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ABSTRACT. In this paper, we define new classes of analytic functions using a general
derivative operator which is a unification of the Salagean derivative operator, the Owa-
Srivastava fractional calculus operator and the Al-Oboudi operator, and discuss some
coefficient inequalities for functions belong to this classes.

1. Introduction

Let A denote the class of all functions of the form
(1.1) f(z) :erZakzk
k=2

which are analytic in the open unit disk U = {z€C:|z|] <1}, and § =
{f € A: f is univalent in U}.

The following definition of fractional derivative by Owa [8] (also by Srivastava
and Owa [18]) will be required in our investigation.

The fractional derivative of order « is defined, for a function f, by

1 d [~ [
1.2 D) f(z) = —/ d (0<y<1),
(2 D ra el oo™ :
where the function f is analytic in a simply connected region of the complex z-plane
containing the origin, and the multiplicity of (z — )7 is removed by requiring
log(z — &) to be real when z — & > 0.
It readily follows from (1.2) that

'k+1
D’yzk_ ( + ) zk:——y

= 0<y<1,keN={1,2,...}).
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Using DY f, Owa and Srivastava [10] introduced the operator Q¥ : A — A,
which is known as an extension of fractional derivative and fractional integral, as
follows:

Vfz) = T2=9)z D”f( ), VF 23,4,

oo

T(k 7)
Z k+1— ) az".

k=

(1.3)

Note that
Qf(2) = f(2).
n [3], Al-Oboudi and Al-Amoudi defined the linear multiplier fractional differ-
ential operator D)7 as follows:

Df(z) = f(2),
DYf(z) = (1-NQVf(2)+ Az (Qf(2))
(1.4) = D](f(2), A=0,0<y<1,
DYf() = DY (D),
(1.5) DMf(z) = DY (D;—lﬂf(z)), neN.

If f is given by (1.1), then by (1.3), (1.4) and (1.5), we see that

DY f(z) =2+ Wpn(v,N)arz", neNy=NU{0},
k=2

where
n

T(k+ 1) (2 -
Fk+1—7)

Wy (3 N) = [ D (14 (k- 1))

Remark 1.1. (i) When v = 0, we get Al-Oboudi differential operator [2].

(74) When v =0 and A = 1, we get Salagean differential operator [14].

(i4i) When n = 1 and A = 0, we get Owa-Srivastava fractional differential
operator [10].

Let us define the classes 82»\(6, b) and X2 A(B,0).
Let 87 ,(8,b) be the class of functions f € A satisfying

z(DY7f(2)
el (e )

for all z € U, where be C— {0} and 0 < 3 < 1.
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Let fKZ’A(ﬂ, b) be the class of functions f € A satisfying

L2 (DDf(2)"
R o S WA OV
{1 D) } 0

for all z € U, where be C— {0} and 0 < 8 < 1.
We note that f € X7 ,(3,b) if and only if 2 f’ € 8 ,(5,b).

Remark 1.2. We have the classes

(7) 837/\(B,b) = 85,0(8,0) = 85(b) and ngy)\(ﬂ,b) = K§0(B,b) = Cp(b) defined
by Frasin [6].

(i1) 82 ,(8.1) = 81,4(8,1) = §*(8) and K2, (8,1) = Kb (8, 1) = K(8) which
are the classes of starlike functions of order 5 and convex functions of order £ in U,
respectively.

(111) 89 ,(0,1) = 854(0,1) = 8" and K ,(0,1) = Kg,(0,1) = X which are
familiar classes of starlike and convex functions in U, respectively.

(iv) 851(8,1) = 8,(B) which is the class of n-starlike functions of order j
defined by Saldgean [14].

Observe that if f € 87 (8,b) (or X (8,b)), then DY f € 85(b) (or Cs(b)).

Now we define new classes by means of the generalized Al-Oboudi differential
operator D{"" as follows:
A function f € A is in the class 8D , (o, 3, 0) if

L (2D F@) MEN EICF )
wo fe (A )

b\ DY7f(2)
where a >0, € [-1,1),a+ 8 >0and b e C—{0}.
A function f € A is in the class XDZ y(«, 3,0) if

+8 (€0

1<Df<>>} i (eD)

12 (DY f(2))"
. R — el S N PV
(7 {1 D) b (D7)

where o > 0, S € [-1,1),a+ 8 >0 and b € C — {0}.
We note that f € XDZ ,(a, 8,0) if and only if zf" € 8DZ \(a, B8,b).

Geometric interpretation. f € 8D” \(«, 8,b) and f € XD ,(a, 8, b) if and only

2(DY7 f(2)) 12(DY7f(2)”
4D;”A’f(z)7 — 1) and 1+ bg(D;’wf(z))/

conic domain R, g which is included in the right half plane such that

Raﬁ:{u+iv:u>a\/(u—1)2+v2+ﬂ}.

if 14 ¢ , respectively, take all values in the
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From elementary computations we see that 0R, g,

2
aRa,gz{u—i—iU:vf: (a (u—1)2+v2+ﬁ> },

represents the conic sections symmetric about the real axis. Thus R,, g is an elliptic
domain for @ > 1, a parabolic domain for a = 1, a hyperbolic domain for 0 < o < 1
and a right half plane u > § for a = 0.

By virtue of (1.6), (1.7) and the properties of the domain R, g, we have, re-

spectively
1 (2(DY7f(2) a+p
3%{”b< DA f(2) 1>}>a+1

12(DY7f(2)" | _a+8
%{Hb (DL (=) }> at 1’

and

which means that

e

fESDT \(a,3,b) = DY f €8, ( + ﬁ,b)

Q
+
[t

and

feXD] \(a,8,b) = DY f € X7, (

SR
+|+
=l
“@‘
N——

Remark 1.3. We have the classes
(i) DY (0, 8,b) = 8% (B, b) and KD (0, 8,b) = KZ ,(5,b).
(i%) SD:,A(%@ 1) = Sﬂ’z)\(a,ﬁ) and KDZ’A(a,B, 1) = UGV;”A(a, B) (Al-
Oboudi and Al-Amoudi [3]).
(#4i) SDQ’/\(OQB, 1) = S'Dé’O(OQB, 1) = 8D(«, 8) and
DY (o, 8,1) = XDf (e, B,1) = KD(ev, B) (Shams et al. [15]).
(iv) 8Dg 1 (av, B, 1) = U8, (e, B) which is the class of n-uniform starlike functions
of order 8 and type o (Acu and Owa [1]).
(v) 8D3 A(0, 8,) = 8Dy (0, 5,0) = 8j(b) and KD (0, 8, b) = KDy (0, 5,0) =
SD(IM(O,B, b) = (?,g(b) (Frasin [6]).
(’UZ) SDW, ( ) - S'DO O( B’ ) - 8*(6) and K927A(076a 1) = fKD(lJ,O((L Ba 1) =
D51 (0,8,1) = ( )-
(vii) 8D 1(0,0,1) = 8D (0,0,1) = 8* and KDJ ,(0,0,1) = KDy ((0,0,1) =
8D1(0,0,1) =K.
(viii) 8D, \(a, B,1) = 8@5?0(04,5, 1) = 8P(e, ) and fKDg,A(a,ﬁ, 1) =
JCD(l)’O(a,B, 1) = SD(lJ’l(oz, B,1) = UCV(a, B) which are uniformly starlike and con-
vex functions, respectively, of order 5 and type o (Bharati et al. [4]).
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(Z‘T) S‘Dg,A(l? 67 1) = 8®(1J,0(13 57 1) = S:P(B) and :KDE)\/,A(]-? Bv 1) = jCD(l),O(]-a 63 1) =
8Dg1(1,8,1) = UCV(B) (Renning [12)).

(z) 8DY \(1,0,1) = 8D (1,0,1) = SP (Renning [13]) and KDJ ,(1,0,1) =
fKCD(lm(l, 0,1) = SD(IM(L 0,1) = UCV which is the class of uniformly convex func-
tions (Goodman [7]).

(i) SD}WO(O,B, 1) = 87,(B8) (Srivastava et al. [16]).

(i) SD}Y,O(L 0,1) = 8P, (Srivastava and Mishra [17]).

Observe that if f € 8DT y(a, 8,b) (or XD, (a, B,b)), then DY f € 8D(av, 3, b)
(or XD(a, 6,1)).

For the classes 8D(a, 8) and XD(a, ), Shams et al. [15] have shown some
sufficient conditions for f to be in the classes 8D(«, 5) and XD («, 5).

In [9], Owa et al. have investigated coefficient inequalities for f belonging to
the classes 8D(«, ) and XD(«, 3).

The purpose of this paper is to generalize the results of [9] using generalized
Al-Oboudi differential operator.

2. Main results

Theorem 2.1. If f € 8D ,\(«a,B,b) with 0 < a < B, then f € SN b) where
§ =102

[e3

Proof. Let f € 8DZ y(a, 8,b). Then we have

m{ub( Lo 1)} %{b( L 1>}+5

or equivalently

o L(2D3fE) e
(1 )éR{ler( DI f(2) 1>}>6 (z €U).

If 0 < o < 3, then we get

O

Corollary 2.2. If f € XDJ («,,b) with 0 < o < 3, then f € 3{27/\(5, b) where
§=10=2
1—

[e3

Theorem 2.3. If f € 8D \(«a, 3,b) with 0 < a < j3, then

2[b[ (1 = B)
Pon (1,A) (1 — )

(2.1) las| <
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and

k

206/ (1 - 5)

(2.2)  Jag| < Upn (N (k—1)(1—a)

(14 2M0=5)
[(+5ty) 2

J

Proof. We note that for f € 8D \(a, 8,b) with 0 < a < f3,

1(z(Dy7f(2) B-a
%{H—b( DI f() 1>}>1_a (z €U).

Let us define the function p(z) by
2(D™7 f(2))
(1—a) {H}, (W—lﬂ —(f-a)
- (z € U).
Hence p(z) is analytic in U with p(0) = 1 and R {p(z)} > 0 (2 € U). Let

p(z) =

p(z) =1+piz+p2®+---.

So we obtain

1 (2(DY7f(2) _ ., 1=

or equivalently

1-8
2 (DY F(2)) = DY f(2) = by (DR £(2) (prz+ a2 + ).
The last equality implies that
_ b(1-p)
Uin (7, A) (B —=1)ap = 14 {pr—1+ Po, (v, A) azpr—2 + s, (7, A) azpr—s3

o+ U1 (A ag—1p1} -

Applying the coefficient estimates |p;| < 2 (k > 1) for Carathéodory functions [5],
we get

25 (1 - 8)
2. < 14Uy, (1,
e T VI 1 R A e
P () s
e W (00 lan ).
For k = 2,

206/ (1 - 5)
Vo (1) (1 =)’

las] <
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which proves (2.1).

For k = 3,
216/(1- ) 215/ (1 = 8)
oal < G N2 —a) (” o >

Therefore (2.2) holds for k = 3.
Assume that (2.3) is true for K = m. Then we obtain
206 (1 - B) 206 (1 - B)
< 1
|a'TVL+1| - \Ijm+1,n (’Y,)\)m(l - O[) * l-«a

2 (1-B) [, 2bl(1—B)
* ) (” )

2(1 -« 1—-a
- 2|b|1— s L 2bl(=5)
T I_I( 1—a>)
B 216 (1 — B) et L2 -p)
Ui (A m (1 —a) ]1;[1< j(l—a) )

So (2.2) is true for k = m + 1.
Consequently, using mathematical induction, we have proved that (2.2) holds
true for all £ > 3. O

Corollary 2.4. Setting o = 0 in Theorem 2.3, we have

1T G +2[p/(1-5))

<2 > 2).
TV R

Corollary 2.5. Ifwe setn=0, |[bj=10orn=1,7y=A=0, |b| =1 in Corollary
2.4, then we have

k
116G -26)

=2
lag| < W (k>2)
given by Robertson [11].

Theorem 2.6.1If f € XD \(a, B,b) with 0 < a < 3, then

bl (1 —8)
T W, (v, (1 -

lag| <

and

215/ (1- ) (200
S G E R (=) H( 1—a>) (k2 3).
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Corollary 2.7. Setting a = 0 in Theorem 2.6, we have

k=2

T (i +200l (1 - 8))

j=0

Upn (7, A) k! (k>2).

lar| <

Corollary 2.8. Ifwe setn =0, [bj=1o0orn=1,y=X=0, |b| =1 in Corollary
2.7, then we have

H:Jw

(] —20)

] < =

(k=2)

given by Robertson [11].
Theorem 2.9.1If f € 8D \(«a, 3,b) with 0 < a < j3, then

2WA-5) .o
Vo (1N (1= )

2|b| 1— 3) S 2hl(-p) "
*Zwkn TN k- DI-a) (H<” -0 >)'Z' }
20(1-5) .
\112,71 (’% )‘) (1 - a)

2|b|(1* (14 20 =5) k
Z\Pkn v, A (1-a) (H( 1—a) >)|z|

max {O, |z| —

IN

[f(2)] < 2] +

and

4[o[ (1= 5)
Usn (1, ) (1 — @)

> 2k || (1 - B) 5
B3 Teem Iy (
46| (1 - B)
\Ij2,n (77)‘) (1 _a)

> 2k |b| (1 — B) :
+§ Ui (A (k— 1) (1—a) (

J

max{O, 1- |2

<
Il

(1212 )

IN

2|

If'() <1+

(7))o
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Theorem 2.10. If f € XDJ \(«, 8,b) with 0 < a < j3, then

b (1 - B) 2
maX{O, |z| — Toa (1N (=) K

20| (1 - B) 2 -p) "
‘Zwkn% R Do) H(” j(l—a)) &

< V@ISl + g s
20| (1 - B) b= el )
*Zwkw, =D (- 13( S
and
__2pla-p
max{(), ! Uom (1,A) (11— ) d
2\b|<1f B) S 2B
‘Zwkn 7N = 1) (1 a) j_1<” j<1—a>> .
< rEI<1+ @2'(:' S
20| (1 - B) L 2p(-8) o
*Zwkw, F-D (- j:1<” fia)
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