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Delay-dependent Robust Passivity for Uncertain Neural Networks with
Time-varying Delays
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Abstract - In this paper, the problem of passivity analysis for neural networks with

time-varying delays and

norm-bounded parameter uncertainties is considered. By constructing a new augmented Lyapunov functional, a new
delay—dependent passivity criterion for the network is established in terms of LMIs (linear matrix inequalities) which
can be easily solved by various convex optimization algorithms. Two numerical example are included to show the

effectiveness of proposed criterion.
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1. Introduction

Recently, neural networks have been successfully
applied in various science and systems in Engineering
such as pattern recognition, image processing, signal
processing, fixed-point computations, associative memory,
and other scientific areas. In application of neural
networks, the equilibrium points of the designed networks
should be stable. Also, in the hardware implementation of
neural networks, time delays often occurs due to the
finite switching speed of amplifiers and the inherent
communication of neurons. Since it is well known that
the existence of time delays may cause poor performance,
oscillation, or instability, the stability analysis of neural
networks with time delays has been extensively studied.
For references, see [1]-[5] and references therein.

On the other hand, in various engineering and scientific
areas, stability analysis can be linked to the theory of
dissipative systems which postulates that the energy
dissipated inside a dynamic system is less than the energy
supplied from external source [6]. In the field of nonlinear
control, the concept of dissipativeness was firstly
introduced by Willems [7] in the form of inequality
including the storage and supply rate. Since then, passivity
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analysis has been one of important method for analysing
the stability of nonlinear system. The main advantage of
passivity analysis is that the passivity properties of a
concerned system can keep the system internal stability by
only using input-output characteristics and thus can lead
to general conclusions on stability. In this regard, many
efforts have been devoted to passivity analysis for neural
networks with time-varying delays [8]-[11]. Chen et al. [9]
investigated the problem of passivity for uncertain neural
networks with time-varying discrete and distributed by
utilizing delay-decomposition technique and free weight
matrices. Recently, the problem of passivity analysis for
uncertain  stochastic neural networks with interval
time-varying delays was studied by Fu et al. [10]. Very
recently, in [11], without ignoring any useful information in
the deriving process, improved passivity criteria for
uncertain neural networks with time-varying delays was
derived in terms of LMIs. However, there are still rooms
for further improvements in passivity criteria for neural
networks with time-varying delays.

In this paper, the problem of passivity analysis for
uncertain neural networks with time-varying delays and
norm-bounded parameter uncertainties is investigated.
Unlike the methods of [9]-[11],

matrices are employed in deriving passivity criterion of

no free weighting

the concerned networks. Instead, by taking an augmented
vector ((t) which includes integral terms of activation

t t—h(t
functions such as / f( ))ds and / .a
t—n(t t—hy

delay-dependent sufflclent condition such that the
considered neural networks are passive is derived in
terms of LMlIs. By utilizing these integral terms in

deducing passivity criterion, more past information of
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flz()) will be utilized in Theorem 1. Furthermore,
inspired by the work of [12]-[13], a triple integral forms
of Lyapunov-Krasovskii’s functional will be utilized.
Through two numerical examples utilized in previous
literature, it will be shown that our proposed criterion
provide larger feasible region for guaranteeing passivity
than the results in other literature.

Notations: R' is the n-dimensional Euclidean space,
R"*" denotes the set of mxn real matrices. For
symmetric matrices X and Y, the notation X>Y
(respectively, X > Y) means that the matrix X—Y is
diag{...}
denotes the block diagonal matrix. Xy means that the

positive definite (respectively, nonnegative).

elements of matrix Xj ) include the scalar function of

f(t). The subscript " 7" represents the transpose.

2. Problem formulation

Consider the following uncertain neural networks with
time-varying delays:

w(t) = —(A+AA)x () + (W + AW () f((t))
+ (W + AW, () f (@ (t—h(t)) +ult)

y(t)=Cf(z(t)+ Gf(z(t—h(t)), )

where z(t)=[z,(t),...x, (t)]"ER" means the neuron state

vector, n denotes the number of neurons in a neural
networks, y(t)=[y, (t)....y, ®)]"ER" is the output vector,
fa@®)=f, @ @), s f, (@, #)]"ER" s the
gly(t—n(t)) =
lg, (g, G=h(E)))s s g, (y, E—R(E))]TER" is the
neuron activation function, A=diag{a,} ER"*" is a positive

I/I{):(w“ E€R"™", and W=

iJ)n, xn

neuron
activation function of neural networks,

delayed

diagonal matrix,

(w1 )n L ERT are the interconnection  matrices

ij
representing the weight coefficients of the neurons,
w(t) =[u, t),u,(t),....u, (H)]"ER" is an external input vector

to neurons, G ER'" and GER'™" are known constant

matrices, and AA(t), AW;(t), and AW (t) are the
uncertainties of system matrices of the form
[AA() AW () AW, ()] =DFW(E B B) ®)

where the time-varying nonlinear function F(t) satisfies
FI)Ft) < Vt=0. (3)

The delay, h(t), is a time-varying continuous function
satisfying

0=<h(t) <hy h(t) < hy, @
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where h, is a positive scalar and h, is any constant

one.
Assume that the activation functions, f,(z;(t)),i=1,...n, be

i

nondecreasing, bounded and globally Lipschitz;that is,

k< £Q/<k,V(#0,i=1,...n (5)
which is equivalent to the following inequality

Q=K dlf,(O-kd =0,i=1,...n. 6)

Let us define

p(t) = F(t)q(t), (7
then, system (1) can ber rewritten as

a(t) = — Az () + W f () + Wi flat—h(t))+ Dp(t) +ult)
y(t)= Gfxt)+ Gfx(t—h(t)). 8

The objective of this paper is to investigate robust
delay-dependent passivity criteria for the above system
(8). Before deriving main results, the following definition
and lemmas are needed.

Definition 1 [6]. The system (1) is called passive if
there exists a scalar v>0 such that

2\/(:PyT(s)u(s)ds Z—'y\/:l)uT(s)u(s)ds 9)

for all ¢, >0 and all solution of (1) with z(0)=0.

Lemma 1 (Finsler’'s  Lemma) [14].  Let
¢CERY, &=PT€R"™", and BER"*" such that rank(B)<n.
The following statement is equivalent:

i) Toc<0,vB=0, (=0,

i) (BYH)TeB* <0

where B+ is a right orthogonal complement of B.

Lemma 2 [15].
M=M">0, a

For any constant matrix MER"*",
scalar >0 and a vector function
x:[0,7]>R" such that the integrations concerned are well
defined, then

'y\/OW’xT(s)]lfc(s)ds > (fovw(s)ds T]l/(/:a:(s)ds) (10)

Lemma 3 [13]. From Lemma 1, for any constant

matrix G, G=GT>0, the following integral inequalities
can be easily obtained:

(hZ/Q)/l ‘/ILZT(U)G:I;(U)dudS
t—h s

> ( / ;h / :x(u)dud,s)TG( / i h / :x(u)duds) (1



Lemma 4 [5]. For any constant matrices ¢, and &, of
appropriate dimensions, a symmetric matrix Y<O0, a
positive scalar h,, and a scalar function h(t):R'—[0,h],

the following inequality

h(t)®, + (h,;—h(t)®, +Y <0 12)

holds, if and only if

hy®, +Y <0, (13)
h @, +Y <0. (14)

3. Main result

In this section, new robust passivity criterion for
system (8) will be proposed. To simplify the notation of

our main results, e, (i=1, 2, ..., 14) €R""*" are defined

as  block entry matrices. For example, el =
[00007 000000000].

are defined as:

The notations for some matrices

W) =[T0) «Tt—h®)) 2Tt —hy) 2(t) z(t—h,)
[ s / T Wds T@0) Tt -n()
t—h(t) t—hy ’
t t—h(
Falt—h,)) ft y ))ds /t N $))ds
u”(t) p(¢))],

) 27(t) f7 ()],
H:[—AOO—I 000 I/VOI/VI ()0010],

I=ley ey egter e ten], Ty=e; e e —ey eg—ey),

a(t) = [xT(t

L=lee], Iy =1 e),
— -1 T T T.T T
Q) = (=240 h(1))leg Grieg +egGroey ey Gryes —egGiaey
—efoTeb.T-i—e Gf,2eT —e G“e‘T—ezGﬂelT
+eyGypey TegGrye) ey Giyeg +e, Gyely +ey Gyyef

Ly=lerey e, I = ey e5 ey,

7620238171 —fn ngeQ +61162138171]
+(—1—h;,lh(t))[67Glle7T+e7GuezT+e2G1€e7T
7€7G|2€3T*€3G112‘€;-+62G22€;762672265‘76302262’[
tey G"2253T+67 G’l?;elj; tepy GY1€G7T+52 G23€17; tepy ngezT
_62022612_612651 €3 +€120;2612]

=€ G11€1 +616(1264T+64G1264 +€101368 +€4G2368T+68G33€s

+e,Glhel +68G1€€1T+€SG"2€64{’
&=—2e K HKel +e (K, +K)Hel +eH (K, +K)el
—2¢e Hel —2 KmHzKeQT-‘rez (K, + K ) Hye,

+eyHy (K, + K )e)

m

ey (K, + K )Hel  +e H (K, + K )ef

—2e,Hyey —2e,K, HK e

m

—2e,,H, ‘)10

Z=- esq 613 —6136168 _egq 613 _6136;69 +SelEl Elel
— e, BT el — ee, Bl el — oo, BT Eye] — oe, Bl Frel

T T T T Ty T T T T
teegBy Eyeg +eegEy Eiey +eegEy Eyeg teey By Erey —eeqy €y,

Al XA

i}

1o
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= (/e Ml —(hye, —e,
0= ehe] Jre4/1e8 —e, K, Ael
+64Aer] —egde] —e, Ael,
Y= LRI + LRIV + NI — LI + QI — (1—hy) L QI
+RP+P+Z. (15)

_ ) . __\\T
e, )]L[(h,/e1 € 67) s

T T

—e, AK e; +61K;]Ag4

Now, the following Theorem 1 will be introduced.
Theorem 1. For given scalars h, >0 and h,, diagonal

K, =diag{k{,...k }, and K, =diag{k ,...k }, the
system (8) is passive for 0<h(t) <h, and h(t)ghu if

matrices

there exists positive diagonal matrices H; = diagh,,....h;,
(j=1,2,3), A=diag{\,...\,}, A=diag{é,,....6,}, positive
definite matrices R=[R ], ,SR"**"" N=[N, |, ,ER" ",
G:[G;'j]g;xgeRf:mxgn’ %[Q_,-]QXQER%XZHy ]I/IER"XH, and a

positive scalar ¢ and ~ satisfying the following LMIs:

(1) {2+ 2 ) g ) <0, (16)

L <o, (17)

()" [(Z+ 2,

where X, (2, and II are defined in (15) and II* is the
right orthogonal complement of II.

Proof. With
A= dzag{)\ ..... /\}

positive diagonal matrices

A=diag{5,,.-,6,},  positive  definite
matrices B=[R], ,SR" ", N=[N], SR,
G’:[G;]];;X;;ERan;gny ¢[Qij}2><2€R2”X2ny IERW'X”, let us
take the following Lyapunov-Krasovskii's functional

candidate:

4
v=>V,

i=1

where

t—h(t)

V,= ‘/; \ o’ (s)Na(s)ds
+2§1( /

Vi=h /, h/ w)duds,
—w f /

—k's ds+6/ k+57 (s))ds|,

v)dvduds. (18)

By calculating the time derivative of V;, we have
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a:(t)
z(t—hy)

t—ht
ds+/ x(s)ds
t—hy

t—ht
ds+/f .
a:(t)
z(t—hy)
a:(t)—m(t—h,/)
Sla@) = fat—hy))

=" WL R+ LRITICR). (19)
An upper bound of Vz can be
. I(t) T ac(t)
= sion] 9ot
h( x(t—h(t)) }

(11— z(t—h(t) 17
a=n)| 2t o) @t
=LQIT—(1—h)I,QIT (20)

Calculating the time derivative of V; leads to

I'/; = OtT(t)Mk(t) —OtT(t_ }L[,)Ml(t _h[/)
+2[f(x(t)— K, =) " Az(t)
2K 2 (t) = f(a () Ax(t)

=" )N — TN+ 21¢(1). (1)

Calculation of the time derivative of V, yields

Vim o (0 Galt)—hy [ o7 () Gols)ds, (22)

t—hy

Here, by the use of Lemma 2 and the method of [16], the

t
a’(s)Gals)ds in (22) can be estimated as

t—hy

term —h;

6{/,,1 )
S o

=192 6(8). (23)
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From (22)-(23), V4 has an upper bound as
Vo= )20+ 2, ) )C(t). (24)

By utilizing Lemma 3, an upper bound of V. can be

5

Vo= (ht /4)2” —(r%/2) / / w) Mir(u)duds
t—h,

< (hb/a)x"(£) ()

(/f VK ududs) {ff e dudé)

= (h“}//4)x (t)Ms(t)
t t—h(t) T
_(hUﬁ(t)_‘f/\t—h(t)ﬁ(S)dS_‘/‘tfh[; x(s)ds)

t t—h(t)
Xl%h[,a:( t)— / z(s)ds— / x(s)ds).
t—h(t) t—hy

= (o). (25)

Here, note that Eq. (6) means

U, (0) — ks, (DU, (a, (0) — K, (0] <0 (= Lcum). (26)

e J<t h( >)> K (t—h(o)] @
< 1F, ot = RN~ 2, (=B < 0 (= 1,0m),
[fj( j(t h[/)) kj J?j (t h[)] (28)

X [f]-($j(t—hU))—k;ritj(t—h[/)} =0 (J: 17"'7”)7

From the above three equations (26)-(28), for any positive
diagonal matrices H, = diag{h;,,....h; }(j =1,2,3), we have

0 <=2 3y U, () — by, O,y (60) — K, 1)
3y oy 1= O) = 2, = h(0)

<[ o (¢ — (D) (¢~ h(0))
i

(t=hy)) =k z,(t—h,)]

1] Zj

h J
+
X ] ] h[r) k] Ji (f h[/)D

(t—
=Tac(t). (29)

From Eq. (3) and (7), the inequality

pT(#)p(t) =¢" (&) FT(t) F(t)q(t) < ¢" (t)g(t) (30)

can be obtained. Then, there exists a positive scalar e
such that

elg” (t)q(t) —p™ (t)p(t)] = 0. (31)

From (18)-(31) and by utilizing S-procedure [17], an
upper bound of V—2y7(t)u(t)—uZ(t)u(t) can be estimated
as

V=297 (£)ut) =T ()u(t) < T @[S+ 2, () )c). (32)

By Lemma 1, l(t)[E—ﬁ-Q[M)]]Q(t)<0 with 0=1K(t) is

equivalent to )T{E+Q[,I(L)]}(HL)<O. Since {2,y s



affinely dependent on h(t), the inequality

(1) {2+, T+ )<0 with 0<h(t) <h, holds if and

only if the two inequalities (16) and (17) hold from Lemma
4. This means

V= 2T ()u(t) —yuT (t)ult) <O0. (33)

By integrating (33) with respect to ¢t over the time
interval from O to ¢,, it can be obtained that

2/0 y' (s)u(s)ds = Vz(t,) — V(I(O))*W/U u’ (s)u(s)ds. (30)

Since V(x(tp)) >0 and V(z(0)) =0, it follows that
t t
2 [ " ds ==~ [ W’ d 35
/0 y' (s)u(s)ds = 7/0 u” (s)u(s)ds (35)

which means the system (8) is passive according to
Definition 1. This completes our proof. | |

Remark 1. Unlike the previous method, the proposed
criterion does not have any free variables which has been
well wutilized to reduce the conservatism of stability
criteria for time-delay systems. Instead of no using free
variables, the augmented vector ((t) has integral terms of

t
activation functions such as / flz(s))ds and
t—h(t)

t—h(t)
/ f(z(s))ds. By utilizing these terms in deducing
t

iy
passivity criterion, more past information of f(z(t)) was
utilized in Theorem 1. With these considerations, it will
be shown that our proposed passivity criterion provide
larger feasible regions by comparing maximum delay
bounds with the recent results in other literature.

Remark 2. In many cases, the information on the
time-derivative of time-varying delays is unknown. For
this case, without V, of (18), one can easily obtain
delay-dependent passivity criterion for system (8) which

do not need the value hy,.
4. Numerical examples

In this section, it will be shown Theorem 1 can
provide less conservative results by checking maximum
delay bounds for guaranteeing passivity of system (8)
with utilized system parameters of other literature.

Example 1. Consider the uncertain neural networks (8)
with

220 106 ~[1—-01 o
A= [o 151 = [0.10.3]’”/1_ {0.1 0.2 }’Kp_d’“g{l’l}
K, = diag{0,0}, D=0.11 B =0.11, E, =021, £ =031,
G=14 G=0 (36)

Trans. KIEE. Vol. 60, No. 11, NOV, 2011

above, maximum delay bounds for guaranteeing the
system (8) passive were investigated in [9] and [10]
listed as Table 1. By applying Theorem 1 to the system
(8), one can obtain maximum delay bounds with various
condition of hj, which is also listed as Table 1. From
Table 1, one can see that our proposed passivity criterion
significantly enhanced the feasible of passivity criterion.

Table 1 Delay bounds h, with different h, (Example 1)

hp 0.3 0.5 0.7 0.9 Un-known

[9] 0.5624 | 0.5580 | 0.5565 | 0.5523 0.5420

[10] 0.5763 | 0.5679 | 0.5566 | 0.5273 0.5129
Theorem 1 | 0.9562 | 0.9172 | 0.8884 | 0.8523 0.8315

Example 2. Consider the nominal neural networks

a(t) =— Az (t) + W f(x () + W f (2t —h(t)) +ult) (37)
where
2.2 0 12 1 0.8 0.4 ,
A= [0 1.8]’ W= {—0.20.3]’ m= [—0.20.1]’[(? = diagl, 1

K, = diag{0,0},CG =1, G, =0.

By applying Theorem 1 to the above system, maximum
delay bounds such that system (37) is passive can be
obtained as shown in Table 2. From Table 2, it can be
confirmed that Theorem 1 also provides larger delay
bounds than the very recent results of [8] and [11].

Table 2 Delay bounds &, with different h, (Example 2)

hp 05 0.9 unknown

[8] 0.7230 0.6791 0.6791

[11] 1.3752 1.3027 1.3027
Theorem 1 1.6318 1.4879 1.4626

5. Conclusion

In this paper, the new passivity criterion for uncertain
neural networks with time-varying delays and norm-
bounded parameter uncertainties was proposed in the
form of LMI framework by utilizing more past history
about activation function and the triple integral form of
Lyapunov-Krasvoskii’s functional. Through two numerical
examples, the improvements of our proposed criterion has
been successfully verified.
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