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Abstract. The aim of this paper is to obtain a solution of a certain multidimensional

convolution integral equation of Fredholm type whose kernel involves a generalized polyno-

mial set. A number of results follow as special cases from the main theorem by specifying

the parameters of the generalized polynomial set.

1. Introduction

Agrawal and Chaubey [1, p.1155]; see also Srivastava and Manocha [11, p.447]
studied the following general class of polynomials

Rα,β
n [x;A,B,C,D; p, r; q, c;ω(x)]

=
(Axp +B)−α(Cxr +D)−β

Knω(x)
× Tn

k,l

{
(Axp +B)α+qn(Cxr +D)β+cnω(x)

}(1.1)

with differential operator Tn
k,l being defined as

(1.2) Tk,l ≡ xl(k + xDx),

where Dx ≡ d/dx.
In (1.1), {Kn}∞n=0 is sequence of constants, and ω(x) is independent of n and

differentiable an arbitrary number of times.

Assuming that Kn = 1 and ω(x) = 1. Moreover, setting p = D = 1, C = −τ
in (1.1) and replacing β by β/τ therein, we arrive at the following generalized
polynomial set

Sα,β,τ
n [x; r, c, q, A,B, k, l]

=(Ax+B)−α(1− τxr)−β/τ Tn
k,l

{
(Ax+B)α+qn(1− τxr)β/τ+cn

}
.

(1.3)
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This polynomial set has been studied by Raizada [8].
It may be remarked here that the generalized polynomial set is very general in
nature and it unifies and extends a number of classical polynomials introduced and
studied by various researches such as Chatterjea [2], Gould and Hopper [4], Krall
and Frink [5], Srivastava and Singhal [14], etc. Some of special cases of (1.3) are
given by Riazada in tabular form [8; p.65], see also Saigo , Goyal and Saxena [9].

Motivating essentially by the method used earlier by Srivastava and Panda
[12,13], the main object of this paper is to present an exact solution of the following
multidimensional convolution integral equations of Fredholm type

(1.4)

∞∫
0

...

∞∫
0

y−1
1 ...y−1

m u(
x1

y1
, ...,

xm

ym
)f(y1, ..., ym) dy1...dym = g(x1, ..., xm),

where xi > 0,∀ i = 1, ...,m, g is a prescribed function, f is an unknown function to
be determined, and the kernel u is given by

u(x1, ..., xm)

=
m∏
i=1

(Aixi +Bi)
αi(1− τix

ri
i )βi/τiSαi,βi,τi

ni
[xi; ri, ci, qi, Ai, Bi, ki, li]

=
m∏
i=1

[xli
i (ki + xiDxi)]

ni

{
(Aixi +Bi)

αi+qini(1− τix
ri
i )βi/τi+cini

}
.

(1.5)

Throughout this paper, we assume li, ni, αi + qini, (i = 1, 2, ...,m) to be non-
negative integers.

Our method of solution of the integral (1.4) with kernel given by (1.5) would
depend on the theory of multidimensional Mellin transform defined by [12, partI.
p.125, eq.(3.5.1)]

(1.6) M{f(x1, ..., xm); s1, ..., sm} =

∞∫
0

...

∞∫
0

xs1−1
1 ... xsm−1

m f(x1, ..., xm) dx1...dxm

provided that the multiple integral exists.

In particular, if f(x1, ..., xm) =
m∏
i=1

fi(xi), then

(1.7) M{f(x1, ..., xm); s1, ..., sm} =
m∏
i=1

M1{fi(xi); si},

where M1 is the one-dimensional Mellin transform.
Also the multidimensional Mellin convolution of two functions f(x1, ..., xm) and
g(x1, ..., xm) is defined by

(1.8) (f ∗ g)(x1, ..., xm) =

∞∫
0

...

∞∫
0

y−1
1 ...y−1

m f(
x1

y1
, ...,

xm

ym
) g(y1, ..., ym) dy1...dym,
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provided that the multiple integral exists.

2. Multidimensional Mellin transform of u(x1, ..., xm)

In order to solve the multidimensional integral equation (1.4), the following re-
sult is needed.

Lemma: Let U(s1, ..., sm) = M{u(x1, ..., xm); s1, ..., sm}, where u(x1, ..., xm) is de-
fined by (1.5), then

U(s1, ..., sm)

=

m∏
i=1

{
ni∑

ei=0

αi+qini∑
pi=0

(−ni)ei(−αi − qini)pi

ei!pi!
(−1)pi kni−ei

i Api

i

×Bαi+qini−pi

i leii
(−τi)

−(si+liei+pi)/ri

|ri|
Γ

(
si + liei +pi

ri

)(
−si+ liei+pi

li

)
ei

×Γ

(
−βi

τi
− cini −

si + liei + pi
ri

){
Γ

(
−βi

τi
− cini

)}−1
}

(2.1)

provided that |argτi < π|, 0 < Re(si + liei + pi) < riRe
(

−βi

τi
− cini

)
, when ri > 0;

riRe
(

−βi

τi
− cini

)
< Re(si+ liei+pi) < 0 when ri < 0, for (i = 1, ...,m),m ∈ N0.

Proof. Making use of the binomial expansion for [xli
i (ki + xiDxi)]

ni , we find that

u(x1, ..., xm)

=
m∏
i=1

{
ni∑

ei=0

αi+qini∑
pi=0

(−ni)ei(−αi − qini)pi

ei!pi!
(−1)ei+pi kni−ei

i Api

i

×Bαi+qini−pi

i x
li(ni−ei)
i (xli+1

i Dxi)
ei

xpi

i

{
1− τi

x−ri
i

} βi
τi

+cini

 .

(2.2)

Applying the Multidimensional Mellin transform to both sides of (2.2), making
use of (1.7) and applying the following known formulas [15, p.14, eq. (23); 1, p.
307, eq. (7)]

(2.3) M1{(xli+1
i Dxi)

nif(xi); si} = lni
i

(
−si + lini

li

)
ni

M1{f(xi); si + lini}

and

(2.4) M1{xµi

i f(xi); si} = M1{f(xi); si + µi}
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provided that the Mellin transforms of (2.3) and (2.4) exist, we get

u(x1, ..., xm)

=
m∏
i=1

{
ni∑

ei=0

αi+qini∑
pi=0

(−ni)ei(−αi − qini)pi

ei!pi!
(−1)ei+pi kni−ei

i Api

i

×Bαi+qini−pi

i leii

(
−si + liei

li

)
ei M1

[{
1− τi

x−ri
i

}
βi
τi

+cini ; si + liei + pi

]}
.

(2.5)

Again making use of (2.4) and the following result [3, p. 311, eq. (30)],

(2.6) M1{(1 + aix
ri
i )−νi ; si} =

1

|ri|
a

−si
ri

i

Γ( siri )Γ(νi −
si
ri
)

Γ(νi)
,

where |argai| < π, 0 < Resi < riReνi , when ri > 0; riReνi < Resi < 0 , when
ri < 0, for (i = 1, ...,m),m ∈ N0. The result readily follows.

3. Solution of the integral equation (1.4)

Theorem: Let the multidimensional Mellin transforms F (s1, ..., sm) , G(s1, ..., sm)
and U(s1, ..., sm) of the functions f(x1, ..., xm), g(x1, ..., xm) and u(x1, ..., xm) de-
fined by (1.5) exist and be analytic in some infinite strip ζi < Resi < ηi of the
complex s-plane. Also suppose that for a fixed γi ∈ (ζi, ηi), ū is defined by

ū(x1, ..., xm) = M−1{Ū(s1, ..., sm);x1, ..., xm}

=
1

(2πi)m

γ1+i∞∫
γ1−i∞

...

γm+i∞∫
γm−i∞

xs1
1 ... xsm

m Ū(s1, ..., sm) ds1...dsm,

(3.1)

where

Ū(s1, ..., sm)

=
m∏
i=1

µli
i

Γ
(
− si

µi

)
Γ
(
−li − si

µi

) ni∑
ei=0

αi+qini∑
pi=0

(−ni)ei(−αi − qini)pi

ei!pi!
(−1)pi kni−ei

i

Api

i Bαi+qini−pi

i leii
(−τi)

−(si+µili+λi+liei+pi)/ri

|ri|
Γ

(
1 +

si + µili + λi + liei
li

)
Γ
(

si+µili+λi+liei+pi

ri

)
Γ
(

−βi

τi
− cini − si+µili+λi+liei+pi

ri

)
Γ
(
1 + si+µili+λi

li

)
Γ
(

−βi

τi
− cini

)
−1

(3.2)

provided that |argτi < π|, 0 < Re(si + µili + λi + liei + pi) < riRe
(

−βi

τi
− cini

)
,

when ri > 0; riRe
(

−βi

τi
− cini

)
< Re(si+µili+λi+ liei+ pi) < 0 when ri < 0, for
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(i = 1, ...,m),m ∈ N0. Then the integral equation (1.4) has its solution given by

f(x1, ..., xm)

=x−µ1l1−λ1

1 ...x−µmlm−λm
m

∞∫
0

...

∞∫
0

y−1
1 ...y−1

m ū(
x1

y1
, ...,

xm

ym
)

(yµ1+1
1 Dy1)

l1 ...(yµm+1
m Dym)lm

{
yλ1
1 ...yλm

m g(y1, ..., ym)
}

dy1...dym

(3.3)

provided that the integral exist.

Proof. Making use of (1.8), then (1.4) can be written as

(3.4) (U ∗ F )(x1, ..., xm) = g(x1, ..., xm).

Now, multidimensional Mellin transform of (3.4) yields

(3.5) U(s1, ..., sm)F (s1, ..., sm) = G(s1, ..., sm),

where U(s1, ..., sm) is given by (2.1).
Replacing si by si + µili + λi, we obtain

F (s1 + µ1l1 + λ1, ..., sm + µmlm + λm)

=Ū(s1, ..., sm)×M
{
(xµ1+1

1 Dx1)
l1 ...(xµm+1

m Dxm)lm{xλ1
1 ...xλm

m g(x1, ..., xm)}
}(3.6)

Again using the multidimensional Mellin convolution theorem and (2.4), we find
that

M{xµ1l1+λ1

1 ...xµmlm+λm
m f(x1, ..., xm); s1, ..., sm}

=M


∞∫
0

...

∞∫
0

y−1
1 ...y−1

m ū(
x1

y1
, ...,

xm

ym
)
{
y−1
1 ...y−1

m g(y1, ..., ym)
}

(
yµ1+1
1 Dy1

)l1
...
(
yµm+1
m Dym

)lm
dy1...dym; s1, ..., sm

}

(3.7)

Inverting both sides of (3.7) by using the Mellin inversion theorem [3, p. 307, eq.
(1)], we arrive at the required solution (3.3).

4. Applications

Since the generalized polynomial set defined by (1.3) has a large number of
special cases, one can obtain the solutions of a number of multidimensional inte-
gral equations of the type (1.4) with the kernels involving products of Laguerre

polynomials, Hermite polynomials, Bessel polynomials, H
(r)
n (x, α, β) polynomials

defined by Gould and Hopper [4], F
(r)
n (x, α, q, β) polynomials defined by Chatterjea
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[2], G
(r)
n (x, α, β, l) polynomials defined by Srivastava and Singhal [14], and several

other polynomials. We mention in what follows some of these special cases.

If we put Ai = 1, Bi = 0 and ki = 0, then we get the following result con-
tained in the following corollary.

Corollary 2: Under the hypothesis of Theorem, the multidimensional integral equa-
tion

(4.1)

∞∫
0

...

∞∫
0

y−1
1 ...y−1

m u2(
x1

y1
, ...,

xm

ym
)f(y1, ..., ym) dy1...dym = g(x1, ..., xm),

where xi > 0,∀ i = 1, ...,m, and

u2(x1, ..., xm) =
m∏
i=1

xαi
i (1− τix

ri
i )βi/τiSαi,βi,τi

ni
[xi; ri, ci, qi, 1, 0, 0, li]

=

m∏
i=1

(xli+1
i Dxi)

ni

{
xαi+qini

i (1− τix
ri
i )βi/τi+cini

}
,

(4.2)

has its solution given by

f(x1, ..., xm) = x−µ1l1−λ1

1 ...x−µmlm−λm
m

∞∫
0

...

∞∫
0

y−1
1 ...y−1

m ū2(
x1

y1
, ...,

xm

ym
)

(yµ1+1
1 Dy1)

l1 ...(yµm+1
m Dym)lm

{
yλ1
1 ...yλm

m g(y1, ..., ym)
}

dy1...dym,

(4.3)

provided the integral exist. where ū2(x1, ..., xm) is the the multidimensional Mellin
inverse transform of

Ū2(s1, ..., sm)

=
m∏
i=1

 |ri|
µli
i l

ni
i

(−τi)
−(si+µili+ni(li+qi)+λi+αi)/ri

Γ
(

−βi

τi
− cini

)
Γ
(
−li − si

µi

)
Γ
(
− si

µi

)
Γ
(

−si−µili+λi

li

)
Γ
(
−ni − si+µili+λi

li

)
Γ
(

si+µili+λi+ni(li+qi)+αi

ri

)
Γ
(
−cini − βi

τi
− si+µili+λi+ni(li+qi)+αi

ri

)
 ,

(4.4)

provided that |argτi < π|, 0 < Re(si + µili + λi + ni(li + qi) + αi) <

riRe
(

−βi

τi
− cini

)
,when ri > 0; riRe

(
−βi

τi
− cini

)
< Re(si + µili + λi + ni(li +

qi) + αi) < 0 when ri < 0, for (i = 1, ...,m),m ∈ N0.
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Now, applying the Mellin inversion formula (3.1) and replacing si by
-si w get

ū(x1, ..., xm) =
m∏
i=1

[
|ri|

µli
i l

ni
i

(−τi)
(µili+ni(li+qi)+λi+αi)/ri

Γ

(
−βi

τi
− cini

)
1

(2πi)m

γ1+i∞∫
γ1−i∞

...

γm+i∞∫
γm−i∞

φ1(s1)...φm(sm)

(
x1

(−τ1)1/r1

)s1

...

(
xm

(−τm)1/rm

)sm

ds1...dsm

]
,

(4.5)

where

φi(si) =
Γ
(
−li +

si
µi

)
Γ
(
−ni − −si+µili+λi

li

)
Γ
(

si
µi

)
Γ
(

si−µili+λi

li

)
Γ
(

−si+µili+λi+ni(li+qi)+αi

ri

)
1

Γ
(
−cini − βi

τi
− −si+µili+λi+ni(li+qi)+αi

ri

) .
(4.6)

Under various restrictions on the non-zero constants ri, li, µi, i = 1, 2, ...,m, the
contour integral in (4.5) can be expressed in terms of multivariable H-functions or a
product of m Foxe’s H-functions (see Srivastava et al. [10, ch.2]).For example, the
solution of the the multidimensional integral equation (4.1) with the kernel defined
by (4.2) can be written as

(4.7) f(x1, ..., xm)

=
m∏
i=1

[
|ri|

µli
i l

ni
i

(−τi)
(µili+ni(li+qi)+λi+αi)/riΓ

(
−βi

τi
− cini

)
x−µili−λi

i

]
∞∫
0

...

∞∫
0

y−1
1 ...y−1

m (yµ1+1
1 Dy1)

l1 ...(yµm+1
m Dym)lm

{
yλ1
1 ...yλm

m g(y1, ..., ym)
}

H0,0;1,1;...;1,1
0,0;3,3;...;3,3

[
x1

y1(−τ1)1/r1
, ...,

xm

ym(−τm)1/rm

∣∣∣∣ :
(
1+n1+

µ1l1+λ1
l1

,1/l1
)
, (0,−1/µ1),

: (−l1,−1/µ1),
(
1+

µ1l1+λ1
l1

,1/l1
)
,(

µ1l1+λ1+n1(l1+q1)+α1
r1

,1/r1
)

; ... ; (1+nm+µmlm+λm
lm

,1/lm), (0,−1/µm),(
1+

β1
τ1

+c1n1+
µ1l1+λ1+n1(l1+q1)+α1

r1
,1/r1

)
; ... ; (−lm,−1/µm), (1+µmlm+λm

lm
,1/lm),

(µmlm+λm+nm(lm+qm)+αm
rm

,1/rm)
(1+ βm

τm
+cmnm+

µmlm+λm+nm(lm+qm)+αm
rm

,1/rm)

]
dy1...dym,

for ri > 0, µi < 0, li > 0 (i = 1, 2, ..,m).
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Also, on setting Ai = 1, Bi = 0, ki = 0 as τi → 0, we get

(4.8) S(αi+lini),βi,0
ni

[xi; ri,−li, 1, 0, 0, li] = ni!G
(αi)
ni

(xi, ri, βi, li),

where Gα
n(x, r, β, l) is the class of polynomials studied by Srivastava and Singhal

[14], so we have the following Corollary.

Corollary 4: Under the hypothesis of Theorem, the multidimensional integral equa-
tion

(4.9)

∞∫
0

...

∞∫
0

y−1
1 ...y−1

m u4(
x1

y1
, ...,

xm

ym
)f(y1, ..., ym) dy1...dym = g(x1, ..., xm),

where xi > 0,∀ i = 1, ...,m, and

u4(x1, ..., xm) =

m∏
i=1

ni!x
αi+lini
i exp (−βix

ri
i )G(αi)

ni
(xi, ri, βi, li)

=

m∏
i=1

(xli+1
i Dxi)

ni {xαi
i exp (−βix

ri
i )} ,

(4.10)

has its solution given by

f(x1, ..., xm) = x−µ1l1−λ1

1 ...x−µmlm−λm
m

∞∫
0

...

∞∫
0

y−1
1 ...y−1

m ū4(
x1

y1
, ...,

xm

ym
)

(yµ1+1
1 Dy1)

l1 ...(yµm+1
m Dym)lm

{
yλ1
1 ...yλm

m g(y1, ..., ym)
}

dy1...dym,

(4.11)

provided the integral exist, and ū4(x1, ..., xm) is the the multidimensional Mellin
inverse transform of

Ū4(s1, ..., sm) =
m∏
i=1

[
|ri|

µli
i l

ni
i

(βi)
(si+µili+nili+λi+αi)/ri

Γ
(
−li − si

µi

)
Γ
(
−ni − si+µili+λi

li

)
Γ
(

si+µili+λi+nili+αi

ri

)
Γ
(
− si

µi

)
Γ
(
− si+µili+λi

li

)
 ,

(4.12)

provided that Re(si + µili + λi + nili + αi) > 0, when ri > 0; Re(si + µili + λi +
nili + αi) < 0, when ri < 0, for (i = 1, ...,m),m ∈ N0.

Now, applying the Mellin inversion formula (3.1) in (4.12) and replacing si by
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-si w get

Ū4(s1, ..., sm)

=

m∏
i=1

[
|ri|

µli
i l

ni
i

(βi)(µili+nili+λi+αi)/ri
1

(2πi)m

γ1+i∞∫
γ1−i∞

...

γm+i∞∫
γm−i∞

φ1(s1)...φm(sm)

(
x1

(β1)1/r1

)s1

...

(
xm

(βm)1/rm

)sm

ds1...dsm

]
,

(4.13)

where

(4.14) φi(si) =
Γ
(
−li +

si
µi

)
Γ
(
−ni − −si+µili+λi

li

)
Γ
(

si
µi

)
Γ
(

si−µili+λi

li

)
Γ
(

−si+µili+λi+nili+αi

ri

) .
In particular, if λi > 0, µi > 0, ri > 0, then the solution (4.11) can be written as

(4.15) f(x1, ..., xm)

=
m∏
i=1

(
|ri|

µli
i l

ni
i

(βi)
(µili+nili+λi+αi)/rix−µili−λi

i

)
∞∫
0

...

∞∫
0

H0,0;0,2;...;0,2
0,0;3,2;...;3,2

[
x1

y1(β1)1/r1
, ...,

xm

ym(βm)1/rm

∣∣∣∣ :
(
1+n1+

µ1l1+λ1
l1

,1/l1
)
, (1+l1,1/µ1),

: (1,1/µ1),
(
1+

µ1l1+λ1
l1

,1/l1
)

(
µ1l1+λ1+n1l1+α1

r1
,1/r1

)
;...;(1+nm+µmlm+λm

lm
,1/lm), (1+lm,1/µm), (µmlm+λm+nmlm+αm

rm
,1/rm)

;...;(1,1/µm), (1+µmlm+λm
lm

,1/lm)

]
dy1...dym

If we set m = 1 in (4.15), we get the result obtained by Srivastava [15] and by
setting A1 = 0, B1 = 0, k1 = q1 = 0, l1 = µ1 = −1, m = 1, and τ1 → 0 in (1.6), we
get the solution of the integral equation considered by Lala and Shrivastava [6,7].
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