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ON INTERVAL VALUED (¢, 3)-FUZZY IDEALS
OF HEMIRINGS

MUHAMMAD SHABIR AND TAHIR MAHMOOD

ABSTRACT. In this paper we define interval valued (€, € Vq)-fuzzy h-

quasi-ideals, interval valued (€, € Vq)-fuzzy h-bi-ideals, interval valued

(€, € vV @)-fuzzy h-ideals, interval valued (€, € V q)-fuzzy h-quasi-ideals,

interval valued (€, € V g)-fuzzy h-bi-ideals and characterize different classes
of hemirings by the properties of these ideals.

1. Introduction

Semirings, which are considered as the generalization of associative rings,
introduced by H. S. Vandiver in 1934 [12]. Semirings are very useful for solving
problems in different areas of applied mathematics and information sciences,
like as, optimization theory, graph theory, theory of discrete event dynami-
cal systems, matrices, determinants, generalized fuzzy computation, automata
theory, formal language theory, coding theory, analysis of computer programs,
and so on (see [4]). Hemirings, which are semirings with commutative addi-
tion and zero element appears in a natural manner in some applications to the
theory of automata and formal languages (see [4]).

Ideals play an important role in the study of hemirings and are useful for
many purposes, but they do not coincide with ring ideals. Thus many results
of ring theory have no analogues in semirings using only ideals. In order to
overcome this problem, in [5], Henriksen defined a class of ideals in semirings,
called k-ideals. These ideals have the property that if the semiring R is a ring
then a subset of R is a k-ideal if and only if it is a ring ideal. A more restricted
class of ideals in hemirings, called h-ideals,was introduced by Tizuka [6].

In 1965, Zadeh [14] introduced the concept of fuzzy set, which proved a
very useful tool to describe situation in which the data are imprecise or vague.
Fuzzy sets handle such situations by attributing a degree to which a certain
object belongs to a set. J. Ahsan initiated the study of fuzzy semirings ([1]).
Fuzzy k-ideals in semirings are studied in [3] by Ghosh and fuzzy h-ideals are
studied in [7, 13, 15]. By using the concepts of 7€” and ”¢”, in [2] («, B)-
fuzzy ideals of hemirings are defined, where «, 8 € {€,¢,€ Vg, € Agq}. In
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[8] X. Ma and J. Zhan introduced the concept of interval valued (€,€ Vq)-
fuzzy h-ideals in hemirings and developed some basic results. In [11] Sun
et al characterized h-hemiregular and h-intra-hemiregular hemirings by the
properties of their interval valued fuzzy left and right h-ideals. In this paper
we extend these ideas and define interval valued (€, € Vq)-fuzzy h-quasi-ideals,
interval valued (€, € Vq)-fuzzy h-bi-ideals, interval valued (€, € V g)-fuzzy h-
ideals, interval valued (€, € V q)-fuzzy h-quasi-ideals, interval valued (€, € V q)-
fuzzy h-bi-ideals and characterize different classes of hemirings by the properties
of these ideals.

2. Preliminaries

For basic definitions one can see [4]. A left (right) ideal A of a hemiring
R is called a left (right) h-ideal if for all z,z € R and for any a,b € A from
x+a+z=>b+z, it follows x € A.[13]). A bi-ideal B of a hemiring R is called
an h-bi-ideal of R if for all z,y € R and a,b € B from z +a+y = b+ y, it
follows = € B (cf. [13]).

The h-closure A of a non-empty subset A of a hemiring R is defined as

A={ze€R|z+a+y=>b+yfor somea,bc A,y € R}.

A quasi-ideal @ of a hemiring R is called an h-quasi-ideal of R if RQNQR C Q
and x +a+y = b+ y implies z € Q, for all z,y € R and a,b € @ (cf. [13]).
Every left (right) h-ideal of a hemiring R is an h-quasi-ideal of R and every
h-quasi-ideal is an h-bi-ideal of R. However, the converse is not true in general

(cf. [13]).

Definition 2.1. ([13]) A hemiring R is said to be h-hemiregular if for each
r € R, there exist a,b,t € R such that x + xax +t = zbx + t.

Definition 2.2. ([13]) A hemiring R is said to be h-intra-hemiregular if for
cach z € R, there exist a;, a},b;, 0}, 2 € R such that « + 1", a;za + 2 =
>y bl + 2.

Lemma 2.3. ([13]) A hemiring R is h-hemiregular if and only if for any right
h-ideal I and any left h-ideal L of R we have IL =IN L.

Lemma 2.4. ([13]) Let R be a hemiring. Then the following conditions are
equivalent.

(7) R is h-hemiregular.

(i4) B = BRB for every h-bi-ideal B of R.

(iii) Q = QRQ for every h-quasi-ideal Q of R.

Lemma 2.5. ([13]) A hemiring R is h-intra-hemiregular if and only if for any
right h-ideal I and any left h-ideal L of R we have I N L C LI.

Lemma 2.6. ([13]) The following conditions are equivalent for a hemiring R.
(7) R is both h-hemiregular and h-intra-hemiregular.



ON INTERVAL VALUED (a, 8)-FUZZY IDEALS OF HEMIRINGS 351

(ii) B = B for every h-bi-ideal B of R.
(1i) Q = QQ for every h-quasi-ideal Q of R.

3. Interval valued fuzzy sets

A fuzzy subset A of a universe X is a function from X into the unit closed
interval [0,1], that is A : X — [0,1]. Now let £ be the family of all closed
subintervals of [0, 1] with minimal element 0 = [0, 0] and maximal element 1 =
[1, 1] according to the partial order [, @] < [, ] if and only if a« < 3,0/ < '
defined on £ for all [a, /], [8,8'] € L

By an interval number ¢ we mean an interval [a~, a*] € L, where 0 < a- <
a™ < 1. The interval [a,a] can be identified by the number a € [0, 1].

An interval valued fuzzy subset A of a hemiring R is a function AN:R— L.
We write A(z) = [\ (z),A\*(2)] C [0,1], for all z € R, where A, A" : R —
[0,1] are fuzzy subsets of R such that for each z € R, 0 < A7 (z) < A (x) <
1. For simplicity we write \ = A7, AT]. Let A be an interval valued fuzzy

subset of R and [a, 8] € L then the level subset U (5\, [, ﬂ]) of R is defined as
U (x, [a,m) - {x ER:A(z)> [a,m}.

Let A be a subset of a hemiring R. Then the interval valued characteristic
function x4 of A is defined to be a function x4 : R — £ such that for all x € R

0 () = 1 ifreA
XaW=%0 ifz¢A
Clearly the interval valued characteristic function of any subset of R is also
an interval valued fuzzy subset of R. Note that xg(z) =1 for all x € R.
An interval valued fuzzy subset A of R of the form

w={o" e

is said to be fuzzy interval value with support = and value ¢ and is denoted
by x;. A fuzzy interval value z; is said to belong to (resp be qua51—001n01dent
with) interval valued fuzzy subset A, written as T € A (resp. xtq)\) if X (z)>1
(resp. )x( )41 > 1). ; € Vgh means x; € A or z;¢) and x; € AgA means x; € A
and ;g\, z; @\ means that xtoz)\ does not hold for a € {€,q, € Vg, € Ng}|ctf.
[3]]-

For any family {5\2 riel } of interval valued fuzzy subsets of R,
(Vidi)(z) = (Vi (z), ViAf (z)] and (Aidi)(z) = [NA] (), NAT (2)]

For any two interval valued fuzzy subsets A and [ of a hemiring R, 5\ < pif
and only if A(z) < j(z), that is A~ (z) < p~(z) and A\ (z) < pt(x), for all
z € R.
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Definition 3.1. ([11]) Let A and 2 be two interval valued fuzzy subsets of a
hemiring R. Then the h-intrinsic product of A and /i is defined by
(34) @) = H(A (v s 0) ) (A (3 () Aﬂ(b;)))}]
i=1 j=1
for all z € R, if x can be expressed as z + X[ a;b; + z = ¥7_, a0} + 2, and 0
if x cannot be expressed as x + X% a;b; + 2 = X_,alb] + 2.

Lemma 3.2. ([11]) Let R be a hemiring and A, B C R. Then we have

(i) AC B if and only if xa < xp. Where xa is the interval valued charac-
teristic function of A.

(i1) Xa AN XB = XAnB-

(i1i) Xa © XB = XaB-

4. Interval valued (€, € Vg)-fuzzy ideals

Definition 4.1. ([8]) An interval valued fuzzy subset A of a hemiring R is said
to be an interval valued (€, € Vq)-fuzzy left (resp. right) h-ideal of R if for all
x,y,2,a,b € Rand t,r € (0,1],

(la) zjyr € A — (x + Ymingii} € Vgh

(2a) y; € Aand z € R — (xy); € Vg\ (vesp. (3a) 2; € Aand y € R —

(zy); € VgA) ) )

(4da) z+a+y=>b+yand a5, b € A = Tpy074 € VA

An interval valued fuzzy subset A : R — £ is called an interval valued
(€, € Vq)-fuzzy h-ideal of R if it is both, interval valued (€, € Vq)-fuzzy left
and right h-ideal of R.

Definition 4.2. An interval valued fuzzy subset Xof a hemiring R is said to
be an interval valued (€, € Vq)-fuzzy h-bi-ideal of R if it satisfies (1a), (4a) and
for all z,y,z € R, t,r € (0,1]

(ba) z, yi € A = (TY) mingi,ry € VA

(6a) w7, z7 € A implies (2Y2)in7.7y € VI
Definition 4.3. An interval valued fuzzy subset Xof a hemiring R is said to
be an interval valued (€, € Vq)-fuzzy h-quasi-ideal of R if it satisfies (1a), (4a)
and for all z € R , t € (0,1]

(Ta) x; € (5\673) A (7@@5\) —x; € N
Theorem 4.4. ([8]) An interval valued fuzzy subset X of a hemiring R is an
interval valued (€, € Vq)-fuzzy left (resp. right) h-ideal of R if and only if it
satisﬁesA X R

(16) A (z +5) > minfA (2), A (), 0.5}

(2b) A (zy) > min{A (y), 0.5} (resp. (3b) A (zy) > min{A (z) ,0.5})
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(4b) z+a+y=>b+y= \(z) > min{\(a),X(b),0.5}
for all a,b,z,y € R.

Theorem 4.5. An interval valued fuzzy subset A of a hemiring R is an interval
valued (€, € Vq)-fuzzy h-bi-ideal of R if and only if it satisfies (1b), (4b) and
(5b) A (zy) > min{X (z), X (y),0.5}
(6b) A (zyz) > min{A (z), A (2),0.5}
for all x,y,z € R.

Theorem 4.6. An interval valued fuzzy subset A of a hemiring R is an interval

valued (€, € Vq)-fuzzy h-quasi-ideal of R if and only if it satisfies (1b), (4b) and
(7b) A (2) > min{ (x ® R) (), (R ® x) (),0.5}

for all x € R.

Theorem 4.7. ([8]) An interval valued fuzzy subset X of a hemiring R is an
interval valued (€, € Vq)-fuzzy left (resp.,right) h-ideal of R if and only if each

non-empty level subset U (;\, [a,ﬁ}) of R is a fuzzy left (resp.,right) h-ideal of
R.

Theorem 4.8. An interval valued fuzzy subset A of a hemiring R is an interval
valued (€, € Vq)-fuzzy h-quasi (resp.,h-bi) ideal of R if and only if each non-

empty level subset U (5\, [a,ﬂ]) of R is a fuzzy h-quasi (resp.,h-bi) ideal of R.
Proof. Proof is straightforward hence omitted. |

Theorem 4.9. Let \ be an interval valued (€, € Vq)-fuzzy h-bi-ideal of a hemir-
ing R, then A A 0.5 is an interval valued (€, € Vq)-fuzzy h-bi-ideal of R where

(;\ A 0.5) (z) = Mx) A 0.5 for all z € R.

Proof. Suppose \ is an interval valued (€, € Vq)-fuzzy h-bi-ideal of a hemiring
R and let a,b,x,y € R. Then

(& A 0.5) (z +y) = Mz +y) A0.5 > (min{A(z), A(y), 0.5}) A 0.5
= min{\(z) A 0.5, \(y) A 0.5,0.5}
= min{ (X A 0.5) (), (X A 0.5) (y),0.5}.
Similarly we can show that
(X A 0.5) (zy) > min{ (X A 0.5) (2), (& A 0.5) (y),0.5}
. (X A 0.5) (zy2) > min{ (X A 0.5) (), (2\ A 0.5) (2),0.5}.
Now let z +a+y = b+ y, then
(} A 0.5) (z) = M) A 0.5 > (min{A(a), A(b),0.5}) A 0.5
= min{\(a) A 0.5, \(b) A 0.5,0.5}
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— min{ (X A 0.5) (a), (X A 0.5) (b),0.51.

This shows that (5\ A 0.5) is an interval valued (€, € Vq)-fuzzy h-bi-ideal of
R. ([l

Similarly we can show that:

Theorem 4.10. If \ is an interval valued (€, € Vq)-fuzzy left (right) h-ideal
of a hemiring R, then A A 0.5 is an interval valued (€, € Vq)-fuzzy left (right)
h-ideal of R.

Definition 4.11. Let ), it be interval valued fuzzy subsets of a hemiring R.
Then the fuzzy subsets A Nos [ and A ®os i1 of R are defined as following:

A Ao () = min{\(z), i(x), 0.5}
(;\ ®o.5 ﬂ) (z) = (5\ ©) ﬂ) (z) A0.5  for allz € R.
Now we define addition of two interval valued fuzzy subsets of a hemiring.

Definition 4.12. Let A, [t be interval valued fuzzy subsets of a hemiring R.
The fuzzy subset A + i of R is defined by

A+ (@) = sup {Alar) A Aaz) A fulbr) A flb2) }

for all ay,as,by,ba, 2,2 € R such that 4+ (a1 +b1) + 2z = (ag + b)) + 2
We also define A +¢5 o = (A + 1) A0.5.

Lemma 4.13. Let A, B be subsets of R, then
X4 to.5 XB = Xazg N 0.5.

Lemma 4.14. An interval valued fuzzy subset A of a hemiring R satisfies
conditions (1b) and (4b) if and only if it satisfies condition
(80) A+o5 A < AND0.5.

Proof. Suppose A satisfies conditions (16) and (4b). Let = € R, then for all
expressions  + (a1 + b1) + 2z = (az + b2) + z of z , for a1,a9, b1,bs,2 € R,

(A 405 M) (@) = (Sup{)\(al) A A(az) A ADL) A })

(sup {((/\(al) AADBL) A0.5) A (Maz) A Abs) AO. 5)}) NO5
< (sup {(;\(al b)) A (Maz + bg))}) A0.5 by condition(1b)
< Az)A0.5 by condition(4b).

Thus A +0.5 A < AA0.5.
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Conversely, assume that A +o0.5 A < AA0.5. Then for each z € R we have
A0) > A(0) A 0.5 > (X405 A)(0)
(sup {x(al) A Maz) A A1) A x(bQ)}) 705

> Az) A 05 because 0+ (z+2)+0=(x+2)+0.
Thus A(0) > A(x) A 0.5.
Let z,y € R, then for all expressions (x +y) + (a1 +b1) + 2 = (a2 + b2) + =
Mz +y) > ( y) AN0.5
> 55\)(x+y)

because (z+y)+(0+0)+0=(z+y)+0,
= {A(x) A A(y) A0.5} because  A(0) > A(z) A 0.5.

Thus A satisfies condition (1b).
Let a,b,z,z € R such that x +a+ z = b+ z. Then for all such expressions

AMz) > Mz) A 0.5
> (A +o.5\) (@)
(sup { ar) A Maz) A Ab1) A A(@)}) AO.5
> {A(a) A A(0) A A(D) A 0.5} because z+(a+0)+z=(b+0)+z
= {\(a) A A(b) A 0.5} because A(0) > A(z) A 0.5.
This shows that A satisfies condition (4b). (]
By using Lemma 4.14, we can also prove the following:

Theorem 4.15. An inverval valued fuzzy subset A of a hemiring R is an inter-
val valued (€, € Vq)-fuzzy left (resp. right) h-ideal of R if and only if A satisfies
conditions

. (resp. A ®0.5 R < AA O.5>.

Theorem 4.16. An interval valued fuzzy subset A of a hemiring R is an inter-
val valued (€, € Vq)-fuzzy h-quasi-ideal of R if and only if A satisfies conditions
(7b) and (8D).

Proof. Proof is straight forward because conditions (1b) and (4b) are equivalent
to condition (8b). O
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Theorem 4.17. Every interval valued (€, € Vq)-fuzzy left h-ideal of a hemiring
R is an interval valued (€, € Vq)-fuzzy h-quasi-ideal of R.

Lemma 4.18. Every interval valued (€, € Vq)-fuzzy h-quasi-ideal of R is an
interval valued (€, € Vq)-fuzzy h-bi-ideal of R.

Proofs of the following results are straightforward by using the techniques
as in [9].

Lemma 4.19. If \ and [ are interval valued (€,€ Vq)-fuzzy right and left
h-ideal of R respectively, then X ®g.5 it < A Ag.5 fi-

Theorem 4.20. For a hemiring R the following conditions are equivalent.

(7) R is h-hemiregular.

(i5) Ao i = A®qg.5 o for every interval valued (€, € Vq)-fuzzy right h-ideal
X and every interval valued (€, € Vq)-fuzzy left h-ideal [i of R.

Theorem 4.21. For a hemiring R, the following conditions are equivalent.

(7) R is h-hemiregular.

(i%) AN05 < A@os R Oos A for every interval valued (€, € Vq)-fuzzy h-bi-
ideal \ of R.

(4i1) AN05 < AOos R Gos A for every interval valued (€, € Vq)-fuzzy h-
quasi-ideal A of R.

Theorem 4.22. For a hemiring R, the following conditions are equivalent.

(i) R is h-hemiregular.

(zz) A Aos o< A ®os 1 ®o.5 A for every interval valued (€, € Vq)-fuzzy h-bi-
ideal \ and every interval valued (6 € Vq)-fuzzy h-ideal i of R.

(#4i) A Ao, 5 n < A Gos i ®os A for every interval valued (€, € Vq)-fuzzy
h-quasi-ideal A and every interval valued (€, € Vq)-fuzzy h-ideal i of R.

Theorem 4.23. For a hemiring R, the following conditions are equivalent.

(i) R is h-hemiregular.

(i%) AMos it < XAOo.s o for every interval valued (€, € Vq)-fuzzy h-bi-ideal A
and every interval valued (€, € Vq)-fuzzy left h-ideal i of R.

(4i1) 5\/\0.5/1 < 5\@0_5/1 for every interval valued (€, € Vq)-fuzzy h-quasi-ideal
X and every interval valued (€, € \Vq)-fuzzy left h-ideal ji of R.

(iv) Aos it < AGo.s fi for every interval valued (€, € Vq)-fuzzy right h-ideal
X and every interval valued (€, € Vq)-fuzzy h-bi-ideal i of R.

(v) Aos it < A@os fi for every interval valued (€, € Vq)-fuzzy right h-ideal
A and every interval valued (€, € Vq)-fuzzy h-quasi-ideal i of R.

(vi) A Aos il No.s 7 < \®os L ®o.5 U for every interval valued (€, € Vq)-
fuzzy right h-ideal A ,every interval valued (€, € Vq)-fuzzy h-bi-ideal i and every
interval valued (€, € Vq)-fuzzy left h-ideal U of R.
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(vit) Aos (N5 D < Ao s [ ®g.5 0 for every interval valued (€, € Vq)-fuzzy
right h-ideal A every interval valued (€, € Vq)-fuzzy h-quasi-ideal [i and every
interval valued (€, € Vq)-fuzzy left h-ideal U of R.

Proof. (i) = (i) Let A be any interval valued (€, € Vq)-fuzzy h-bi-ideal and i
any interval valued (€, € Vq)-fuzzy left h-ideal of R. Since R is h-hemiregular,
so for any a € R there exist x1,x2,2z € R such that a + axia + 2z = axqsa + 2.

Then for all expressions of "a” of the form a + X% a;b; + z = XJ_;ajb} + 2 in
R we have
(5\ ®o.5 1) (a)
— o </\ (3 (0 A )) A G () i ()] nos
i=1 j=1
> 1\ (a) A fi(xz1a) A fi (x2a)} A 0.5 because a + azia + z = azsa + z

{A(a) A
> {A(a) Aju(a) A0S} A0S

{A@) A fi(@) £ 0.5} = (A ros i) (o).

So A ®os ft > A Ao fi-

(i3) = (iii) Obvious.

(iii) = (i) Let A be an interval valued (€, € Vq)-fuzzy right h-ideal and /i be
an interval valued (€, € Vq)-fuzzy left h-ideal of R. Since every interval valued
(€, € vVq)-fuzzy right h-ideal is an interval valued (€, € Vvq)- fuzzy h-quasi-ideal,
so by (m) we have \ . 50> /\/\05H But by Lemma 4.19, )\®05/,L < /\/\05u
Hence A®o.5 fi = AAg.s i for every interval valued (&, € Vq)-fuzzy right h-ideal
X of R, and every interval valued (€, € Vq)-fuzzy left h-ideal i1 of R. Thus by
Theorem 4.20, R is h-hemiregular.

Similarly we can show that (i) < (iv) < (v).

(i) = (vi) Let A be an interval valued (&, € Vq)-fuzzy right h-ideal, fi be an
interval valued (€, € Vq)-fuzzy h-bi-ideal and © be an interval valued (€, € Vq)-
fuzzy left h-ideal of R. Since R is h-hemiregular, so for any a € R there exist
T1,Ts,2 € R such that a + aria + 2z = axea + z. Then for all expressions of
7a” of the form a + X" a;b; + 2 = ¥7_,a%b’ + z in R we have
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s (A (e )) (3(@) i (5))] ) rosns

> {Maxy) A Mazz) A fia) A (a)/\0.5}
> {A\a) A fi(a) A (a) A 0.5}
Z()\/\05H/\05V>()~

Thus A Ao.s fi Aos 7 < A @o.s ft @o.s 0.

(vi) = (vii) Straightforward..

(vii) = (i) Let A be an interval valued (€, € Vq)-fuzzy right h-ideal, and
be an interval valued (€, € Vq)-fuzzy left h-ideal of R. Then

\|>:

ANos?=ANos RAos? <AGos R Oos 0 <AGgs .

But A Go.5 0 < A No.5 V. Hence A o5V = A No.5 U for every interval valued
(€, € Vq)-tuzzy right h-ideal A and for every interval valued (€, € Vq)-fuzzy left
h-ideal o of R. Thus by Theorem 4.20, R is h-hemiregular. O

Lemma 4.24. A hemiring R is h-intra-hemiregular if and only if A Aos <
A @o5 [b for every interval valued interval valued (€, € Vq)-fuzzy left h-ideal A
and for every interval valued (€, € Vq)-fuzzy right h-ideal i of R.

Proof. Proof is straightforward by using the techniques as are in [9]. (]

Theorem 4.25. The following conditions are equivalent for a hemiring R :

(7) R is both h-hemiregular and h-intra-hemiregular.

(1) A\AO.5=AX®os5 A for every interval valued (€, € \Vq)-fuzzy h-bi-ideal A
of R.

(iii) ANO.5 = AGos A for every interval valued (€, € Vq)-fuzzy h-quasi-ideal
A of R.

Proof. (i) = (ii) Let A be an interval valued (€, € Vq)-fuzzy h-bi-ideal of R
and x € R. Since R is both h-hemiregular and h-intra-hemiregular, there exist
elements a1, as, p;, p}, ¢;, 4}, 2 € R such that
w4300 (wasg;w) (vqjar )+ 305, (vaig;o) (vqjaza) + 3000 (varpix) (wpjar o)
+ >0 (zagpix) (xpiase)+z = Y. (zasp;x) (zpiar )+ e (zar1piz) (zplasT)
+ 2 (zargiz) (eqiare) + 307, (zazgz)(vqjaze) + 2
(As given in Lemma 5.6 [13]). Then for all such expressions
(A ®o.5 A)(2)

—n (R (nre)) o (A ((5)13(5))) ) s

Jj=1

> </i\1 (5\ (zagqjz) A X(xq;alx) AN (xai1gjz) A (qué—@x))) A
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< 7\ ((5\ (zaipiz) A X (xpgalx)) A X (zagpsz) A X (xpgagx))> A 0.5

i=1
> min{A(z),0.5} A 0.5 = A(z) A 0.5.
This implies that A®osA > AA0.5. Further ife+X" ab;+2= E}‘:la;b;- + 2z,
we have

Az) A 0.5 > min{A(Z  a;

bi), A(
2m1n{< > , Aj\(ajb;

>min{< (-)/\S\(bi)) (

because A is an interval valued (€, € Vq)-fuzzy h-bi-ideal of R. Then for all
expressions x + X% a;b; + 2 = XY_alb; + 2z of zin R

()\ ©o.5 A)( )

- ((x (M) a3 8) ) (jxl (3 () 0 @;)))) £05

< Az) A0.5.

Consequently AN05 =\ ®0.5 A

(#4) = (#i¢) This is straightforward because every interval valued (€, € Vq)-
fuzzy h-quasi-ideal of R is an interval valued (€, € Vq)-fuzzy h-bi-ideal of R.

(#43) = (i) Let @ be an h-quasi-ideal of R. Then X¢ is an interval valued
(€, € Vq)-fuzzy h-quasi-ideal of R. Thus by hypothesis

" aib)), 0.5} A 0.5

)

)
Ad}) A X(b})) 70.5}

<t

>/>

P

S
S

>3 H>s

m
1
)

I
=3

1

XQ N 0.5 =Xq o5 XQ = XQ ©XQ N 0.5 =Xgz A 0.5.

Then it follows Q@ = Q2. Hence by Lemma 2.6, R is both h-hemiregular and
h-intra-hemiregular. O

Theorem 4.26. The following conditions are equivalent for a hemiring R:

(7) R is both h-hemiregular and h-intra-hemiregular.

(i5) A Nos i < X @os fi for all interval valued (€, € Vq)-fuzzy h-bi-ideals \
and fi of R.

(4i1) A Aos o< A Oos i for every interval valued (€, € \/q) -fuzzy h-bi-ideal
A and every interval valued (€, € Vq)-fuzzy h-quasi-ideals A of R.

(iv) Ao. s < @5 i for every interval valued (g, € \/q) -fuzzy h-quasi-ideal
\ and every interval valued (€, € Vq)-fuzzy h-bi-ideals A of R.

(v) AAos ft < X Gos o for all interval valued (€, € Vq)-fuzzy h-quasi-ideals
X and i of R.

Proof. (i) = (i4) Similar as in Theorem 4.25.
(#) = (491) = (iv) and (i1) = (iv) = (v) are clear.
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(v) = (i) Let A be an interval valued (€, € Vq)-fuzzy left h-ideals of R and
fi be an interval valued (€, € Vq)-fuzzy right h-ideal of R. Then A and i are
interval valued (€, € Vq)- fuzzy h-bi-ideals of R. So by hypothesm A No.s o<
)\(Dosu but >\/\05H > A@mu by Lemma 4.19. Thus /\/\osu = A®o5u
Hence by Theorem 4.20, R is h-hemiregular. On the other hand by hypothesis
we also have 5\/\0_5 o< 5\60_5 [i. By Lemma 4.24, R is h-intra-hemiregular. O

5. Interval valued (€,€ V §)-fuzzy h-ideal

In this section we define interval valued (€, € V §)-fuzzy h-ideals, interval
valued (€,€ V q)-fuzzy h-quasi-ideals, interval valued (€,€ V q)-fuzzy h-bi-
ideals and characterize h-hemiregular and h-intra-hemiregular hemirings by
the properties of these ideals.

Definition 5.1. An interval valued fuzzy subset \of a hemiring R is said to
be an interval valued (€, € V §)-fuzzy left (resp. right) h-ideal of R if for all
x,y,z,a,b € R and t,r € (0,1],

(1a) (z + y)mm{t 1 €\ — 2;€ VA or Y€ V gA.

(2'a) (zy); EN — yi€ VA (resp. (3'a) (wy); EN = 2 EV )

(4a) (%) nings,5y €\ = a;EVgA or eV, for all a, b, x, z € R with z+a+2 =
b+ z.

An interval valued fuzzy subset A : R — L is called an interval valued
(€,€ V q)-fuzzy h-ideal of R if it is both, interval valued (€, € V q)-fuzzy left
and right h-ideal of R.

Definition 5.2. An interval valued fuzzy subset Xof a hemiring R is said to
be an interval valued (€, € V g)-fuzzy h-bi-ideal of R if it satisfies (1'a), (4'a)
and for all z,y,z € R, t,r € (0,1]

(5'a) (ZY) mingi iy EA = TGE VA or YrE V QA

(6'a) (2Y2) mingi iy €\ = 1€V G\ or z:€ Vg

Definition 5.3. An interval valued fuzzy subset Xof a hemiring R is said to
be an interval valued (€, € Vq)-fuzzy h-quasi-ideal of R if it satisfies (1'a), (4’a)
and for all z € R, ¢ € (0, 1]

(7'a) ;€A = 2, €EVGA ORAR O A).

Theorem 5.4. An interval valued fuzzy subset A of a hemiring R is an interval
valued (€, €V q)-fuzzy left (resp. right) h-ideal of R if and only if it satisfies
(1'b) max{\ (z +y),0.5} > min{ (z), A (y)}
(2'b) max{A (zy),0.5} > A(y) (resp. (3') maz{A (zy),0.5} > A(a ))
(4b) 4+ a+y=b+y= max{\(z),0.5} > min{A (a), A (b)}
for all a,b,z,y € R.
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Proof. (1'a) = (1'b), suppose (1'b) does not hold, then there exists z,y € R
such that max{\ (z+y),0.5} < min{\(z),\(y)}. Then for some f, max{\
(z+y),0.5} < i < min{\(z),A(y)}. Which implies (z +y); €A, 0.5 < i <
1,A(z) > f and A(y) > . Then x; € Ag) and y; € Ag\. Which contradicts
(Va).

(1'0) = (Va), Let ( + ¥)ningi.ry €\, then A (z +y) < min{#,7}.

Case I: If A (z +y) > min{\ (), A (y)}, then min{X (z), A (y)} < min{{, 7},
which implies A (z) <  or A (y) < #. Then ;€ V g\ or y:€ V gA.

Case IL: If A (z +y) < min{A (), (y)}, then 0.5 > min{\ (z), A (y)}. Let
for some f,7,x; € S\,ytA € X Then { < S\(m) <05o0r7 < S\(y) < 0.5,
quently :Eﬁ}\ or y@j\. Hence z;€ V 65\ or Y€V 55\.

Similarly it can be proved (2'a), (3'a) and (4'a) are equivalent to (2'b), (3'b)
and (4'b) respectively. O

conse-

Theorem 5.5. An interval valued fuzzy subset A of a hemiring R is an interval
valued (€, € V q)-fuzzy h-bi-ideal of R if and only if it satisfies (1b), (4b) and
(5'b) max{\ (zy),0.5} > min{\ (z), A (y)}
(6'D) max{\ (zyz),0.5} > min{\ (z),(2)}
forall z,y,z € R.

Theorem 5.6. An interval valued fuzzy subset A of a hemiring R is an interval

valued (€, €V q)-fuzzy h-quasi-ideal of R if and only if it satisfies (1b), (4b) and
(7'8) max{A (z),,0.5} > min{ (A© R) (2), (R © 1) (2)}

for all x € R.

Theorem 5.7. ([8]) An interval valued fuzzy subset X of a hemiring R is an
interval valued (€, €V q)-fuzzy left (resp.,right) h-ideal of R if and only if each
non-empty level subset U (5\, [mﬁ]) of R is a fuzzy left (resp.,right) h-ideal of
R.

Theorem 5.8. An interval valued fuzzy subset A of a hemiring R is an interval
valued (€, € V q)-fuzzy h-quasi (resp.,h-bi) ideal of R if and only if each non-
empty level subset U (5\, [a,ﬁ]) of R is a fuzzy h-quasi (resp.,h-bi) ideal of R.

Theorem 5.9. A non-empty subset A of R is a left h-ideal (resp. right h-ideal)
of R if and only if x4 is an interval valued (€,€ V q)-fuzzy left h-ideal (resp.
right h-ideal) of R.

Theorem 5.10. A non-empty subset A of R is an h-quasi-ideal (resp. h-bi-

ideal) of R if and only if X is an interval valued (€, €V q)-fuzzy h-quasi-ideal
(resp. h-bi-ideal) of R.

Definition 5.11. Let \ and /i be interval valued fuzzy subsets of a hemiring
R then the fuzzy subsets AV 0.5, AA%? i, A@%5 i and A+9 i of R are defined
as
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for all z € R.

Theorem 5.12. Let A be an interval valued (€

, €V q)-fuzzy h-bi-ideal of a
hemiring R, then AV 0.5 is an interval valued (€,

€
€V q)-fuzzy h-bi-ideal of R.

Proof. Suppose A is an interval valued (€, €V q)-fuzzy h-bi-ideal of a hemiring
R and a,b,z,y € R. Then

((i v 0.5) ( 4+ 1) V0.5 =z +y)V0.5) V05> (min{A(z), \(y)}) V0.5
= min{A(z) V 0.5, A(y) V 0.5} = min{ (i v 0.5) (), (ﬁ\ v 0.5) ().

This shows that max{ (X v 0.5) (z-+y),0.5} > min{ (X v 0.5) (x), ()\ v 0.5) ().
Similarly we can show
max{ (5\ Y 0.5) (zy),0.5} > min{ <;\ v 0.5) (z), (5\ v 0.5) (y)}
and
max{(Av0.5) (y2),05} = min{ (A v 0.5) (2), (Av05) (=)}.
Now let x +a +y = b+ y, then
max{ (5\ \Y 0.5) (),0.5} = max{\(z) Vv 0.5,0.5}
> {(min{A(a), A(D)}) v 0.5}
= min{ (& v 0.5) (a), (x v 0.5) (b)}.
This shows that (5\ \% 0.5) is an interval valued (€, € V §)-fuzzy h-bi-ideal of
R. O
Similarly we can show:

Theorem 5.13. If \ is an interval valued (€, €V q)-fuzzy left (right) h-ideal of
a hemiring R, then (:\ v 0.5) is an interval valued (€,€ V q)-fuzzy left (right)
h-ideal of R.
Lemma 5.14. Let A, B be subsets of R. Then
Xa+"? X = Xa75 V05,

Lemma 5.15. An interval valued fuzzy subset A of a hemiring R satisfies
conditions (1'b) and (4'b) if and only if it satisfies condition

(8'0) A+%5 X < AVO0.5.



ON INTERVAL VALUED (a, 8)-FUZZY IDEALS OF HEMIRINGS 363

Proof. Suppose \ satisfies conditions (1'b) and (4'b). Let = € R, then for all
expressions  + (a1 + b1) + 2z = (a2 + b2) + z in R,

< AMz) V05 by condition(4'b).

Thus A+ A <Avos
Conversely, assume that A +°° A < AV 0.5. Then for each = € R we have

A0) V0.5 > (A +%5 3)(0)
— sup {;\(al) A Maz) A A(br) A x(bz)} V0.5
> Az) V0.5  becausel + (# +2) +0 = (z +z) + 0.

Thus A(0) V 0.5 > A(z) V0.5 for all z € R.
Let z,y € R, then for all expressions (x +y) + (a1 +b1) + 2 = (az + b2) + =
in R,

Mz +y)V0.5=A+% Nz +y)
= sup {5\(&1) A Maz) A A(by) A X(bz)} V0.5
> {}(0) A A(z) AX0) A &(y)} V0.5
because(x +y) +(04+0)+0= (z +y) + 0,
> {(A(z) A A(y))} becauseA(0) V 0.5 > A(x) V 0.5.

Thus A satisfies condition (1'b).
Let a,b,z,z € R such that x +a+ z=b+ 2. Then

M) V0.5 > (A4 \)(x)
= sup { Aa1) A Aaz) A A(br) A &(bQ)} V0.5
> {\a) AX0) A D)} V0.5
becauser + (a +0) +z = (b+0) + z,
> {A(a) AA(bB)}  becauseA(0) V 0.5 > A(x) V 0.5.

This shows that A satisfies condition (4’b). O
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Similarly we can prove:

Theorem 5.16. An interval valued fuzzy subset A of a hemiring R is an inter-
val valued (€, €V q)-fuzzy left (resp. right) h-ideal of R if and only if X satisfies
conditions

(8'b) A 402 X

<
(9b) R %%\ <

AV 0.5
V0.5 (fesp. AU R < AV 0.5).

Theorem 5.17. An interval valued fuzzy subset A of a hemiring R is an inter-

val valued (€, €V Y)-fuzzy h-quasi-ideal of R if and only if A satisfies conditions

(7'b) and (8'D).

Proof. Proof is straight forward because conditions (1’b) and (4'b) are equiva-
lent to condition (8'D). O

Lemma 5.18. Every interval valued (€, €V q)-fuzzy left h-ideal of a hemiring
R is an interval valued (€, € V §)-fuzzy h-quasi-ideal of R.

Lemma 5.19. Every interval valued (€, € V q)-fuzzy h-quasi-ideal of R is an
interval valued (€, €V q)-fuzzy h-bi-ideal of R.

Lemma 5.20. If A and [ are interval valued (€,€ V q)-fuzzy right and left
h-ideal of R, respectively, then A ®%° i < XA

Proof. Let \ and i be an interval valued (€, € V §)-fuzzy right and left h-ideal
of R, respectively. Then for all expressions x + Y .-, a;b; + 2z = 2?21 cjd; +z
in R

—~
8
~—

I

®

=

’U .
——
— =
T>3 =

A () na) ) </\ (M) At >)>}vo.5
(( (a b)v05) v05)>

(c d)v05) (ji(c )\/05)))

(;\ (aib) A i (a;by) < d;)Np(e;id; )))) \/0.5> V0.5

>

A
w
==t
T
/
—~
P

Vv 0.5

<
>3

IN
%)
[
T

I

)]

o}

T
T~
PN

<< Z\ (A(aibi) (albz))> (4/_\1 (A (cjd) A R (cjdj))>> v o.5>
(4 Afaibi) V0.5) A (ST fi(aibi) V 0.5)A
<<S“ ((27_11<cjd1>v05> NS e vos) ) )V
o [ SR A b)) A (S A (b))
‘( p( (2 Alegdy)) A (0 fi(esdy) )) Voo
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Sup( (Z;Lll ) (a.i;;,i (Z?:gx(c'dj)m )) V0.5
a ‘

( 5, i(ab ji(esd,))
(0, A(aib)) (i i1 (aiby))
: <<p< S St )) " (p( S o) ))) Voo
< ((5\(33) v 0.5) A (i) V 0.5)) V0.5
= (5\(:10) A ﬂ(x)) V0.5 = (3\ NO5 /l) (x)
Thus A ©%-5 i< A A0S . O

Theorem 5.21. For a hemiring R the following conditions are equivalent.

(7) R is h-hemiregular.

(i5) ANOD i = A@%5 i for every interval valued (€, €V q)-fuzzy right h-ideal
R and every interval valued (€,€ V q)-fuzzy left h-ideal i of R.

Proof. (i) = (ii): Let A be an interval valued (€,€ V q)-fuzzy right h-ideal
and fi be an interval valued (€, € V §)-fuzzy left h-ideal, then by Lemma 5.20,
A @05 o< A A0S . Let a € R, then there exist z1,r3,2 € R such that a +
aria+z = arsa—+z. Then for all expressions a—|—2211 aib;+z = E?Zl cjd;+z
in R we have

(Ao ) (@)
— sup (7\(x<alw<m>)>A ;\(Mcﬂmd])) V0.5
> {(A(a Vv 0.5}

So (5\ @03 ﬂ) > (5\ N0-5 ﬂ). Hence (5\ @02 /l) = (5\ N0-3 ﬂ).

(#4) = (4): Let I and L be right and left h-ideals of R, respectively. Then
xr and xr, are interval valued (€, € V §)-fuzzy right h-ideal and interval valued
(€, €V q)-fuzzy left h-ideal of R. Hence by hypothesis x; ©%° xr = x7 A%° XL.
Thus (X7 © Xz) V 0.5 = (X1 A Xz) V 0.5. This implies x77 V 0.5 = ¥ V 0.5.
Hence IL =IN L, so by Lemma 2.3 R is h-hemiregular. ([

Theorem 5.22. For a hemiring R, the following conditions are equivalent.
(7) R is h-hemiregular.
(i) AV 0.5 < (A2 R @%5 X) for every interval valued (€,€ V q)-fuzzy
h-bi-ideal X of R.
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(iii) AV 0.5 < (A@%5 R @%5 ) for every interval valued (€,€ V q)-fuzzy
h-quasi-ideal A of R.

Proof. (i) = (ii): Let R be an h-hemiregular semiring and X be an interval
valued (€, €V q)-fuzzy h-bi-ideal of R. Let a € R, then there exist z,2’,2 € R
such that a + axa + 2z = ax’a + z. Then for all expressions a + Z;Zl a;b; +z =

n
>_j—1¢jdj + z we have

A% R % X)(a)

= sup ( (XQMQ) (ai)/\S\(bi))>/\

Vv 0.5
> {(A %7 R) (az) A A (a) A (A "% R) (aa') V 0.5}

[t (gx ))vespron]
Al (A3)) ) oos

(for all expressions ax—i—zl yapbitz =300 ddi+z and ax'+3 77 @b 42 =

Z;L VCjdi+2) > {(X(aza) A X (a) A X (az’a) V 0.5} (because ax 4 axax + zx =

ax'ax + zx and ax’ + axazr’ + zx' = ax’ax’ + z2') > Ma) V 0.5.

(#4) = (#4t): This is straight forward because every interval valued (€, €V{g)-
fuzzy h-quasi-ideal is interval valued (€, € V q)-fuzzy h-bi-ideal.

(#4i) = (i): Let @Q be an h-quasi-ideal of R. By Proposition 5.10, ¢
is an interval valued (€, € V q)-fuzzy h-quasi-ideal of R. Thus by hypothesis
XQ V0.5 < (R PR Xq) = CapgV0.5. Hence @ C QRQ but QRQ C Q.
Therefore Q = QRQ. Thus by Lemma 2.4, R is h-hemiregular. (]

(Ao R) (e)) A A ()

—
~

1

J

Theorem 5.23. For a hemiring R, the following conditions are equivalent.

(1) R is h-hemiregular.

(ii) AAOP i < X @%5 %5 X for every interval valued (€,€ V q)-fuzzy
h-bi-ideal X\ and every interval valued (€, €V q)-fuzzy h-ideal i of R.

(iii) AAYD o < A% 4 @%5 N for every interval valued (€,€ V q)-fuzzy
h-quasi-ideal and every interval valued (€, € V q)-fuzzy h-ideal i of R.

Proof. (i) = (ii): Let R be an h-hemiregular semiring and A be an interval
valued (€, €Vq)-fuzzy h-bi-ideal, i be an interval valued (€, €Vq)-fuzzy h-ideal
of R. Let a € R, then there exist x,z’, 2 € R such that a + axa+ 2 = az’a + 2.
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Then for all expressions a + Y " | a;bi + 2 = Y7, ¢;d;j + 2 in R we have

(A@”® 4% N)(a)

=

— sup ( (&@0-5a><aim<bi>)>A A (V6% i () 1 5 )

V0.5
> {(A@%° ) (az) A A (a) A (A i) (aa”) v 0.5}

- {(S“P (QA A A (B}) >/\ (/i\ (x CAYY (d;.))>>> v 0.5} A Ma)
R (S s b)) oo}

V0.5
(for all expressions ax + ZZ yapb+z =370 id + 2 and ax’ + 377 b +
z = Z? 1 GdY +2) > {(\(a) A fi(zaz) A f(zaz’) A f(a’az’)) V 0.5} (because

ax + arax + 2o = ar'ax + zx and ax’ 4 axar’ + 22’ = ax’ax’ + za') > (A(a) A
@) V0.5 = (A %5 2)(a),

(#4) = (i4¢): This is straight forward because every interval valued (€, €Vgq)-
fuzzy h-quasi-ideal is an interval valued (€, € V q)-fuzzy h-bi-ideal.

(iii) = (i): Let X be an interval valued (€, €Vq)-fuzzy h-quasi-ideal of R and

R an interval valued (€,€Vvq)-fuzzy h-ideal of R. By hypothesis ()\ N0-5 R) <

(5\ @08 R @05 5\) = AV05< (5\ 05 R @08 5\) Thus by Theorem 5.22, R
is h-hemiregular. O

Theorem 5.24. For a hemiring R, the following conditions are equivalent.

(i) R is h- hemiregular.

(i%) A0S o< A@03 i for every interval valued (€, € V q)-fuzzy h-bi-ideal A
and every mterval valued (€,€ Vq)-fuzzy left h-ideal i of R.

(7i7) 5\/\0'5;2 < X@O'Sﬂ for every interval valued (€, €V q)-fuzzy h-quasi-ideal
X and every interval valued (€,€ V q)-fuzzy left h-ideal fi of R.

(iv) AAY5 [ < X5 i for every interval valued (€, €V q)-fuzzy right h-ideal
A and every mtemal valued (€, € V q)-fuzzy h-bi-ideal i of R.

(v) AP i < A@%5 i for every interval valued (€, €V q)-fuzzy right h-ideal
A and every mterval valued (€, € V q)-fuzzy h-quasi-ideal [i of R.

(vi) ANO3 ) LAYS D < A5 @250 for every interval valued (€, €V q)-fuzzy
right h-ideal )\ severy interval valued (€,€ V §)-fuzzy h-bi-ideal i and every
interval valued (€, € V q)-fuzzy right h-ideal U of R.
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(vii) ANOB A0S 5 < X5 @02 b for every interval valued (€, €V q)-fuzzy
right h-ideal A ,every interval valued (€, €V q)-fuzzy h-quasi-ideal [i and every
interval valued (€, € V q)-fuzzy right h-ideal U of R.

Proof. (i) = (ii) Let A be an interval valued (€, € V q)-fuzzy h-bi-ideal and i
an interval valued (€, € V q)-fuzzy left h-ideal of R. Since R is h-hemiregular,
so for a € R there exist x1, %2,z € R such that a + axia + z = arsa + z. Then
for all expressions a + ¥ a;b; + z = ¥7_;a}b} + 2 we have

(Ae%% i) (@

—ap (_X(Mai)Aﬂ(bi)))A A G () nn () ) $vos
> {Aa) A

> (A (a) Aji(a) A5} V0.5

={\(a) Aji(a) v 0.5}

:(Aw i) (a).

So (5\ @05 ,&) > (5\ 705 ﬂ>.

(#4) = (i#4) This is obvious because every interval valued (€, € V q)-fuzzy
h-quasi-ideal is an interval valued (€, € V q)-fuzzy h-bi-ideal.

(iii) = (i) Let A be an interval valued (€, €V q)-fuzzy right h-ideal and i be
an interval valued (€, € Vq)-fuzzy left h-ideal of R. Since every interval valued
(€, € Vvq)-fuzzy right h-ideal is an interval valued (€, €V q)-fuzzy h-quasi-ideal,
so by (iii) we have A% 4> AA%P i But by Lemma 5.20, A@%5 i < AA05
Hence A %5 i = AA%5 i for every interval valued (€, € V q)-fuzzy right h- 1deal
A of R, and every interval valued (€, € V q)-fuzzy left h-ideal ji of R. Thus by
Theorem 5.21, R is h-hemiregular.

Similarly we can show that (i) < (iv) & (v).

(i) = (vi) Let \ be an interval valued (€, € V §)-fuzzy right h-ideal, /i be an
interval valued (€, € Vq)-fuzzy h-bi-ideal and ¥ be an interval valued (€, €Vg)-
fuzzy left h-ideal of R. Since R is h-hemiregular, so for any a € R there exist
r1,T3,2 € R such that a + axia + 2z = axsa + z. Then for all expressions
a+Y2aib +2=%"_,a5b + zin R we have

(X %5 4 %5 u) (a)

— sup ( ((X@Obﬂ)(ai)/\ﬁ(bi)))/\ A((A@“W(a})/\ﬁ(b}))

V0.5

(z1a) A i (x2a)} V 0.5 because a + az1a + z = axza + 2

>

>3

1
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> {(A®os fi) (@) A0 (z1a) A D (22a) V 0.5}

A G() ni(5)) ) $vosni e

A D (z2a
> {Aaz1) A Aazy) A fu(a) Ao (z1a) A D (22a) V 0.5}
> {Ma) A fi(a) A ¥ (a) v 0.5}
- (X A0S [ AO5 y) (a).

Thus A A%% 41 AO5 0 < X% @05 i

(vi) = (mz) Straightforward.

(vii) = (i) Let A be an interval valued (€, € V q)-fuzzy right h-ideal, and
be an interval valued (€, € Vq)-fuzzy left h-ideal of R. Then

)\/\05A )\/\05RA05 <>\®05R®05 SX@MQ.

But A @95 h < AA%® 0. Hence A ©%5 0 = A A%5 { for every interval valued
(€,€ V q)-fuzzy right h-ideal A and for every interval valued (€,€ V g)-fuzzy
left h-ideal h of R. Thus by Theorem 5.21, R is h-hemiregular. O

Lemma 5.25. A hemiring R is h-intra-hemiregular if and only if A N0 o<
A %5 ii for every interval valued (€, € V §)-fuzzy left h-ideal X and for every
interval valued (€, € V §)-fuzzy right h-ideal i of R.

Proof. Let A and i be interval valued (€, € V q)-fuzzy left h-ideal and interval
valued (€, € V q)-fuzzy right h-ideal of R, respectively. Let a € R then there
exist @, }, y;, 1}, 2 € R such that a+Y 1" z;0°z]+ 2 = D i y;ja*y;+z. Then
for all such expressions we have

</\®05A)(a)
—ap (Z\l(mw >A AG()1a(5) ) pvos
> <Z_/\1( xia) A f( ax Z\ S\yj (ayj>) V0.5

> (A (a) Af(a)} V0.5 ={\(a)Afi \/05}*()\/\05A)(a).

So A@%% > ANOS g

Conversely, let L be left h-ideal and I be right h-ideal of R, then x; and x
are respectively interval valued (€, € V q)-fuzzy left h-ideal and interval valued
(€, € V q)-fuzzy right h-ideal of R.Then by hypothesis xz, A%5 X7 < xr ©%° X1
implies L NI C LI. Then by Lemma 2.5 R is h-intra-hemiregular. (I
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Theorem 5.26. The following conditions are equivalent for a hemiring R :

(7) R is both h-hemiregular and h-intra-hemiregular.

(i) AV 0.5 = X5 X for every interval valued (€, €V q)-fuzzy h-bi-ideal \
of R.

(iii) AV0.5 =A@\ for every interval valued (€, €Vq)-fuzzy h-quasi-ideal
A of R.

Proof. (i) = (ii) Let A be an interval valued (€, € V §)-fuzzy h-bi-ideal of R.
Then for all expressions x + X% a;b; + 2 = ¥7_ a%b’ + 2z in R

~and (A (naim(@)))A AG(E) () ) pvos

v
=
—
e
—
I
S
[\V}
§
\_/
>
>
—
8
S0
IS
S
3
S—
>
>
—~
I
IS
S
2
SN—
>
>
—
8
2
Q
[NV}
8
S—
~——

\Y ( (5\ (zaipix) A X (zpharx) A X (zasp;z) A X (mp;agm))> V0.5

(by using Theorem 4.25)
> min{\(z),0.5} vV 0.5

= Ax) V0.5.

This implies that A ©*% A > AV 0.5. Also if & + S a;b; + 2 = S7_ ajb; + 2,
we have

because A is an interval valued (€, € v q)-fuzzy h-bi-ideal of R. Thus
(A% X)(2)

Consequently AV0.5=A@03 A,
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(#4) = (i4¢) This is straightforward because every interval valued (€, € V q)-
fuzzy h-quasi-ideal of R is an interval valued (€, € V g)-fuzzy h-bi-ideal of R.

(t4i) = (i) Let @ be an h-quasi-ideal of R. Then X¢ is an interval valued
(€, €V q)-fuzzy h-quasi-ideal of R. Thus by hypothesis

Lo V0.5 =X0 %% Xg =Xq ®Xq V0.5=Cgz V0.5

Then it follows Q = Q2. Hence by Lemma 2.6, R is both h-hemiregular and
h-intra-hemiregular. |

Theorem 5.27. The following conditions are equivalent for a hemiring R:

(¢) R is both h-hemiregular and h-intra-hemiregular.

(44) A A0S o< P Yol i for all interval valued (€, € V q)-fuzzy h-bi-ideals A
and [t of R.

(iii) A A% i < X @O i for every interval valued (€,€ V q)-fuzzy h-bi-ideal
\ and every interval valued (€, € V q)-fuzzy h-quasi-ideals A of R.

(iv) AN i <A@ i for every interval valued (€, €V q)-fuzzy h-quasi-ideal
X and every interval valued (€, € V q)-fuzzy h-bi-ideals A of R.

(v) AA0S < X @05 i for all interval valued (€, € V q)-fuzzy h-quasi-ideals
A and i of R.

Proof. (i) = (4i) Similar as in Theorem 5.26.

(#1) = (i41) = (v) and (i) = (iv) = (v) are clear.

(v) = (i) Let A be an interval valued (€, € V q)-fuzzy left h-ideals of R and
[i be an interval valued (€, € V §)-fuzzy right h-ideal of R. Then A and L are
interval valued (€, € V §)-fuzzy h-bi-ideals of R. So by hypothesis A A%5 j <
A @05 [ but A A0S > A @03 [ by Lemma 5.20, Thus A A0S = A @05 ib.
Hence by Theorem 5.21, R is h-hemiregular. On the other hand by hypothesis
we also have A0S o< peos A By Lemma 5.25, R is h-intra-hemiregular. [l
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