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Abstract. In this article we introduce the fuzzy real valued double sequence spaces

2ℓ
F (p) where p = (pnk) is a double sequence of bounded strictly positive numbers. We

study their different properties like completeness , solidness , symmetricity, convergence

free etc. We prove some inclusion results also.

1. Introduction

The concept of fuzzy sets was introduced by Zadeh [19] in 1965. The poten-
tial of the notion of fuzzy set was realized by different scientific groups and many
researchers. The concept of fuzziness has been applied in various fields such as
cybernetics, artificial intelligence, expert system and fuzzy control, pattern recog-
nition, operation research, decision making, image analysis, projectiles, probability
theory, agriculture, weather forecasting, etc.
Using the notion of fuzzy real numbers, different types of fuzzy real-valued sequence
spaces have been introduced and studied by Nanda [5], Nuray and Savas [6], Tripa-
thy and Dutta ([10], [11], [12]), Tripathy and Borgohain [18], Tripathy and Baruah
([8], [9]), Tripathy and Sarma [15], Choudhary and Tripathy [2] and many others.
The initial works on double sequences of real or complex terms is found in Bromwich
[1]. The notion of regular convergence of double sequences of real or complex terms
is introduced by Hardy [2]. Tripathy and Sarma ([13], [14]) studied different types
of double sequence spaces, while Tripathy and Dutta ([10], [11], [12]) introduced
and investigated different types of double sequence spaces.
The notion of paranormed sequence spaces is pity old. Different classes of para-
normed sequence spaces have been introduced and studied by Choudhary and Tri-
pathy [2], Tripathy and Sen[16], Tripathy[7]. Tripathy and Sen [17] have character-
ized some matrix classes involving some paranormed sequence spaces, those unify
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and generalize several existing results. In this article we shall investigate the class
of double sequences 2ℓ

F (p) of paranormed type.
A fuzzy real number X is a fuzzy set on R, ie. a mapping X : R → L(= [0, 1])
associating each real number t with its grade of membership X(t).
Every real number r can be expressed as a fuzzy real number r̄ as follows :

r̄(t) =

{
1 if t=r
0 otherwise.

The α- level set of a fuzzy real number X, 0 < α ≤ 1 denoted by [X]
α
is defined

as [X]
α
= {t ∈ R : X(t) ≥ α}. A fuzzy real number X is called convex if X(t) ≥

X(s) ∧X(r) = min(X(s), X(r)), where s < t < r. If there exists t0 ∈ R such that
X(t0) = 1, then the fuzzy real number X is called normal. A fuzzy real number
X is said to be upper semi-continuous if for each ϵ > 0 , X−1 ([0, a + ϵ)), for all
a ∈ L is open in the usual topology of R. The set of all upper semi continuous,
normal, convex fuzzy number is denoted by L(R). A fuzzy real number η is said to
be non-negative if η(t) = 0 for all t < 0.
The absolute value of X ∈ L(R) is defined as (one may refer to Kaleva and Seikkla
[4])

|X(t)| =
{

max{X(t), X(−t)} for t ≥ 0
0 otherwise.

Let D be the set of all closed bounded intervals X = [XL , XR]. Then X≤ Y if and
only if XL≤ Y L and XR≤ Y R.
Also d(X,Y ) = max

(∣∣XL − Y L
∣∣ , ∣∣XR − Y R

∣∣)
Then (D,d) is a complete metric space and ≤ is a partial order on D.
Let d̄ : L(R)× L(R) → R be defined by

d̄(X,Y ) = sup
0≤α≤1

d([X]α, [Y ]α), forX, Y ∈ L(R).

Then d̄ defines a metric on L(R).

2. Definitions and background

Throughout N,R denote the sets of natural and real numbers respectively.
Throughout the article a fuzzy real valued double sequence is denoted by ⟨Xnk⟩
i.e. a double infinite array of fuzzy real numbers Xnk for all n, k ∈ N .
Nanda introduced and studied fuzzy real-valued double sequence space ℓFp , for
1 ≤ p < ∞. Nuray and Savas have studied some of the properties of the space
ℓ(p)F .

A fuzzy real valued double sequence space EF is said to be solid if ⟨Ynk⟩ ∈ EF ,
whenever |Ynk| ≤ |Xnk| for all n, k ∈ N and ⟨Xnk⟩ ∈ EF . A fuzzy real valued double
sequence EF is said to be monotone if EF contains the canonical pre-image of all
its step spaces. A fuzzy real valued double sequence EF is said to be symmetric
if S(X) ⊂ EF , for all X ∈ EF , where S(X) denotes the set of all permutations of
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the elements of X = ⟨Xnk⟩. A fuzzy real valued double sequence EF is said to be
sequence algebra if ⟨Xnk ⊗ Ynk⟩ ∈ EF , whenever ⟨Xnk⟩ , ⟨Ynk⟩ ∈ EF . A fuzzy real
valued double sequence EF is said to be convergence free if ⟨Ynk⟩ ∈ EF , whenever
⟨Xnk⟩ ∈ EF and Xnk = 0̄ implies Ynk = 0̄.
Throughout p = (pnk) is a double sequence of bounded strictly positive numbers.
We define the following fuzzy real valued double sequence space:

2ℓ
F (p) = {X = ⟨Xnk⟩ :

∞∑
n=1

∞∑
k=1

[d̄(Xnk, 0̄)]
pnk < ∞}.

Lemma 1. If a sequence space EF is solid, then it is monotone.

3. Main results

Theorem 1. The space 2ℓ
F (p) is a complete metric space with respect to the metric

ρ defined by

ρ(X,Y ) =

( ∞∑
n=1

∞∑
k=1

[d̄(Xnk, ynk)]
pnk

) 1
M

, where M = max(1, sup
nk

pnk).

Proof. Let
(
X(i)

)
be a Cauchy sequence in 2ℓ

F (p), where X(i) =
⟨
X

(i)
nk

⟩
.

Then for a given ϵ > 0, there exists n0 ∈ N , such that
ρ
(
X(i), X(j))

)
< ϵ , for all i, j ≥ n0.

⇒

( ∞∑
n=1

∞∑
k=1

[d̄(X
(i)
nk , X

(j)
nk ]

pnk

) 1
M

< ϵ, for all i, j ≥ n0(1)

⇒

( ∞∑
n=1

∞∑
k=1

[d̄((X
(i)
nk , X

(j)
nk ]

pnk

)
< ϵM , for all i, j ≥ n0

⇒ d̄(X
(i)
nk , X

(j)
nk ) < ϵ, for all i, j ≥ n0, for all n, k ∈ N.

⇒
⟨
X

(i)
nk

⟩∞
i=1

is a Cauchy sequence in L(R) for each n, k ∈ N.

Since L(R) is complete, so
⟨
X

(i)
nk

⟩∞
i=1

is convergent for each n, k ∈ N .

Let
lim
i

X
(i)
nk ) = Xnk

for each n, k ∈ N and X = ⟨Xnk⟩. Taking limit as j → ∞ in equation (1), we have

ρ
(
X(i),X

)
< ϵ , for all i ≥ n0.

Now for all i ≥ n0

ρ (X, 0̄) ≤ ρ
(
X,X(i)

)
+ ρ

(
X(i), 0̄

)
≤ ϵ+K < ∞.
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Thus X ∈2 ℓF (p) and so 2ℓ
F (p) is complete. The proof is completed. 2

Theorem 2. The space 2ℓ
F (p) is solid as well as monotone.

Proof. Let ⟨Xnk⟩ ∈2 ℓF (p) and ⟨Ynk⟩ be a fuzzy real valued double sequence such
that |Ynk| ≤ |Xnk| for all n, k ∈ N .
Then

∞∑
n=1

∞∑
k=1

[d̄(Xnk, 0̄)]
pnk < ∞.

Now
∞∑

n=1

∞∑
k=1

[d̄(Ynk, 0̄)]
pnk ≤

∞∑
n=1

∞∑
k=1

[d̄(Xnk, 0̄]
pnk < ∞.

Thus ⟨Ynk⟩ ∈2 ℓF (p) and so 2ℓ
F (p) is solid.

Also by Lemma 1, it follows that the space 2ℓ
F (p) is monotone. The proof is

completed. 2

Theorem 3. The space 2ℓ
F (p) is a sequence algebra.

Proof. Let ⟨Xnk⟩ , ⟨Ynk⟩ ∈2 ℓF (p).
Then

∞∑
n=1

∞∑
k=1

[d̄(Xnk ⊗ Ynk, 0̄)]
pnk ≤

∞∑
n=1

∞∑
k=1

d̄(Xnk, 0̄)]
pnk

∞∑
n=1

∞∑
k=1

[d̄(Ynk, 0̄)]
pnk < ∞.

Thus ⟨Xnk ⊗ Ynk⟩ ∈2 ℓF (p) and so 2ℓ
F (p) is a sequence algebra. The proof is

completed. 2

Theorem 4. The space 2ℓ
F (p) is not convergence free in general.

Proof. The result follows from the following example.

Example. Let

pnk =

{
2 if n = k
1
nk n ̸= k.

We consider the sequence ⟨Xnk⟩ defined as follows:

Xnn(t) =

 n2t+ 1 for − 1
n2 ≤ t ≤ 0

1− n2t for 0 ≤ t ≤ 1
n2

0 otherwise.

and Xnk = 0̄ for n ̸= k.
Then

∞∑
n=1

∞∑
k=1

[d̄(Xnk, 0̄)]
pnk =

∞∑
n=1

(
1

n2

)2

=

∞∑
n=1

1

n4
< ∞.

Then ⟨Xnk⟩ ∈2 ℓF (p).
Let us consider the sequence ⟨Ynk⟩ defined as follows:
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Ynn(t) =


1
2

(
1 + t

n2

)
for −n2 ≤ t ≤ n2

2− t
n2 for n2 ≤ t ≤ 2n2

0 otherwise.

and Ynk = 0̄ for n ̸= k.
Then

∞∑
n=1

∞∑
k=1

[d̄(Ynk, 0̄)]
pnk =

∞∑
n=1

(
2n2
)2

= ∞.

Then ⟨Ynk⟩ /∈2 ℓF (p). Hence the space 2ℓ
F (p) is not convergence free. The proof is

completed. 2

Theorem 5. The space 2ℓ
F (p) is not symmetric.

Proof. The result follows from the following example.

Example. Let

pnk =

{
2 if n = k
1 otherwise.

We consider the sequence ⟨Xnk⟩ defined by :

Xnn(t) =


1 +

√
2nt, for − 1√

2n
≤ t ≤ 0

1−
√
2nt, for 0 ≤ t ≤ 1√

2n

0 otherwise.

and Xnk = 0̄ for n ̸= k.
Then

∞∑
n=1

∞∑
k=1

[d̄(Xnk, 0̄)]
pnk =

∞∑
n=1

(
1√
2n

)2

=
∞∑

n=1

1

2n2
< ∞.

Thus ⟨Xnk⟩ ∈2 ℓF (p).
Let us consider the rearrangement ⟨Ynk⟩ of ⟨Xnk⟩ defined as follows :

⟨Ynk⟩ =


X11 X12 X13 · · ·
X22 X21 X23 · · ·
X33 X32 X31 · · ·
...

...
...

. . .


i.e.

Ynk =

 Xnn, if k = 1 for all n ∈ N
Xn1, if k = n,
Xnk, otherwise.

Then
∞∑

n=1

∞∑
k=1

[d̄(Ynk, 0̄)]
pnk =

(
1√
21

)2

+
∞∑

n=1

1√
2n

= ∞.
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Hence ⟨Ynk⟩ /∈2 ℓF (p) and so the space 2ℓ
F (p) is not symmetric. The proof is

completed. 2

Theorem 6. If
0 < pnk < qnk ≤ sup

nk
qnk,

then 2ℓ
F (p) ⊂2 ℓF (q) and the inclusion is proper.

Proof. Let ⟨Xnk⟩ ∈2 ℓF (p).
Then

∞∑
n=1

∞∑
k=1

[d̄(Xnk, 0̄)]
pnk < ∞.

Then there exists n0, k0 ∈ N such that [d̄(Xnk, 0̄)]
pnk < 1 for either n ≥ n0 or

k ≥ k0 or both.
⇒ [d̄(Xnk, 0̄)]

qnk < [d̄(Xnk, 0̄)]
pnk for all n ≥ n0 or k ≥ k0.

⇒
∞∑

n=1

∞∑
k=1

[d̄(Xnk, 0̄)]
qnk < ∞.

Thus ⟨Xnk⟩ ∈2 ℓF (q). The inclusion is strict and it follows from the following
example.
Example.
We consider the sequence ⟨Xnk⟩ defined as follows :

Xnn(t) =


1 +

√
3nt for − 1√

3n
≤ t ≤ 0

1−
√
3nt for 0 ≤ t ≤ 1√

3n

0 otherwise.

and Xnk = 0̄ for n ̸= k.
Let

qnk =

{
2 + 1

n if for n = k
3 for n ̸= k

and

pnk =

{
1 if for n = k
2 for n ̸= k.

Then
∞∑

n=1

∞∑
k=1

[d̄(Xnk, 0̄)]
qnk =

∞∑
n=1

(
1√
3n

)2+ 1
n

< ∞.

and so ⟨Xnk⟩ ∈2 ℓF (q).
But

∞∑
n=1

∞∑
k=1

[d̄(Xnk, 0̄)]
pnk =

∞∑
n=1

(
1√
3n

)
= ∞.
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and so ⟨Xnk⟩ /∈2 ℓF (p). The proof is completed. 2
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