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ABSTRACT. The aim of this paper is to obtain a solution of a certain multidimensional
convolution integral equation of Fredholm type whose kernel involves a generalized polyno-
mial set. A number of results follow as special cases from the main theorem by specifying
the parameters of the generalized polynomial set.

1. Introduction

Agrawal and Chaubey [1, p.1155]; see also Srivastava and Manocha [11, p.447]
studied the following general class of polynomials
(1.1)  RYP[x; A, B,C, D;p, 73 q, ¢;w(x)]
AzP + B)~*(Cx" + D)8 ) ,
:( P + ;{ ((J)) + ) % T]le{(Axp+B)a+qn(C$7 +D)’8+an($)}
nw(z :

with differential operator T}, being defined as

(12) Tk,l = $l(k + l'Dz),

where D, = d/dzx.

In (1.1), {K,}52, is sequence of constants, and w(z) is independent of n and
differentiable an arbitrary number of times.

Assuming that K, = 1 and w(z) = 1. Moreover, setting p =D =1, C = —1
in (1.1) and replacing 8 by S/7 therein, we arrive at the following generalized
polynomial set

(1.3) Syl lwsr e.q, A By k)
=(Az+ B)"*(1 - Txr)—ﬁ/‘r TI:L,Z {(AJ} + B)a+!1n(1 _ Txr)B/‘r+cn} .
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This polynomial set has been studied by Raizada [8].
It may be remarked here that the generalized polynomial set is very general in
nature and it unifies and extends a number of classical polynomials introduced and
studied by various researches such as Chatterjea [2], Gould and Hopper [4], Krall
and Frink [5], Srivastava and Singhal [14], etc. Some of special cases of (1.3) are
given by Riazada in tabular form [8; p.65], see also Saigo , Goyal and Saxena [9].
Motivating essentially by the method used earlier by Srivastava and Panda
[12,13], the main object of this paper is to present an exact solution of the following
multidimensional convolution integral equations of Fredholm type

Y1 Ym

o0 o0

_ _ X1 x
//y1 Lyt u(=, o, ) F (s oo Ym) Y1y = g(T1, .y Ty,
0

where z; > 0,V i =1,...,m, g is a prescribed function, f is an unknown function to
be determined, and the kernel u is given by

(1.5) U(T1y ey Timy)

H(Aifvi + B) (1 — mya )P/ T Sen BT vy eh g5, Ay By ki, 1]

.
Il
—

-

@
Il
-

[LC? (kz + szwl)]m {(Alxz =+ Bi)a'i‘i‘q'ini(l _ Tix;‘i)ﬂi/‘rﬁ-cim} )

Throughout this paper, we assume [;, n;, o; + g;n;, (¢ = 1,2,...,m) to be non-
negative integers.

Our method of solution of the integral (1.4) with kernel given by (1.5) would
depend on the theory of multidimensional Mellin transform defined by [12, partl.
p.125, eq.(3.5.1)]

xt L. i f (@, 1) doy.day,

(1.6) M{f(1,.esTm); S1ys-es Sm /
0

provided that the multiple integral exists.
m
In particular, if f(z1,...,2m) = [ fi(z:), then
i=1

(17) M{f(ifl, ~~~7-Tm); S1yeeey Sm} = H Ml{fz(xz), Si},
i=1

where M, is the one-dimensional Mellin transform.
Also the multidimensional Mellin convolution of two functions f(x1, ...,z ) and
g(x1, ..., Zm) is defined by

( ) (f*g) L1y -0y T / /y _1 f 5;::) g(ylaay’m) dyldil/m»
0 0 )
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provided that the multiple integral exists.

2. Multidimensional Mellin transform of u(z1, ..., z,)

In order to solve the multidimensional integral equation (1.4), the following re-
sult is needed.

Lemma: Let U(S1, ..., Sm) = M{u(z1,...s Tm); S15 -y Sm }, where u(y, ..., Tm) s de-
fined by (1.5), then

(2.1)  U(S1,.y5m)

m n; Qi+qing
_ {Z Z (7711)6,(70517(]1”1)[), (—l)pl k;hieL Af),

i=1 Le;=0 p;=0 eilp;!
XB‘.li+qini*Pi € (—Ti)7(8i+li€i+pi)/Ti r s; -+ liei T 7814— llel+pz
% % |7"z| T l; .

—1
XF(—@_%_WWMF(—@_cmi>} }
Ti T T

provided that |argr; < 7|, 0 < Re(s; + l;e; +p;) < r;Re <_’8i — cmi), when r; > 0;

i

r; Re (_’8"’ - cmi) < Re(s;+1l;e; +pi) <0 whenr; <0, for (i =1,...,m),m € Ny.

i

Proof. Making use of the binomial expansion for [z (k; + 2;Dz;)]™, we find that

(2.2)  w(zy, .oy m)

m n;  oi+qin (—m)e»(—ai—qmi) . L o .
:H Z Z i Pi (_1)ez+p1 k;(bq, e; A;;JI

€i!pi!

( T *f’ +cing
ai+qini—ps Jli(ni—eq)  1;+1 e; Di i ‘
x B; x; (7 Da;)* | «f {1 — }

Applying the Multidimensional Mellin transform to both sides of (2.2), making
use of (1.7) and applying the following known formulas [15, p.14, eq. (23); 1, p.
307, eq. (7)]

s; +1in;

(23)  Mi{(ai T Dx)" f(w); 80} = 1 ( l

>n~ Mi{f(xs); 8+ ling}

7

and

(2.4) My{x) f(xi); sy = Mo{ f(2i); 80 + i}
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provided that the Mellin transforms of (2.3) and (2.4) exist, we get

(2.5) WL, ey Ty

— ﬁ {i mim (_ni)ei(_ai - Qini)pi (_1)ei+pi Eri—ei AI.”
i iP5t i 4
i e;= =

G —Di e i + 1 T .
XBiaquml leiez (sl—;el> M, H izr}n +Cim§$i+li€i+pi}}-
i z, '

Again making use of (2.4) and the following result [3, p. 311, eq. (30)],

o DT - )

B T oY)
ri| " ['(v;) ’

where |arga;| < m, 0 < Res; < r;Rev; , when r; > 0; r;Rev; < Res; < 0, when
r; <0, for (i =1,...,m),m € Ny. The result readily follows.

(2.6) M{(1+ a;z]") "8} =

3. Solution of the integral equation (1.4)

Theorem: Let the multidimensional Mellin transforms F(s1, ..., 8m) , G(81, .-, Sm)
and U(81,...,8m) of the functions f(x1,...,xm),g(x1, ..., Tm) and u(ry,...,Tmy) de-
fined by (1.5) exist and be analytic in some infinite strip {; < Res; < n; of the
complex s-plane. Also suppose that for a fized v; € (¢;,n;), 4 is defined by

(3.1) W1, .oy L) = M HU(S15 0y Sm); T4y ooy Ton b

Y1+i00 Y Aico
1 —
= i) it U (81, ey Sm) dS1...dSpy,

Y1 —100 Ym — 100

(3.2) U(81, ey 8m)

ng Q;i+qin;

e! !
e;=0 p;=0 i-Pi

S —f(SiWi+*i+““+Pi>/” i+l 4+ N + Lies
A7 B?z*qlwlzsi( L e

-1
T (3'i+Nili+)\i+l'iei+pi> T (—lei — g — Si+/1«z'li+/\z'+liei+pi)

T T4

T (14 et p (28 o,

provided that |argr; < w|, 0 < Re(s; + pil; + A + lie; + p;) < r;Re (*T/jz
when r; > 0; r; Re (_7?1

'ni)f

nq) < Re(s;+ pili + i +lie; +p;) <0 when r; <0, for
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(i=1,...,m),m € Nyg. Then the integral equation (1.4) has its solution given by

(3.3) flxy, oy m)

o0

—p1li—A
*1‘1“11 T x#mm)\m/
0

(i Dyn) (gl T Dy ) {y11~-~ymmg(y1,.--,ym)} dyi...dym,

y 71 Il_l/(xl7"'7 xﬂ)
Y1 Ym

provided that the integral exist.
Proof. Making use of (1.8), then (1.4) can be written as

(3.4) (U F)(x1,..c; Tm) = g(T1, ooy Tin)-
Now, multidimensional Mellin transform of (3.4) yields
(35) U(sla B3] Sm)F(sl, () sm) = G(sla A Sm)v

where U(sq, ..., S ) 18 given by (2.1).
Replacing s; by s; + p;l; + A;, we obtain

(36) F(Sl +,u1l1 +A17... strumlm +)\m)
—U(s1,..., )xM{( H D Yo (bt D)o {2 . (xl,...,xm)}}

Again using the multidimensional Mellin convolution theorem and (2.4), we find
that

(3.7) M{xﬁ”llJr)‘l...zmﬂler)‘mf(xl,.. Ty ); 81y vy Sm }
oo oo
— -1 —/T1 &€ _ _
=M //y1 Ly tal=,.., =™ {yl 1...ymlg(y17...7ym)}
5 5 Y1 Ym

lm,
( ’“+1Dy1> (yfn’”JrlDym) dyr...dym; s1, ...,sm}

Inverting both sides of (3.7) by using the Mellin inversion theorem [3, p. 307, eq.
(1)], we arrive at the required solution (3.3).

4. Applications

Since the generalized polynomial set defined by (1.3) has a large number of
special cases, one can obtain the solutions of a number of multidimensional inte-
gral equations of the type (1.4) with the kernels involving products of Laguerre
polynomials, Hermite polynomials, Bessel polynomials, H (z,, 8) polynomials
defined by Gould and Hopper [4], E (z, @, q, B) polynomials defined by Chatterjea
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2], G\ (z,a, B,1) polynomials defined by Srivastava and Singhal [14], and several
other polynomials. We mention in what follows some of these special cases.

If we put A; = 1, B; = 0 and k; = 0, then we get the following result con-
tained in the following corollary.

Corollary 2: Under the hypothesis of Theorem, the multidimensional integral equa-
tion

o] o0
— — 1 Tm
(4.1) //y1 1...ym1 uz(a, ey y—)f(yl, ey Ym) QY1 Y = g(X1,5 ey T )
0 0

where x; > 0,V i=1,...,m, and

m
(4.2) U (1, e Ty = H$?1(1 — 7] ) TSP vy ¢4, 06, 1,0, 0, 1]
i=1
m
=TTt D fagom (1 — it
i=1

has its solution given by

(4.3)  f(x1,ymm) = xf“lll_h...xﬂ‘m m=Am
Y1 Ym

[eS)

-1 -1 Tm
/y yml 77"'777")
0

'_',_>.’ 0\8

(i Dyn) 'yt T Dy ) {y yp g(yl,---,ym)} dyy...dym,

provided the integral exist. where wa(x1, ..., Tm) is the the multidimensional Mellin
inverse transform of

oy P (22 =) T (1 - &)
:H i () ~(ssbptitnaitan)FAatan) T e
Llnl

el DU ( ) (_5‘ ’l“l it )

T (_ni _ 5i+/~lfli.li+)\i)

b
r <81+M111+>\1+m(lz+q1)+m) r (—cmi -~ /% - s1+mll+/\z+m(ll+qz)+az)

T3 T3

prom'ded that |argr; < 7|, 0 < Re(s; + pili + Ni + ni(li + @) + o) <
r;Re ( m),when r; > 0; m;Re ( Bi _ Cim) < Re(s; + wil; + X + ni(l; +
qi)—i-al) < 0 when r; <0, for (i=1,..., ),mENO.
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Now, applying the Mellin inversion formula (3.1) and replacing s; by
-8; W get

m
(45) 12(331, 7xm) :H [ |Tz| ‘ (_Ti)(,uilani(li+qi)+>\i+ai)/7‘i

Y1+i00  YmFioo

r ’@_cmi 1,m ©1(51) e 0m (Sm)
&) [ ]

Y1 —100 Y — 100

1'1 S1 "L'm Sm
(o) () ]

where
r (—zi + L) T (_ni _ M)
Hi i
(4.6) @i(si)
i Si—pilitAi —sitpilitAitni(li+gi)+a;
F(i)r(g Hli )1"( sitp mn q a)
1
r (—Cmi - _‘% - _si+“ili+>‘i:"i(li+q7¢)+ai)

Under various restrictions on the non-zero constants r;, l;, u;, ¢ = 1,2, ..., m, the
contour integral in (4.5) can be expressed in terms of multivariable H-functions or a
product of m Foxe’s H-functions (see Srivastava et al. [10, ch.2]).For example, the
solution of the the multidimensional integral equation (4.1) with the kernel defined
by (4.2) can be written as

T

l |er| (_Ti)(Mz‘li+m(li+qz')+>w+0¢i)/7‘ir (_Bl — Ci’ni> .’L‘i”iliki‘|

o0
/~~~/yfl~-~y;f(y’1““Dy1)ll~~(y#$‘“Dym)l"" {yflmyﬁZ"g(yl,-.-,ym)}
0 0

- (1+7L1+%1+>\171/11)7 (07_1/N1)7

e

1039r9ie-39 :1;1(—7'1)1/T1 ym(_Tm)l/Tm — (=1, =1/ ), (1+%,1/l1),
(,‘,111+)\1+7f'.11(l1+(11)+f¥1}1/7,,1) Cs (1+nm+w,1/lm), (0,—1/1m),
(1+%+Clnl+;L111+/\1+jy}1(l1+71)+a1’1/”) p e s (lmy—1/tm), (1+W:1/lm),
(MmLm+xm+n::1n(lm+qm)+amJ/Tm) d d
(14 Lm +cmnm+”mlm+/\m+nffn(m+qm)+am /) Yo @m

for r; >0, u; <0,1; >0 (i: 1,2,..,’/71).
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Also, on setting A; =1, B; =0, k; =0 as 7; — 0, we get
(48) Sé(jiJrlini)”Bi’O[iCi; Ti, 711', ]., O, 0, ll} = TLJG;S")(QCZ, T, 51', li),

where G%(x,r, 8,1) is the class of polynomials studied by Srivastava and Singhal
[14], so we have the following Corollary.

Corollary 4: Under the hypothesis of Theorem, the multidimensional integral equa-

tion
o) (e ]
_ _ T x
(4.9) //y1 1...ym1 u;;(a, ey y—m)f(yl, s Ym) QY1 Y = g(X1,5 ooy T )
m
0 0

where x; >0,V i=1,...m, and

(4.10) ug (21, o ) = [ [ rala T eap (—Bia} )G (i, 7i, By i)
i=1

has its solution given by

o]
_ _ _ _ _ _ _ X
(411)  f2, ey ) = xy BTN gt )""/.../yll...yml (=
0 0
A

(W Dy )yt Dy ) e {y?l-.-ym""g yl,..-,ym)} dyy ... dym,

provided the integral exist, and uy(x1,...,Tm) is the the multidimensional Mellin
inverse transform of

nz
=1 ’L l’L

T (_lz _ ﬂ) T <_ni _ 5i+l"i.l1‘,+)\i)
Hei li
sitmilitAitnilito; _Si _ SitpilitAg ’
at Jr(ci)r ()

T Hi

(4.12) Uis(51, ey 8m) H l \7'1\ (s FpilitnilidNitaq) /1

provided that Re(s; + pil; + Ni + nil; + o) > 0, when r; > 0; Re(s; + il + Ai +
nil; + «;) < 0, when r; <0, for (i =1,...,m),m € Ny.
Now, applying the Mellin inversion formula (3.1) in (4.12) and replacing s; by
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-8; W get
(4.13) Us(81, ey $m)
m y1+i00  Ym+ico
:H M(ﬁi)(#ilri-mlri-kri-ai)/ﬁ 1.
prcll N 2mi)™ ) 4
Y1 —100 Ym — 100
1 51 T, sm
©1(81) -0 (Sm) (W) <(ﬁm)1/rm) dsl...dsm] ,
where
U (i 5 ) T (=g — =gl )
(4.14) - :

Sﬁi(si) = F(

Hi T4

34) T (Si—ulz‘lz‘-ﬁ-)\i)r (_3'£+Nili+)\i+nili+ai) '
i

In particular, if A; > 0, u; > 0, r; > 0, then the solution (4.11) can be written as

(4.15) f(z1, .y Tm)

m
T 1 1 ) N — il — s
_ H |llZ| : (BZ_)(ullz+nzll+/\z+al)/rlxi pils >\1>

oo oo
/ / F70:0:0,23.-30,2 [ Z1 Tm
0,0;3,2;...;3,2 y1(ﬁ1)1/’”1 PR ym(ﬁm)l/r"’

0

1 A 1
(erbtdtmliter g p Y (Lbn+ tmbptdm 170, (1 1 ), (Emlmtimtnmimtom g /p,,)
oo (L1 o), (14 Emlmtim 11,

— ¢ (T L /), (4 ),

— (W), (1A 1)

dyy...dym

If we set m =1 in (4.15), we get the result obtained by Srivastava [15] and by
setting A1 =0,B1 =0, k1 =¢1 =0, =p; = -1, m=1,and 1, — 0 in (1.6), we
get the solution of the integral equation considered by Lala and Shrivastava [6,7].
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