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GROUPOID ALGEBRAS ASSOCIATED WITH COVERING MAPS

INHYEOP Y1

ABSTRACT. For a compact Hausdorff space X with its p-fold covering map o, we
construct its corresponding topological groupoid I'; and show that there is a strong
relation between the dynamical structures of (X, o) and the groupoid structures of
r.

1. PRELIMINARY

There is a long history of interrelation between topological dynamics and theory
of C*-algebras ([8]), and one of methods to connect these two fields is constructing
groupoid algebras from single dynamical systems ([7]). Following Renault’s argu-
ment, Deaconu constructed a class of groupoids associated with covering maps of
compact Hausdorff spaces and C*-algebras of these groupoids ([4]). We study some
conditions for those C*-algebras to be simple or prime, relations between covering
map and groupoids, and Pimsner-Voiculescu six term exact sequence for K-groups
of groupoid algebras.

For a compact Hausdorff space X and its p-fold covering map o : X — X, set
(1) D={(z,n,y) € X XZxX:3k1>0n=1-ko"z=0cly}
The pair {((x,n,y), (w,m, z))} € I'? is composable if y = w, and multiplication and
inverse are defined by
(z,n,y)(y,m, z) = (x,n +m,z) and (z,n,y)"" = (y, —n, x).
For (z,n,y) € T, r(z,n,y) = (x,0,x) is the range of (x,n,y) and d(z,n,y) = (y,0,y)

is its domain. T'?, the unit space of T, is identified with X via the diagonal map,

and the isotropy group bundle is given by I = {(z,n,z) € T'}.
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For k > 0, let
Ry ={(z,0,y) €T : 6%z = 0¥y} and Ry = U Ry.
k>0

It is easy to check that Ry and R, are subgroupoids of I', and their unit space is
Iro.

Standing Assumption. Throughout this paper, X denotes a compact Hausdorff
space, 0 : X — X is a p-fold covering map, I" is the groupoid defined in the formula
(1), C*(I') is the groupoid C*-algebra of I', and an ideal means a closed two-sided
ideal.

Definition 1.1 ([4, 8]). Let (X, o) be as above. For each z € X, O, = |J o *(c*z)

k>0
is called the orbit of z. And o is called

(i) minimal if O, = X for every z € X,
(ii) irreducible if for any nonempty open subsets U,V of X, c"U NV # () for
some n € Ng,and
(iii) essentially free if {x € X : oFx = o'z for some k,1 > 0 implies k = [} is
dense in X.
Definition 1.2 ([7]). Let G be a topological groupoid with open range map and GY
its unit space. We say that G is

(i) minimal if the only open invariant subsets of G° are the empty set () and
GO itself,
(i) rreducible if every invariant nonempty open subset of G is dense, and
(iii) essentially principal if G is locally compact and, for every closed invariant
subset F of G, {u € F:r~Y(u)Nd~'(u) = {u}} is dense in F.

The following two theorems are basic properties of our groupoid algebras.

Theorem 1.3 ([4]). Suppose that X, o and T' are as in the standing assumption.
Then T' carries a topology that makes I an r-discrete locally compact Hausdorff

groupoid and Ro, a principal r-discrete locally compact Hausdorff groupoid.
For any open invariant subset U of T, let
L(U) = {f € Cl) : fla,m,y) = 0if (2,m,9) & d1(U))}
and I(U) the closure of I.(U) in C*(T"). Then I(U) is an ideal of C*(I") [7, I1.4.5].
Theorem 1.4 ([7, I1.4.5 and 4.6]). Suppose that O(T') is the lattice of invariant



GROUPOID ALGEBRAS ASSOCIATED WITH COVERING MAPS 263

open subsets of I and that Z(C*(T)) is the lattice of ideals of C*(T'). The correspon-
dence U — I(U) is a one-to-one order preserving relation from O(I") to Z(C*(I)).

Moreover, if I' is essentially principal, then the correspondence is bijective.

2. MAIN RESULTS

We show that ynamical structures of (X, o) are strongly related to the groupoid
structures of I and its groupoid C*-algebra C*(T).

Proposition 2.1. Suppose that X, o and I' are as in the standing assumption.

Then the followings are equivalent.

(1) o is essentially free.

(2) T is essentially principal.

(3) Pern(X) = {z € X : ofx = "z for every k € NU {0}} has empty
interior for every positive integer n.

(4) C(X) = C*(IY) is a maximal abelian subalgebra of C*(T).

(5) T is the interior of I where I is the isotropy group bundle of T.

Proof. (1) = (3) is trivial.

(3) = (1). Let A = {x € X : for any k,l > 0,0z = o'z implies k = 1}. If
o is not essentially free, then A is not dense in X, and we can find an open set
U C X such that UN A = 0, for X is compact Hausdorff space. Since X — A =
U, Usg o ¥ (Pern (X)), we have U = (52, Uy UNo—*(Pery, (X)), and by Baire
Category theorem there exist integers n > 1 and k > 0 such that U N o~ Per,(X)
has nonempty interior.

We remind that o=*(Per, (X)) = fil P; where p is the index of the covering
map o: X — X and P; ~ Per,(X) with ,N\P; = () if i # j. Then UNo~*(Per, (X))
has nonempty interior implies Int{U N P;} # () for at least one i. Hence o*(UNP;) C
Per,(X), and o is open map implies Int{Per,(X)} # 0.

(1) <= (5). Let B = X — A and define B,, = {x € X : (z,n,x) € I} and
I, = {(z,n,x) € I} for every nonzero integer n. Then it is trivial that B = |J B,
and I = I, UT with I,, = Diag{B, x {n} x B,}. So IntI — TV = JInt I,, ~ B,
and A is dense in X if and only if Int I — T'° = ().

(5) <= (4) is trivial by [7, 11.4.7].

(1) <= (2). Let U ={u=(,0,2) €T%: {u} =r"Y(u)nd (u) cT}. Then
x € A if and only if (z,0,2) € U. So A is dense in X if and only if U is dense in
Io. O
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We can obtain the following corollary from Theorem 1.4 and Proposition 2.1.

Corollary 2.2. If o is essentially free, then for any nonzero ideal J of C*(I),
JNC*(TY) and J N C*(Rw) are not {0}.

Proposition 2.3. Suppose that X, o and I' are as in the standing assumption.
Then the followings are equivalent.

(1) o is minimal.

(2) C*(Rx) is simple.

(3) R is a minimal groupoid.

Proof. (1) = (2) is done in [4].

(2) = (3). Since R« is a principal r-discrete groupoid, this is an easy conse-
quence of Theorem 1.4.

(3) = (1). Assume that o is not minimal. Then there exists an zy € X such
that O,, € X. Let Y = X — O,, and Z = {(y,0,y) : y € Y}. Now we show that Z
is an invariant open subset of I'°.

It is trivial that Z is an open subset of I' and Z C 7(d~1(Z)) where r and d are
range and domain maps of I'. For an (a,0,a) € 7(d~1(Z)), there exists a y € Y such
that (a,0,y) € d~'(Z) C Ry with o%a = o¥y for some k > 0. Since r(d~'(2)) is
open in T ([7]), 7(d=1(Z)) N (TV — Z) # 0 means that r(d~1(Z)) NInt(T° — Z) # 0.
So if there exists (a,0,a) € r(d~*(Z)) N Int(T° — Z), then we have a € O,, and
y € Oy, as o¥a = oFy for some k > 0. This is a contradiction to the facts that
y€Y and Y = X — O,,. Hence we obtain that r(d~*(Z)) C Z and that Z is a

nontrivial invariant open subset of I'g. Therefore R, is not a minimal groupoid. [

By Theorem 1.4, there exists an injective relation between the set of ideals in
C*(Rs) and that of C*(I') by Ioo(U) = I(U)NC*(Rs) where U is an open invariant
subset of T'0. If ¢ is essentially free, then the relation is bijective. So the following

corollary is trivial by Proposition 2.3.

Corollary 2.4. If o is essentially free and minimal, then C*(T") is simple. Con-
versely, if C*(T") is simple, then o is minimal.

Remark 2.5 ([7, [.4.1]). T is irreducible if ImT is dense in TY x ' by the map

(r,d) : T — I'% x T'? where r is the range map, and d is the domain map.

Lemma 2.6. Let G be a topological groupoid with open range map and G° its unit
space. If U is an invariant subset of T?, then V. =T° —U and W = IntU are also

invariant subsets of T,
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Proof. Tt is trivial that W C r(d~1(W)). Since r is an open map, rod~!W is an open
subset of U = r(d=1(U)). So we have r(d~'(W)) C Int U, and W = r(d~*(W)).

To show that V is an invariant subset of I'?, we only need to show r(d~1(V)) C V.
If r(d=1(V))NU # ), then there exists (z,0,z) € r(d~1(V))NU. So we can choose
(v,0,v) € V such that (z,n,v) € d"5(V) C T and (v,—n,z) € I'. Since we assumed
(2,0,2) € U where U is an invariant subset of I'’, we have (v, —n,z) € d~'(U) and
(v,0,v) € r(d~Y(U)) = U, a contradiction. Hence r(d~1(V)) is a subset of V, and

V is an invariant subset of T'V. O

Remark 2.7. It is an easy consequence of Lemma 2.6 that, for any subset U of I
and V =T9%— U, one of IntU, U, Int V and V is an invariant subset of I'" implies

that the remaining three subsets are also invariant subsets of I'C.

Proposition 2.8. Suppose that X, o and I' are as in the standing assumption.

Then the followings are equivalent.

(1) o is irreducible.
(2) T is irreducible.
(3) C*(Rx) is a prime algebra.

Proof. (1) = (2). Let U be a nonempty open invariant subset of T ~ X, and
show that U is dense in X. We remind that c"U C U. If V. = X — U # (), then
there exists n € N such that 6"U NV # () as o is irreducible. So U N (X —U) # 0,
a contradiction. Therefore we have V = (), and U is dense in X.

(2) = (1). If o is not irreducible, then there exist nonempty open subsets
U,V C X such that 6"U NV = () for every n € N U {0}. Note that, for any
zeUandy eV, (2,0,z) X (y,0,y) ¢ Im(r,d) because (z,0,z) x (y,0,y) € Im(r, d)
implies that there exists an n € N U {0} such that (z,n,y) € I', and we have
oFx = o*ty € oFUN* V. Hence U x V is a nonempty subset of '’ xI'° —Im(r, d),
and Im(r,d) is not dense in T'? x T'%.

(1) = (3). As R is a principal groupoid, by Theorem 1.3 and Theorem 1.4,
every ideal is of the form I(U) where U is an open invariant subset of I'Y. For any
nonzero ideals I(U) and I(V) of C*(Rs), we have I(U)NI(V) = I(UNV). Since
o is irreducible, we showed in the above that U and V are dense in I'’. SoUNV
is nonempty dense subset of I'°. Hence I(U) N I(V) # {0}, and C*(Ry) is a prime
algebra.

(3) = (1). If o is not irreducible, then I'’ has two nonempty disjoint open

invariant subsets U, V by Lemma 2.6. For for these open invariant sets, their corre-
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sponding ideals satisfy I(U) N I(V) = I(UNV) = {0}. Therefore C*(R) is not a
prime algebra. O

We have the following corollary from Theorem 1.4 and Proposition 2.8.

Corollary 2.9. If o is essentially free and irreducible, then C*(T') is prime. Con-

versely, C*(T") is prime implies that o is irreducible.

3. K-THEORY OF C*(I')

We show that it is possible to compute K-theory of groupoid algebras from dy-

namical properties of (X, o) using Paschke’s argument ([6]).

Definition 3.1. Let X, o0 and I be as in the standing assumption. Define o : S —
Aut(C*(T")) by A +— « such that

ax(f)(z,n,y) = A7"f(z,n,y) for f € C(I).
Remark 3.2. (C*(T),S',a) is a C*-dynamical system by [7, IL.5.1]. The fixed
point algebra of o is C*(Rs), which is an inductive limit of C*(R,,), n > 0 ([4]).

Definition 3.3 ([6]). Let 8 be a continuous action of a compact abelian group G on
a C*-algebra A, and B its fixed point algebra. For a character x in the dual group
@, set

E, ={a € A: Bs(a) = x(s)a for every s € G}.
We say that 8 has large spectral subspaces if E} E\ = B for each x € G.
Proposition 3.4. The action a on C*(I') has large spectral subspaces.

Proof. Tt suffices to show that EfE} = C*(Rao) = E1E} (see [6] for details). As Fy
is generated by continuous functions supported on {(z, —1,y) € I'}, it is not difficult
to obtain EfE; C C*(Ruo) and E1Ef C C*(Roo).

For any f € C.(R,), we define §, h € C.(I°) by

- 1 ~

9(z,0,x) = f(x,0,y)[f(z,0,y)|"2 and h(y,0,y) = [f(z,0,y)|
so that we have f(z,0,y) = g(x,O,x)fL(y,O,y) ([5]). Denote g = pzgand h = pzh
where p is the index of the covering map o. Then, for v € F defined by

( ) 1//p ifn=-1andy=oxz,
v x? n’ = .
Y 0 otherwise,

VI
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we have
f=gh=gv™*"h
= (gv™*" 1) (v*h) €E\E;
= (gu™* ") (vh) €ETE;.
Hence C*(R,) C E\E} and C*(R,) C EfE, for C*(R,) is the norm closure of
C.(R,). Since C*(R) is an inductive limit of C*(R,) by Remark 3.2, we have
C*(Rx) C ETE; and C*(Rx) C E1E}, and this completes the proof. O
Corollary 3.5. (1) C*(Rwo) is a full-corner of C*(T') x4 S*.
(2) C*(Roo) @ K 22 (C*(T) xo SH @ K, and
(3) C*T) @K = (C*(Rwo) ® K) x4 Z.
Proof. (1) is trivial by Proposition 3.4 and [6, 2.1]. (2) comes from statement (1)
and [1, 2.6], and (3) is a consequence of [6, 2.3]. O

Proposition 3.6. We have the following siz-term exact sequence.

Ko(C*(Rwo)) T Ko(C*(Re)) ——  Ko(C*(D))

I l

Ei(C*(I)) " Ki(C*(Rx)) < K1(C*(Reo)).

Proof. By Proposition 3.4, the action « has large spectral subspaces, and the fixed
point algebra C*(R.) is a unital algebra. So we can obtain the six term exact

sequence by applying Theorem 3.1 of [6]. O

Example 3.7 ([2, 3, 4]). Let X be the infinite product space [[;5, X; where X; =
{1,2,...,p} for each i, and 0 : X — X be the unilateral shift given by (o(z));
xiy1,7 > 0. Let A= A(i,j) be a p x p matrix with {0, 1}-entries, define

XA = {.Z' = (ﬂj‘z) . A(mi,le) = 1},

and denote o|x, by 0. As in Example 2 of [4], we assume

ZA(i,j) = q Vj for some q > 2.

7
Then o is a ¢g-fold covering, and we have C*(I'°) = Dy, C*(Rs) = Fa, and C*(T') =
O4, the Cuntz-Krieger algebra of A ([3, 4]).
If A satisfies the Cuntz-Krieger condition (I), then D4 is a maximal abelian

subalgebra of 04 by Remark 2.18 of [3]. So o is essentially free by Proposition 2.1.
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If A is irreducible, then ¢ is minimal. Therefore we obtain by Corollary 2.4 that if
A satisfies (I) and A is irreducible, then O4 is simple [3, 2.14].

Since F4 is an AF-algebra, we can apply the exact sequence in Proposition 3.6
to compute the K-theory of Oy, (see [2]), that

Ko(0q) 2 7P /(1 - AYZP,
K1(04) 2 ker(1 — A" : 7P — 7ZP).

REFERENCES

1. L.G. Brown: Stable isomorphism of hereditary subalgerbas of C*-algebras. Pacific J.
Math. 71 (1977), 335-348.

2. J. Cuntz: A class of C*-algebras and topological Markov chains II: reducible chains and
the Ext-functor for C*-algebras. Invent. Math. 63 (1980) 25-40.

3. J. Cuntz & W. Krieger: A class of C*-algebras and topological Markov chains. Invent.
Math. 56 (1980) 251-268.

4. V. Deaconu: Groupoids associated with endomorphisms. Trans. Amer. Math. Soc. 347
(1995) 1779-1786.

5. A. Kumjian: Preliminary algebras arising from local homeomorphisms. Math. Scand. 52
(1983) 269- 278.

6. W.L. Paschke: K-theory for actions of the circle group on C*-algebras. J. Operator
Theory 6 (1981) 125-133

7. J. Renault: A groupoid aproach to C*-algebras. Springer Verlag, 1980.

8. J. Tomiyama: The interplay between topological dynamics and theory of C*-algebras.
Lecture Note No. 2, Res. Inst. of Math. Global Analysis Research Center, Seoul National
University, 1992.

DEPARTMENT OF MATHEMATICS EDUCATION, EWHA WOMANS UNIVERSITY, SEOUL 120-750, Ko-
REA
Email address: yih@ewha.ac.kr



