¢T(O)X QT XT¢(t) +2¢" ()X [ () —a(t —h(t))]
+(hy =k )Y Q'Y C(t)
+2" ()Y [zt —h(t) —2(t—h,).

(49)

Similarly, an upper bound of the time-derivative of V;

can be calculated as

. K

V=-"z / / u)duds
2 t—h(
t—nh(t

— / / w)duds
t—hy

B, .
D) x
R (t)

2
+2¢7(£)Zh )]z () —

<

() Qu(t)

"(ZQ'Z7¢(t) + 7(}”’_:(”)

1 t
h(t) \/\ffh,(f)w(S)dS]
r 1
2 (OWhy, —hO)2(t—h ()~ 57— fh(t)f
U t

t—hy

+

COwWe "WT()

t—h(t)

(50)

From (36), (49) and (50), the time-derivative of ¥ has a
new upper bound as

V= CT(t)(E[h ) +eal it 9[,,,(1,)])(:(15)7 (51)
where E[MZ)]’@[}IU)] are defined in (45).

By use of (i) and (ii) of Lemma 1, for any matrix L with
appropriate dimension, inequality (51) is equivalent to

Sy +el B0, )+ LI+ T LT <0, (52)

From Fact 1, inequality (52) is equivalent to

y LT it
* -1

n

[ N+ O <0, (53)

which can be represented as

r 7 gl
300 | Zon 6 oI el
=1 _In

of gt 22 2lofZ= FH4H 2125
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At each Ith rule, by multiplying on the left side and right

. . . (I_;l )T 010nX71
side of the inequality (54) by and
OVLXll’VL In
It o
[ ! Hnxnl e have
0n,><1[]n [n
T =
[(le) (Z[h(tiJr“[h(t)])[}L 6(5*]) 7 }<o. (55)

From Fact 1, inequality (55) is equivalent to

ol S TROX QXY
0 )T+([}iz(:]fh(t))Yci’1YTn ()
* —e] (56)
*
*

<0 (I=1,...,r).

By the properties of convex-hull, inequality (56) holds if
the following two inequalities are satisfied

[(II‘L )T(E[o)] +hyY @ IYT)FIL C(FZL )TWIT

* —el (57)
*
*
[Ollnxn] |ih('([;L)TW
On On f—
2, 0 <0 (I=1,...,r),
* _2Q4

[(FIL)T(jj[h(z)]+hz;XQ171XT)FIL 6(F/,L)TEI’/T

* —e (58)
*
*
[hy(ff V"Z] [Onm}
011 O’VL j—
20, 0 <0 (I=1,..,r)
* —20Q,

Using Fact 1, the above inequalities (57) and (58) can be
handled by the LMIs (46) and (47), which guarantee the
stability of the system (12) by the Lyapunov stability
method. This completes our proof. [ |

Remark 1. When the information of the time-derivative

of time-delay, iz(t), in unknown, then, by setting
G, =G, =Gy, =0 in both Theorem 1 and 2, we can
easily obtain delay-dependent robust stability criteria for
uncertain T-S NNs with time-varying delays, which do

not need the information of h(t).

Remark 2.
proposed in [21], it is well known that delay-partitioning

Since a delay-partitioning idea was firstly

2126

approach can enhance the feasible region of delay-
dependent stability criteria due to the fact that this method
can obtain more tighter upper bounds obtained by
calculation of the time-derivative of Lyapunov-Krasovskii
functional. In this regard, very recently, Balasubramaniam,
and Chandran [16] proposed new delay—dependent stability
criteria for fuzzy neural networks with time-varying
delays by utilization of delay-partitioning techniques.
However, the method [16] is still conservative because the
proposed criteria were only single LMI regardless of
divided subinterval. Furthermore, when the number of
delay—partitioning number increases, the matrix
formulation becomes more complex and the computational
burden and time-consuming grow bigger. Noticing this
fact mentioned above, the proposed Theorem 1 and 2 do
not utilize the delay-partitioning technique. Instead, the

utilized augmented vector has new integral terms such as
t

a/me) [ s and (1/(hL,—h(t)))/“}“”x(s)ds in

t—hi(t t—hy
order to utilize more information about h(t) in the derived
stability condition. To do this, in Theorem 1, some novel
derivation are proposed at Eq. (25), (32) and (33). In
Theorem 2, further improved stability criterion was
derived by employing free weighting matrices at Eq. (49)
and (50). It will be shown Theorem 1 and 2 significantly
improve the feasible region of stability criterion comparing
with the previous works [16] which utilized delay-
partitioning technique.

Remark 3. In the field of delay-dependent stability
analysis, one of major concerns is to get maximum delay
bounds with fewer decision variables [22]-[24]. By use of
Finsler lemma, one can eliminate free variables which
were used in zero equalities in the works [24]-[25]. From
Lemma 2, one can check that the (BY)7¢B* <0 is
equivalent to the existence of L such that
&+ LB+ BTLT<0 holds. Insertion of such an additional
matrix L does not play a role to reduce the conservatism
of (B*)T®B* <0. It only increases the number of decision
variables. Therefore, as presented at Eq. (54) and (55),
the variable L at Eq. (54) was eliminated by multiplying

i nHro ntoo
both side of (54) by [( i) l””xﬂ} and I unxﬂ}
On X 11n ]n On X 10n In

4. Numerical Examples

In this section, we provide two numerical examples to
show the effectiveness of the proposed stability criteria.

Example 1. Consider the following system



Rule 1: IF z,(¢) is ©,,, THEN
o(t) = — (4, +Ad, () () + (W, + AW, (1)) f (2 (t))
+ (W, + AW, O)f (@t — k()]
Rule 2: IF z,(¢) is 6,,, THEN
w(t) = —(Ay + A4, (0)z (t) + (W, + AW, (1)) f (2 (1))

+ (W, + AW, () f (@t —h(t)))], (59)
where
4= [202 108] M = [0(.)2 1{)2]’VI/11: [218 1.18}’
4= [205207] Moo = [}323}%: [?ffﬂ
p= Bﬂ Eu= [062092} = By= [061 0(.)3]’ =12
fla)= —(\x+1\—|a¢—l|)7 Flt) = [Sin%mt)sin(?ow)},

K, = diag{0.3,0.3}, K, = diag{0,0},

m

oy (ay () = sin® (), py (2, () = cos® ().

The results of the upper bound of time-delay with
different values of h, provided by Theorem 1 and 2 are
listed as Table 1. The example shows that Theorem 1
and 2 obtain the less conservative results step by step.
In Theorem 2, for further improved results, we add the
triple-integral term with free-weighting matrices. To

H® 1 hpel CHE #ES 18t X[ SHAIZE Ay,

Table 1 Delay bounds h, with different values of h,.

hp 0.8 0.9 unknown
Theorem 1 1.1485 1.1338 1.1301
Theorem 2 1.3414 1.3258 1.3182
1 \ \ \ \ \ \ \ I
98 S S S S B SO et
} | | | | | | | *5()
06— —L L _ L __L__1__41__1__T-—Ta-——4
| | | | | | | | |
-
| | | | | | | | |
02F -\ F-—F-—t-——t-——+-——4-——+——A4-——4—-—+
S i R S S S
x | | | | | | |
| | | | | | | | |
021 — L O E F
P A S S S G S S
| | | | | | | | |
e SESRR EEEEEEEEEESR LS
DO S N
Y T N S T S S S R
o 1 2 3 4 5 6 7 8 9 10
Time (Seconds)

a8 1 AR R(t)=1.3182sin(t)|S Dt A[AEIo] A}
EH o I-

Fig. 1 State responses of the system with time—delay
h(t) =1.3182lsin(¢)l.
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confirm the feasibility of our obtained results in Theorem

2 when h;, is unknown, Fig.l shows the simulation
results for the state response of system (59) when
h(t) =1.3182sin(¢)] and z7(0)=[1 —1]7. From Fig. 2, one
can see the states of system (59) approach to zero as
time increases.

Example 2. Consider the following system

Rule 1: IF z,(t) is ©,,, THEN
z(t) = — Az @)+ Wy, fz () + W, f =t —R(t))),

Rule 2 IF z,(t) is 6,,, THEN

a(t) = — Ayx (t) + W f (2 () + Wof (z(t —h(t))),
(60)
where

Fla) = 1—10(\;1;+1| e—1), K —

14

py () (£)) = sin® (), gy (2, (£)) = cos® ().

diag{0.2,0.2}, K = diag{0,0},

When the value of the time-derivative of time-delay is
unknown, in [16], the obtained the upper bound of
time-delay was 1.8450 (N=15). By applying Theorem 1
and 2 with Remark 1, one can obtain maximum delay
bounds as listed in Table 2. From Table 2, one can
confirm that the proposed Theorem 1 and 2 provides
larger delay than the results of [16] in spite of no
utilizing of delay—partitioning technique.

To check the effectiveness of the obtained results,
the obtained LMI variables in Theorem 2 when
0 <h(t) 29555 and h, is unknown are listed as belows

— 1073 {257.5750 40.1372}
fy 40.1372  113.9509]’

32.4148 —1.6964 }
2.7613 —15.3564] "’

120.8282  88.6497 ]
88.7549 —62.8308]’

35.0725 —2. 7844]
2.7844 16.5553

<[
<[
<2
{ 379.5723 *269.4190} ,
<
<2
|
|

R,=10""
R, =10"°

=103
Ry, =10"°

267.7798  192.3107

1.5638 —1.0979 }
1.0979 789.8479 <10~ |’

303.6355 —59. 2037]
59.2537 155.6969
19.5203 - 2.6812}
735.4208 X103 6.6207

2.7188 —32. 3469]
70.1444 —49.1782

Ry, = =10
N, = =103
N, = =103

“7107
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—715.2201 <103

_ 6.0611
=107 [ 3.4485 '

715.2201 10~ *

—10-% % [ 10.4683 —8. 0475}
Nog 7.3724 5.7918

— 1073 [382 .5831 —6. 2382}
Ny 6.2382 228.5301

—10-% 3.7157 10. 4774]

10.4774 27.0569]’

—10-3 1.4126 —1.0097 }

1.0097 721.7090 <10 °

—10°6 71.2880 —50. 9449}

50.9449  36.4100

—10°6 128.2599 —91. 6587}

91.6587  65.5082

X =107 a3 19376500

— 1073 34.1866 6.3701 ]

5.4227 16.5650]’

—1073 34.4206 —6.1932 }

5.2696 —16.6810

—10°3 2.8388 —2. 0498]

1.9869 1.4324

—10°6 86.9822  62.1604 }

62.1638 —44.4283]°

*()
=10 61.3932 43.8776

<[
<
<[
<[
[ Tl
|
<[
<[
[
<L

85.9105 —61. 3945}

W =10"% % [— 86.7428 61.9892 }

61.9891 —44.3034]"

W, = 1076 [ 85.3427 —60.9887}

—60.9882 43.5881

I=10"%x [286.1302 0 ]

0 263.0564]”

A=10% % [385.4016 0 }

0 285.5186]°

P 14
H = 1073 % {1‘2122 0 ] _ {2‘0902 0 }

0 322.8737)’ 0  1.0588]’

%:10,34493.3945 0 }

0 131.9094]"

With the solutions presented above, the eigenvalues of
(46) and (47) can be obtained as follows:

I) Eigenvalues in the left half side of LMI (46) when

1=1 and h(t)=0 : -2.9649, -2.0784, —1.3829,
~719.5350x10 ™", ~510.5963x10°°, ~415.5768x10",
-347.9996x10°, -347.9996x10*, -332.2627x10 ",
-230.7363x10°, ~128.3570x10°, -95.7480x10 ",
-53.5449x107°, -34.9795x10"°, ~7.4300x10 ", -3.9802x10 ",
-1.7249x10°°, ~769.2002x10°, ~387.5283x10°,
-290.9591x10 %, ~211.8022x10°°, ~109.8547x10°,
-11.3097x10"°, -7.8198x10 ", -4.0381x10*,

2128

E 2 npyol CtE UsS

ek XA SAIZL h

Table 2 Delay bounds h, with different values of hU.

hp, unknown
[16](N=2) 1.1104
[16](N=3) 1.3044
[16](N=4) 1.4480
[16](N=5) 1.5610
[161(N=6) 1.6530
[16](N=10) 1.8110
[16](N=15) 1.8450
Theorem 1 2.5356
Theorem 2 2.9555

(N: Delay-partitioning number in [16])

I I I I I I I L

| | | | | | | X4(t)

08t -——-r—-——r—-—r--T--T- T T~ i

| | | | | | | 2t

0BHR--L - L __L__L__1__1__1__T-——J1-——
| | | | | | | | |
| | | | | | | | |

[ e ol e e e
| | | | | | | | |

02F N\ hF——F——fF——f——F——F——F— =A==~
| | | | | | | | |
= Lo — | | | | I
g 0 I | I I I I I
| | | | | | | | |

02 of-r--r T TTTT T T T O77
| | | | | | | | |

Y v e
| | | | | | | | |
| | ! | | | | | |
06 i i | | | | | | |
| | | | | | | | |

08fF ——r--r--T- TS T T ST T
| | | | | | | | |
-1 1 1 1 1 1 1 1 1 1

0 1 2 3 4 5 6 7 8 9 10

Time (Seconds)

a3 2 AZERIYd h(t) =1.9555+sin(t)| 2 IE{st A|AH 9
AME[ =2

Fig. 2 State responses of the system with time-delay
h(t) =1.9555+|sin (¢)I.

II) Eigenvalues in the left half side of LMI (46) when
1=1 and h(t)=h, : -2.9649, -2.0784, -1.3829,
-719.5149x10°, -510.5969x10°, -415.5828x10 %,
-347.9996x10 %, -347.9996x10 *, -330.0160x10 *,
-232.9460x10°, ~126.7276x10 °, -96.8694x10 °,
-53.6605x10 %, -35.3668x10 °, -6.8544x10°, -3.9567x10 *,
~1.7239x10 %, ~779.5009x10 ©, -387.5283x10 °,
-356.4943x10 %, ~189.5120x10 ¢, -109.5628x10 °,
~7.8198x10 ¥, ~7.5098x10 °, -6.3338x10 °, ~152.3757x10 %,

III) Eigenvalues in the left half side of LMI (47) when
I=1 and h(t)=0 : -2.8298, -15652, -1.3829, -1.0491,
-510.6296x10 %, -417.9014x10 %, -347.9996x10 *,
-347.9996x10 °, -333.0022x10 ®, -237.3941x10 *,
-126.4340x10°°, -94.3961x10 %, -22.4741x10 %,
~155304x10°, -7.2391x10°, -5.4993x10 *, -1.1738x10 *,



-565.9613x10 %, -387.5283x10 %, -214.1760x10 °,
-16.4015%10 %, -106.3722x10°, -7.8651x10 ", -7.8198x10*,
-5.2265x10 7, -3.8436x10°,

IV) Eigenvalues in the left half side of LMI (47) when

I=1 and h(t)=h, @ -2.8299, ~1.5654, -1.3829, -1.0491,
-510.6306x10 °, -417.8997x10 *, -347.9996x10 *,
-347.9996x10 °, -330.5698x10 *, -239.7325x10 *,
-124.8240x10°, -95.5990x10 °, -22.3386x10 *,
-15.7009x10 *, -7.0464x10°, -55123x10 %, -1.2080x10 *,
-387.5283x10 ¢, -370.1519x10 ®, -344.6671x10 ©,
-11.0078x10 ¢, -108.7359x10 °, -7.8198x10°, -7.3497x10 *,
-4.2064x10 ¥, -386.5412x10 4,

From the results mentioned above, all the eigenvalues of
LMs (46) and (47) are negative, which means the system
(60) is asymptotically stable when 0<h(t) <2.9555 and
hp is unknown.

The simulation result for the state responses of the
system (60) is shown in Figure 2. We assume that the
state—delay h(t) =1.9555+sin(t)] and 27(0)=[1 —1]7. To
solve the above system (60) employ Fourth-order Runge-
Kutta method with sampling time 0.001[sec]. Figure 2
show that the system (60) responses converge to zero for
chosen initial values of the state.

5. Conclusions

In this paper, the delay-dependent stability criteria for
the uncertain fuzzy NNs with time-varying delays have
been proposed. To do this, the suitable L-K functional is
used to investigate the feasible region of stability criteria.
Two numerical examples have confirmed the effectiveness
and usefulness of the presented criteria.
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