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Abstract. In this paper, we define new classes of analytic functions using a general

derivative operator which is a unification of the Sălăgean derivative operator, the Owa-

Srivastava fractional calculus operator and the Al-Oboudi operator, and discuss some

coefficient inequalities for functions belong to this classes.

1. Introduction

Let A denote the class of all functions of the form

(1.1) f(z) = z +
∞∑
k=2

akz
k

which are analytic in the open unit disk U = {z ∈ C : |z| < 1}, and S =
{f ∈ A : f is univalent in U}.

The following definition of fractional derivative by Owa [8] (also by Srivastava
and Owa [18]) will be required in our investigation.

The fractional derivative of order γ is defined, for a function f , by

(1.2) Dγ
z f(z) =

1

Γ(1− γ)

d

dz

∫ z

0

f(ξ)

(z − ξ)γ
dξ (0 ≤ γ < 1),

where the function f is analytic in a simply connected region of the complex z-plane
containing the origin, and the multiplicity of (z − ξ)−γ is removed by requiring
log(z − ξ) to be real when z − ξ > 0.

It readily follows from (1.2) that

Dγ
z z

k =
Γ(k + 1)

Γ(k + 1− γ)
zk−γ (0 ≤ γ < 1, k ∈ N = {1, 2, . . .}).
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Using Dγ
z f , Owa and Srivastava [10] introduced the operator Ωγ : A → A,

which is known as an extension of fractional derivative and fractional integral, as
follows:

Ωγf(z) = Γ (2− γ) zγDγ
z f(z), γ ̸= 2, 3, 4, . . .

= z +

∞∑
k=2

Γ(k + 1)Γ (2− γ)

Γ(k + 1− γ)
akz

k.(1.3)

Note that
Ω0f(z) = f(z).

In [3], Al-Oboudi and Al-Amoudi defined the linear multiplier fractional differ-
ential operator Dn,γ

λ as follows:

D0f(z) = f(z),

D1,γ
λ f(z) = (1− λ)Ωγf(z) + λz (Ωγf(z))

′

= Dγ
λ (f(z)) , λ ≥ 0, 0 ≤ γ < 1,(1.4)

D2,γ
λ f(z) = Dγ

λ

(
D1,γ

λ f(z)
)
,

...

Dn,γ
λ f(z) = Dγ

λ

(
Dn−1,γ

λ f(z)
)
, n ∈ N.(1.5)

If f is given by (1.1), then by (1.3), (1.4) and (1.5), we see that

Dn,γ
λ f(z) = z +

∞∑
k=2

Ψk,n (γ, λ) akz
k, n ∈ N0 = N∪{0} ,

where

Ψk,n (γ, λ) =

[
Γ(k + 1)Γ (2− γ)

Γ(k + 1− γ)
(1 + (k − 1)λ)

]n
.

Remark 1.1. (i) When γ = 0, we get Al-Oboudi differential operator [2].
(ii) When γ = 0 and λ = 1, we get Sălăgean differential operator [14].
(iii) When n = 1 and λ = 0, we get Owa-Srivastava fractional differential

operator [10].

Let us define the classes Snγ,λ(β, b) and Kn
γ,λ(β, b).

Let Snγ,λ(β, b) be the class of functions f ∈ A satisfying

ℜ

{
1 +

1

b

(
z (Dn,γ

λ f(z))
′

Dn,γ
λ f(z)

− 1

)}
> β

for all z ∈ U, where b ∈ C− {0} and 0 ≤ β < 1.
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Let Kn
γ,λ(β, b) be the class of functions f ∈ A satisfying

ℜ

{
1 +

1

b

z (Dn,γ
λ f(z))

′′

(Dn,γ
λ f(z))

′

}
> β

for all z ∈ U, where b ∈ C− {0} and 0 ≤ β < 1.

We note that f ∈ Kn
γ,λ(β, b) if and only if zf ′ ∈ Snγ,λ(β, b).

Remark 1.2. We have the classes
(i) S0γ,λ(β, b) ≡ S10,0(β, b) ≡ S∗β(b) and K0

γ,λ(β, b) ≡ K1
0,0(β, b) ≡ Cβ(b) defined

by Frasin [6].
(ii) S0γ,λ(β, 1) ≡ S10,0(β, 1) ≡ S∗(β) and K0

γ,λ(β, 1) ≡ K1
0,0(β, 1) ≡ K(β) which

are the classes of starlike functions of order β and convex functions of order β in U,
respectively.

(iii) S0γ,λ(0, 1) ≡ S10,0(0, 1) ≡ S∗ and K0
γ,λ(0, 1) ≡ K1

0,0(0, 1) ≡ K which are
familiar classes of starlike and convex functions in U, respectively.

(iv) Sn0,1(β, 1) ≡ Sn(β) which is the class of n-starlike functions of order β
defined by Sălăgean [14].

Observe that if f ∈ Snγ,λ(β, b) (or K
n
γ,λ(β, b)), then Dn,γ

λ f ∈ S∗β(b) (or Cβ(b)).

Now we define new classes by means of the generalized Al-Oboudi differential
operator Dn,γ

λ as follows:
A function f ∈ A is in the class SDn

γ,λ(α, β, b) if

(1.6) ℜ

{
1 +

1

b

(
z (Dn,γ

λ f(z))
′

Dn,γ
λ f(z)

− 1

)}
> α

∣∣∣∣∣1b
(
z (Dn,γ

λ f(z))
′

Dn,γ
λ f(z)

− 1

)∣∣∣∣∣+β (z ∈ U)

where α ≥ 0, β ∈ [−1, 1), α+ β ≥ 0 and b ∈ C− {0}.
A function f ∈ A is in the class KDn

γ,λ(α, β, b) if

(1.7) ℜ

{
1 +

1

b

z (Dn,γ
λ f(z))

′′

(Dn,γ
λ f(z))

′

}
> α

∣∣∣∣∣1b z (Dn,γ
λ f(z))

′′

(Dn,γ
λ f(z))

′

∣∣∣∣∣+ β (z ∈ U)

where α ≥ 0, β ∈ [−1, 1), α+ β ≥ 0 and b ∈ C− {0}.
We note that f ∈ KDn

γ,λ(α, β, b) if and only if zf ′ ∈ SDn
γ,λ(α, β, b).

Geometric interpretation. f ∈ SDn
γ,λ(α, β, b) and f ∈ KDn

γ,λ(α, β, b) if and only

if 1+ 1
b

(
z(Dn,γ

λ f(z))
′

Dn,γ
λ f(z)

− 1

)
and 1+ 1

b

z(Dn,γ
λ f(z))

′′

(Dn,γ
λ f(z))

′ , respectively, take all values in the

conic domain Rα,β which is included in the right half plane such that

Rα,β =

{
u+ iv : u > α

√
(u− 1)

2
+ v2 + β

}
.
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From elementary computations we see that ∂Rα,β ,

∂Rα,β =

{
u+ iv : u2 =

(
α

√
(u− 1)

2
+ v2 + β

)2
}
,

represents the conic sections symmetric about the real axis. Thus Rα,β is an elliptic
domain for α > 1, a parabolic domain for α = 1, a hyperbolic domain for 0 < α < 1
and a right half plane u > β for α = 0.

By virtue of (1.6), (1.7) and the properties of the domain Rα,β , we have, re-
spectively

ℜ

{
1 +

1

b

(
z (Dn,γ

λ f(z))
′

Dn,γ
λ f(z)

− 1

)}
>

α+ β

α+ 1

and

ℜ

{
1 +

1

b

z (Dn,γ
λ f(z))

′′

(Dn,γ
λ f(z))

′

}
>

α+ β

α+ 1
,

which means that

f ∈ SDn
γ,λ(α, β, b) ⇒ Dn,γ

λ f ∈ Snγ,λ

(
α+ β

α+ 1
, b

)
and

f ∈ KDn
γ,λ(α, β, b) ⇒ Dn,γ

λ f ∈ Kn
γ,λ

(
α+ β

α+ 1
, b

)
.

Remark 1.3. We have the classes
(i) SDn

γ,λ(0, β, b) ≡ Snγ,λ(β, b) and KDn
γ,λ(0, β, b) ≡ Kn

γ,λ(β, b).
(ii) SDn

γ,λ(α, β, 1) ≡ SPn
γ,λ(α, β) and KDn

γ,λ(α, β, 1) ≡ UCVn
γ,λ(α, β) (Al-

Oboudi and Al-Amoudi [3]).
(iii) SD0

γ,λ(α, β, 1) ≡ SD1
0,0(α, β, 1) ≡ SD(α, β) and

KD0
γ,λ(α, β, 1) ≡ KD1

0,0(α, β, 1) ≡ KD(α, β) (Shams et al. [15]).
(iv) SDn

0,1(α, β, 1) ≡ USn(α, β) which is the class of n-uniform starlike functions
of order β and type α (Acu and Owa [1]).

(v) SD0
γ,λ(0, β, b) ≡ SD1

0,0(0, β, b) ≡ S∗β(b) andKD0
γ,λ(0, β, b) ≡ KD1

0,0(0, β, b) ≡
SD1

0,1(0, β, b) ≡ Cβ(b) (Frasin [6]).

(vi) SD0
γ,λ(0, β, 1) ≡ SD1

0,0(0, β, 1) ≡ S∗(β) andKD0
γ,λ(0, β, 1) ≡ KD1

0,0(0, β, 1) ≡
SD1

0,1(0, β, 1) ≡ K(β).

(vii) SD0
γ,λ(0, 0, 1) ≡ SD1

0,0(0, 0, 1) ≡ S∗ and KD0
γ,λ(0, 0, 1) ≡ KD1

0,0(0, 0, 1) ≡
SD1

0,1(0, 0, 1) ≡ K.

(viii) SD0
γ,λ(α, β, 1) ≡ SD1

0,0(α, β, 1) ≡ SP(α, β) and KD0
γ,λ(α, β, 1) ≡

KD1
0,0(α, β, 1) ≡ SD1

0,1(α, β, 1) ≡ UCV(α, β) which are uniformly starlike and con-
vex functions, respectively, of order β and type α (Bharati et al. [4]).
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(ix) SD0
γ,λ(1, β, 1) ≡ SD1

0,0(1, β, 1) ≡ SP(β) andKD0
γ,λ(1, β, 1) ≡ KD1

0,0(1, β, 1) ≡
SD1

0,1(1, β, 1) ≡ UCV(β) (Rønning [12]).

(x) SD0
γ,λ(1, 0, 1) ≡ SD1

0,0(1, 0, 1) ≡ SP (Rønning [13]) and KD0
γ,λ(1, 0, 1) ≡

KD1
0,0(1, 0, 1) ≡ SD1

0,1(1, 0, 1) ≡ UCV which is the class of uniformly convex func-
tions (Goodman [7]).

(xi) SD1
γ,0(0, β, 1) ≡ STγ(β) (Srivastava et al. [16]).

(xii) SD1
γ,0(1, 0, 1) ≡ SPγ (Srivastava and Mishra [17]).

Observe that if f ∈ SDn
γ,λ(α, β, b) (or KDn

γ,λ(α, β, b)), then Dn,γ
λ f ∈ SD(α, β, b)

(or KD(α, β, b)).

For the classes SD(α, β) and KD(α, β), Shams et al. [15] have shown some
sufficient conditions for f to be in the classes SD(α, β) and KD(α, β).

In [9], Owa et al. have investigated coefficient inequalities for f belonging to
the classes SD(α, β) and KD(α, β).

The purpose of this paper is to generalize the results of [9] using generalized
Al-Oboudi differential operator.

2. Main results

Theorem 2.1. If f ∈ SDn
γ,λ(α, β, b) with 0 ≤ α ≤ β, then f ∈ Snγ,λ(δ, b) where

δ = β−α
1−α .

Proof. Let f ∈ SDn
γ,λ(α, β, b). Then we have

ℜ

{
1 +

1

b

(
z (Dn,γ

λ f(z))
′

Dn,γ
λ f(z)

− 1

)}
> αℜ

{
1

b

(
z (Dn,γ

λ f(z))
′

Dn,γ
λ f(z)

− 1

)}
+ β

or equivalently

(1− α)ℜ

{
1 +

1

b

(
z (Dn,γ

λ f(z))
′

Dn,γ
λ f(z)

− 1

)}
> β − α (z ∈ U).

If 0 ≤ α ≤ β, then we get

0 ≤ β − α

1− α
< 1.

2

Corollary 2.2. If f ∈ KDn
γ,λ(α, β, b) with 0 ≤ α ≤ β, then f ∈ Kn

γ,λ(δ, b) where

δ = β−α
1−α .

Theorem 2.3. If f ∈ SDn
γ,λ(α, β, b) with 0 ≤ α ≤ β, then

(2.1) |a2| ≤
2 |b| (1− β)

Ψ2,n (γ, λ) (1− α)
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and

(2.2) |ak| ≤
2 |b| (1− β)

Ψk,n (γ, λ) (k − 1) (1− α)

k−2∏
j=1

(
1 +

2 |b| (1− β)

j (1− α)

)
(k ≥ 3).

Proof. We note that for f ∈ SDn
γ,λ(α, β, b) with 0 ≤ α ≤ β,

ℜ

{
1 +

1

b

(
z (Dn,γ

λ f(z))
′

Dn,γ
λ f(z)

− 1

)}
>

β − α

1− α
(z ∈ U).

Let us define the function p(z) by

p(z) =

(1− α)

[
1 + 1

b

(
z(Dn,γ

λ f(z))
′

Dn,γ
λ f(z)

− 1

)]
− (β − α)

1− β
(z ∈ U).

Hence p(z) is analytic in U with p(0) = 1 and ℜ{p(z)} > 0 (z ∈ U). Let

p(z) = 1 + p1z + p2z
2 + · · · .

So we obtain

1 +
1

b

(
z (Dn,γ

λ f(z))
′

Dn,γ
λ f(z)

− 1

)
= 1 +

1− β

1− α

(
p1z + p2z

2 + · · ·
)

or equivalently

z (Dn,γ
λ f(z))

′ −Dn,γ
λ f(z) = b

1− β

1− α
(Dn,γ

λ f(z))
(
p1z + p2z

2 + · · ·
)
.

The last equality implies that

Ψk,n (γ, λ) (k − 1)ak =
b (1− β)

1− α
{pk−1 +Ψ2,n (γ, λ) a2pk−2 +Ψ3,n (γ, λ) a3pk−3

+ · · ·+Ψk−1,n (γ, λ) ak−1p1} .

Applying the coefficient estimates |pk| ≤ 2 (k ≥ 1) for Carathéodory functions [5],
we get

|ak| ≤ 2 |b| (1− β)

Ψk,n (γ, λ) (k − 1) (1− α)
{1 + Ψ2,n (γ, λ) |a2|(2.3)

+Ψ3,n (γ, λ) |a3|
+ · · ·+Ψk−1,n (γ, λ) |an−1|} .

For k = 2,

|a2| ≤
2 |b| (1− β)

Ψ2,n (γ, λ) (1− α)
,
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which proves (2.1).
For k = 3,

|a3| ≤
2 |b| (1− β)

Ψ3,n (γ, λ) 2 (1− α)

(
1 +

2 |b| (1− β)

1− α

)
.

Therefore (2.2) holds for k = 3.
Assume that (2.3) is true for k = m. Then we obtain

|am+1| ≤ 2 |b| (1− β)

Ψm+1,n (γ, λ)m (1− α)

{
1 +

2 |b| (1− β)

1− α

+
2 |b| (1− β)

2 (1− α)

(
1 +

2 |b| (1− β)

1− α

)
+ · · ·+ 2 |b| (1− β)

(m− 1) (1− α)

m−2∏
j=1

(
1 +

2 |b| (1− β)

j (1− α)

)

=
2 |b| (1− β)

Ψm+1,n (γ, λ)m (1− α)

m−1∏
j=1

(
1 +

2 |b| (1− β)

j (1− α)

)
.

So (2.2) is true for k = m+ 1.
Consequently, using mathematical induction, we have proved that (2.2) holds

true for all k ≥ 3. 2

Corollary 2.4. Setting α = 0 in Theorem 2.3, we have

|ak| ≤

k−2∏
j=0

(j + 2 |b| (1− β))

Ψk,n (γ, λ) (k − 1)!
(k ≥ 2).

Corollary 2.5. If we set n = 0, |b| = 1 or n = 1, γ = λ = 0, |b| = 1 in Corollary
2.4, then we have

|ak| ≤

k∏
j=2

(j − 2β)

(k − 1)!
(k ≥ 2)

given by Robertson [11].

Theorem 2.6.If f ∈ KDn
γ,λ(α, β, b) with 0 ≤ α ≤ β, then

|a2| ≤
|b| (1− β)

Ψ2,n (γ, λ) (1− α)

and

|ak| ≤
2 |b| (1− β)

Ψk,n (γ, λ) k (k − 1) (1− α)

k−2∏
j=1

(
1 +

2 |b| (1− β)

j (1− α)

)
(k ≥ 3).



248 Serap Bulut

Corollary 2.7. Setting α = 0 in Theorem 2.6, we have

|ak| ≤

k−2∏
j=0

(j + 2 |b| (1− β))

Ψk,n (γ, λ) k!
(k ≥ 2).

Corollary 2.8. If we set n = 0, |b| = 1 or n = 1, γ = λ = 0, |b| = 1 in Corollary
2.7, then we have

|ak| ≤

k∏
j=2

(j − 2β)

k!
(k ≥ 2)

given by Robertson [11].

Theorem 2.9.If f ∈ SDn
γ,λ(α, β, b) with 0 ≤ α ≤ β, then

max

{
0, |z| − 2 |b| (1− β)

Ψ2,n (γ, λ) (1− α)
|z|2

−
∞∑
k=3

2 |b| (1− β)

Ψk,n (γ, λ) (k − 1) (1− α)

k−2∏
j=1

(
1 +

2 |b| (1− β)

j (1− α)

) |z|k


≤ |f(z)| ≤ |z|+ 2 |b| (1− β)

Ψ2,n (γ, λ) (1− α)
|z|2

+

∞∑
k=3

2 |b| (1− β)

Ψk,n (γ, λ) (k − 1) (1− α)

k−2∏
j=1

(
1 +

2 |b| (1− β)

j (1− α)

) |z|k

and

max

{
0, 1− 4 |b| (1− β)

Ψ2,n (γ, λ) (1− α)
|z|

−
∞∑
k=3

2k |b| (1− β)

Ψk,n (γ, λ) (k − 1) (1− α)

k−2∏
j=1

(
1 +

2 |b| (1− β)

j (1− α)

) |z|k−1


≤ |f ′(z)| ≤ 1 +

4 |b| (1− β)

Ψ2,n (γ, λ) (1− α)
|z|

+

∞∑
k=3

2k |b| (1− β)

Ψk,n (γ, λ) (k − 1) (1− α)

k−2∏
j=1

(
1 +

2 |b| (1− β)

j (1− α)

) |z|k−1
.
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Theorem 2.10. If f ∈ KDn
γ,λ(α, β, b) with 0 ≤ α ≤ β, then

max

{
0, |z| − |b| (1− β)

Ψ2,n (γ, λ) (1− α)
|z|2

−
∞∑
k=3

2 |b| (1− β)

Ψk,n (γ, λ) k (k − 1) (1− α)

k−2∏
j=1

(
1 +

2 |b| (1− β)

j (1− α)

) |z|k


≤ |f(z)| ≤ |z|+ |b| (1− β)

Ψ2,n (γ, λ) (1− α)
|z|2

+
∞∑
k=3

2 |b| (1− β)

Ψk,n (γ, λ) k (k − 1) (1− α)

k−2∏
j=1

(
1 +

2 |b| (1− β)

j (1− α)

) |z|k

and

max

{
0, 1− 2 |b| (1− β)

Ψ2,n (γ, λ) (1− α)
|z|

−
∞∑
k=3

2 |b| (1− β)

Ψk,n (γ, λ) (k − 1) (1− α)

k−2∏
j=1

(
1 +

2 |b| (1− β)

j (1− α)

) |z|k−1


≤ |f ′(z)| ≤ 1 +

2 |b| (1− β)

Ψ2,n (γ, λ) (1− α)
|z|

+
∞∑
k=3

2 |b| (1− β)

Ψk,n (γ, λ) (k − 1) (1− α)

k−2∏
j=1

(
1 +

2 |b| (1− β)

j (1− α)

) |z|k−1
.
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[14] G. Ş. Sălăgean, Subclasses of univalent functions, Complex Analysis-Fifth Romanian-
Finnish seminar, Part 1 (Bucharest, 1981), Lecture Notes in Math., vol. 1013,
Springer, Berlin, 1983, pp. 362-372.

[15] S. Shams, S. R. Kulkarni and J. M. Jahangiri, Classes of uniformly starlike and convex
functions, Int. J. Math. Math. Sci., 55(2004), 2959-2961.

[16] H. M. Srivastava, A. K. Mishra and M. K. Das, A nested class of analytic functions
defined by fractional calculus, Commun. Appl. Anal., 2(1998), 321-332.

[17] H. M. Srivastava and A. K. Mishra, Applications of fractional calculus to parabolic
starlike and uniformly convex functions, Comput. Math. Appl., 39(2000), 57-69.

[18] H. M. Srivastava and S. Owa, (Eds.), Univalent Functions, Fractional Calculus, and
Their Applications, Ellis Horwood Series: Mathematics and Its Applications, Ellis
Horwood, Chichester, UK; JohnWiley & Sons, New York, NY, USA, 1989.


