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SOME PROPERTIES OF MAGIC CUBES

YANGKOK KIM AND JAECHIL Y0O*

ABSTRACT. In this paper we introduce an algorithm to construct an in-
finite family of magic cubes and investigate properties of magic cubes,
which extend the results in [6].

1. Introduction

The study of magic squares has a long history([4]). Some remarkable prop-
erties of magic squares have been shown and some generalizations have drawn
on interesting mathematics([1] and [3]). In [2] an operation on the set of all
magic squares was introduced which makes the set of magic squares into a free
monoid. In [6] a product on the set of all matrices was introduced and an al-
gorithm was given to construct an infinite family of magic squares. Under the
product operation, it was shown that the set of all magic squares formed a free
monoid as in [2] and moreover the product preserved the symmetrical property
introduced in [5] to give infinitely many square-palindromic magic squares. In
this article, we extend the results in [6] to construct an infinite family of magic
cubes and investigate properties of magic cubes.

2. Cube algebra

An n-cube is an n-dimensional array of real numbers. When n = 2, we have
usual matrices. For an n-cube A, every component can be written by an n-ary
expression G, i,.....i,) O Aiyis,....in), and we denote M4 = max{a(, i,.....i,)}
and my = min{a, 4,...i,)} When 1 < iy < sp for 1 < £ < n, we call A an
81 X 89 X +-- X 8, n-cube and denote it by A = [a(ilai%'“:in)]lgiggw or simply
A= [a(ihi%,_,in)] . In particular, if s; = --- = s, = 1, we simply write [r] for
alx---x 1 n-cube whose unique component is r. If s1 = s =--- = s, = s,
an s1 X Sg X --- X S, n-cube A is called an n-cube of degree deg(A4) = s.
We now define the equality of two m-cubes in a natural way: two m-cubes
[@ir izs.in)] 1<i,<s, 20d [b(ilxibu':in)]1<ie<t£ are equal if s, = ¢, forall 1 < ¢ <
nand ag, g,,...in) = V(iy,is,....in) fOr all i1,42,...,i,. An n-cube obtained from
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an n-cube A by fixing some variables of i1, 42, ...,4, is called an n-subcube of
A. With this notation we also express an n-cube A = [a(ihi%,_,in)} by writing
sp n-subcubes of A side by side, namely,

A: [a(il,ig,...,in_l,l)} [a(il,ig ...,iﬂ,_l,z)} [a(il,ig,...,in_l,sn)] .

By Mg, x...xs, we denote the set of all 51 X sg X --- X s, n-cubes. It then can
be easily shown that M, «...xs, is a real vector space with vector addition and
scalar multiplication defined below; for A = [a(, 4,.....i.)] s B = [b(j1 jarin)] €
M x...xs,, and k € R

kA = [kag, 4s,...in)]
and
A+ B = [Yiris...rin)]
where
V(i1 yizyersin) = Qivyinsnrin) T O(i1,in,ensin)-

We now define a product on the set of all n-cubes as follows: for two n-cubes
A =a,ig,...i)] € Msyxxs, and B = [b, i,....i.)] € M x...xt,, the prod-
uct A*x B of A and B is an s1t; X - -+ X spt, n-cube defined by

Ax B =[Cliyig,...in1.0)] [Clirsigrsin12)) = [Clirsizsoin-1,tn))

where 1 <iy <ty forall{=1,2,...,n—1and C, i, . . i,_, k) iSan 3 X X8y,
n-cube defined by

Clirinysin_a k) = (trt2 - tn) A+ b0 g, i1 k) Loy xooxs, (1)

and 1, x...xs, 1S the s; X s X -+ x s, n-cube of all ones. Moreover under
modulo t1ty - - - t,,

A% B = (b6, iginr, 1) Lsrxxsn] [Blirin.nin_1,2) Loy xoxsn |
: [b(il,ig,...,in,l,tn)lsl><~~><s,1,]-

For example, we consider two 3-cubes A and B of order 3 and 4

1115(26(23| 7|12 | 18|20 | 4
A:l17]|19] 6 3114 |251(22] 9|11
24| 8110|116 |21| 5 2113 |27

and

60| 6| 7|57 |21 4342|2437 |27 26|40 12|54 |35 | 9

56 | 10 | 11 |53 |[ 25|39 |38 |28 (|41 |23 (22|44 || 8|58 (59| 5]

13 51|50 |16 36|30 |31 |33|/20|46 |47 |17|{61] 3| 2|64
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Then
Caiy Caay || Caao Ca42)
AxB : z : s
Clu Cuay || Cuaz Claa2)
Ca,1.3) Caa3 || Caa Caa.4
Cu13) C43) || Ca1) Cla4)
We do find 0(471}1) =4-4-4A+ b(47171)13><3><3. We note that
64 | 960 | 1664 || 1472 | 448 | 768 || 1152 | 1280 | 256
64A :| 1088 | 1216 | 384 192 | 896 | 1600 || 1408 | 576 | 704
1536 | 512 | 640 || 1024 | 1344 | 320 128 | 832 | 1728
and
13 (13| 13| 1313 |13 13|13 |13
bty laxsxs = 13- laxsxs :| 13 | 13 | 13 |[ 13 | 13 | 13 |[ 13| 13 | 13 |.
1313|1313 (13|13 | 13|13 |13
Hence
77| 973 | 1677 || 1485 | 461 | 781 || 1165 | 1293 | 269
Cuay 1| 1101 | 1229 | 397 205 | 909 | 1613 || 1421 | 589 | 717 |.
1549 | 525 | 653 || 1037 | 1357 | 333 141 | 845 | 1741
We note that under modulo 64,
1-15 (631562 13| 4-15|[48-15 [18-15 | 19 15 | 45 - 15
AxB 60-13| 6-13| 7-13|57-13 || 21-13 |43-13|42-13|24-13
56-13 | 10-13 | 11-13 | 53-13 ([ 25-13 |39-13 | 38-13 | 28-13
13-15 | 5113 | 5013 | 1613 || 36-13 | 30-13 | 31-13 | 33- 15
32-13[34-13|35-13(29-13(/49-13|15-13 | 14-13|52-13
37-13 | 27-13 | 26-13 | 40-13 || 12-13 | 54-13 | 55-13| 9-13
41-13 [ 23-13(22-13 | 44-13 8-13 | 58-13(|59-13| 5-13
2015 |46 15 |47 -15 | 17-13 || 61-13 | 3-13| 2 -1 | 64 15
where 13 = 1343%3.
3. Results
Lemma 3.1. For two n-cubes A € Mg, «...xs, and B € My, «...xt,, let ap =
(jg—l)Sg—‘rig with 1 <0 <n,1<1iy<sp, 1<y <ty. Then
(A * B)(a17a2«,~~~;an) = t1t2 T tnA(ll i2,...50n) + B(j17j27~~~7jn)'
Proof. From the definition of a product, it is clear. (]
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Corollary 3.2. M is left and right cancellative with respect to x. That is,
AxB=AxC implies B=C, and Bx A= C % A implies B = C for n-cubes
A, B and C.

Proof. Clear from Lemma 3.1. |

For n-cubes A € M, x...xs,,, B € M, x...xt,, and C € My, x...xu,,, let

n

ap = (k¢ — 1)sete + (Jo — 1)s¢ + g
WhGI‘GlSESn,lS’LjSSe, ISjggtg, ISkKSUg. Then

(Ax (B * C))(al,az,--»,an)
= titg - tpuiUe UnAG, g, i)

+(B * C)((k171)t1+j1,(k2*1)t2+j2,~~,(kn*1)tn+jn)
= titg - tpuiue UnAG g, i) T UL Un By o) T Cley ks k)

(A% B) % C)(ar.0z,....an)

Utz ++ Un (A * B)((jy—1)s14i1,(j2—1)s2tize(in—1)sntin) T Clhr ko kn)
= UWU2---Up (tlt? U t"A(i17i27--<7in) + B(j17j27---,jn)) + C(k17k2a“~7kn)

Lemma 3.3. For n-cubes A,B and C, Ax (BxC) = (Ax B) *C. That is, *
18 associative.

We note that for an n-cube A € Mg, x...xs,,, [F]*A = 5182 - $nrLg x. o xs, +
Aand Ax[r] = A+1ls, «...xs, for all 7. In particular, [0] is the identity. For
an n-cube A and a positive integer m, we write A° = [0] and A™ = A™~! x A.

Corollary 3.4. The set M of all cubes of integers is a monoid with respect to
the operation *.

We recall that for a,b in a monoid M with an operation o, we say that a
divides b if there exists an element x in M such that a o x = b. The elements
which divide the identity are called the units of M. For a,b in M, a and b
are associated if and only if there exists a unit u such that a ou = b. If ¢ is
a non-unit, we say that ¢ is an irreducible element if ¢ cannot be written as a
product of two non-units. We note that for every r, [r] is a unit and conversely
every unit in M is of the form [r]. In fact [r] x [—r] = [—r] % [r] = [0]. Moreover
if A and B in M are associated, then A = B + kl,,, x...xm,, for some integer
k and m,;.

Definition 1. An n-cube of integers is called magic if all components are
distinct, and the average of the numbers in each orthogonal or in each of the
27~ great diagonals is equal to the average of the numbers in the whole n-cube.
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From the definition a magic n-cube of degree s is an n-cube A = [a, i,,...i.)]
of integers such that M4 —m 4 = s™ — 1. When A is a magic n-cube, we define
[|A|| by the sum of the numbers in each orthogonal. For example,

11152623 7121820 4
A:17(119] 6 3114 |251(22] 9|11
24| 8110|1621 | b 2113 |27

is a magic 3-cube of degree 3 with [|A|] = 42,m4 = 1, and M,y = 27. We
also note that for two magic n-cubes A and B of degree s and t respectively,

ma,g=t"myg+mpg, Ma,p=1t"My+ Mp, and m r = (%)m,q, Myw =
(5:::11 )M 4 for a positive integer k.

Theorem 3.5. If A and B are magic n-cubes of degree s and t respectively,
then Ax B is a magic n-cube of degree st. Moreover ||AxB|| = t"TY||A||+s]||B]).

Proof. Let A = [a(ihi%._,in)] and B = [b(jh]éw--ajn)} be magic n-cubes of degree
s,t respectively. Then by definition A* B = [v(;, 4,.....i,)] is an n-cube of degree

io,..

st. We first note that for each fixed io,...,14,, the value Zztzl V(kyiz,o.sin) 18

independent of each fixed values io,...,1, as follows:
st s t
ZV(mz,...%) = t'f"Za(e,iz,...,i") +Szb(2,j27...,j")
k=1 =1 =1
= "MH[A][ + 5] B].

Similarly we can get the same value for orthogonals and great-diagonals of
A x B. Hence A x B is a magic n-cube and

1A% BJ| = t" 1| A]| + 5] B|.
O

We note that if A and B are magic cubes, then each C;, 4, 4, in (1) is
a magic cube. Let MC be the set of all magic cubes. Then MC forms a
submonoid of M We now show that MC is free. We first note that the easy
induction on the degree of the magic n-cube shows that every magic n-cube
can be written as a product of irreducible magic n-cubes. Equivalently, the
set of all irreducible magic n-cubes generates the monoid. Hence in order to
show that MC is free, we only have to prove that it is freely generated by its
irreducible elements.

Theorem 3.6. If A and A x B are magic n-cubes, then B is a magic n-cube.

Proof. Let deg(A) = s, deg(B) = t, and A x B = [V, 4,....i,)]- Suppose that
B = [b(ihi%._,i")} is not a magic n-cube. Then without loss of generality we
can assume 25:1 bikin,..1) 7# Zle bei,..1) for some k # £. We take a, 3
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such that (k—1)s < o« < ks and (£ — 1)s < 8 < ¢s. Then for a # 3,

st t
D ity = "HA+ 8D b,
=1

i=1
and

st t

Y vty =t"HAN+ 8D b,

i=1 i=1
which are distinct, a contradiction. O

We also note that if B and A x B are magic n-cubes, then A is a magic
n-cube. In the following lemmas, we let deg(A) = p,deg(B) = ¢,deg(X) = s,
and deg(Y') = t and write B = [bg, 4y.,..i)s Y = [W(i1 in,...in)])-

Lemma 3.7. If AxB = X xY for magic n-cubes A, B, X andY and deg(A) <
deg(X), then deg(A) divides deg(X).

Proof. Suppose not. We consider the following two n-subcubes:

Cariy o Cagl,..n
(A*B)iyinn,.1) = : KR :
Cuyra,...ry  Clgr,..n) |
and _
Za,..10) 0 L,
(X *Y)(i1in,1,01) = : - :
Zi11,.,10) 0 Ll |

where C(;j1,..1) and Z(; j1,..1) are n-cubes of degree p and s respectively.
Then for 1 <14 < p,
(Za21,..0))61,1,...0 = (Zajaa,.. )61, Fa=(Caii,..1))61,1,..,1) +

for some o and

(Za21,..1))611,..0) = (Caia,..n)@er,.. 1) + B
for some 1 < ¢ < p and 3. Since C(1,1,1,....1) is a magic cube, we have

p p

Z(O(Ll,l,...,l))(i,Ll,...,l) = Z(O(l,l,l,...J))(i,€71,.‘.71)

i=1 i=1
and so o = f. This means (C(l,l,l,...,l))(i,l,l,.“,l) = (C(l,1,1,...,1))(i,£,1,...,1)a a
contradiction.

Lemma 3.8. If for magic n-cubes A, B, X andY, AxB = XY, then X = AxE
for some magic cube E.
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Proof. By Lemma 3.7 we write pqg = st, pr = s and ¢ = rt. Then we have
Zajan,.n) =t"X +ya1,1,. 1) Lexsx . xs-
and
Cai.y o Cart,n
Z(1,,.,0) = : . :
Corana,.ty  Cara,
where C; j1,...,1) = @ " A+b(ij1,....1) Lpxpx.--xp- Hence t" X4y 11, 1) Lsxsx--xs
= [Clij1,...,n] and so
"X = [Cuji,...1) = Ya,1,1,..0) Lexsxxs]
= [¢"A+ (b 1,1 = Y1101 Lpxpxerxp]
_ nin
- 4,9,1,...,1) ™ 1,1,
(" t" A+ (b ja,..1) = Ya,1,1,..1)) Ipxpx-xp)

and

bij1,....1) — Y.,
= AxFE
where E = [e(; j1,...,1)] is an n-cube of degree r and

_ g —Yaaa,..y
= m .
By Lemma 3.6, F is a required magic n-cube. [

€(i,5,1,...,1)

From Lemma 3.8, Corollary 3.2 and the remarks above Theorem 3.6 we have
the following theorem.

Theorem 3.9. The monoid MC of all magic n-cubes is a free monoid.

4. Examples of symmetrical magic n-cubes

We recall that a magic square A = [a;;] of degree n is called symmetrical if
the sum of each pair of two opposite entries a;j;, @n41—i,n+1—; With respect to
the center is 2 (3", a;1) . Similarly we define the same concept for the magic
n-cubes.

Definition 2. A magic n-cube A of degree s is called symmetrical if the sum of
each pair of two opposite entries A, i,
2||A][]

S

coln

with respect to the center is

We note that a magic 3-cube

111502623 7|12 | 18|20]| 4
A:l17|19] 6 3114 |251(22] 9|11
241 8|10 16|21| 5 2113 |27

* —
) and A(il,ig,...,in) = A(s+17i1,s+17i2,...,s+17i")
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is symmetrical and A™(n > 2) is also symmetrical. Indeed we have the follow-
ing.

Theorem 4.1. The symmetrical property is preserved by the operation *x in
MC. That is, for two symmetrical magic cubes A and B, AxB is a symmetrical
magic cube.

Proof. Let A and B be symmetrical magic cubes of degree s and ¢ respectively,
and let ap = (jy — 1)s+ip with 1 <€ <m, 1 <ip<s,1<j,<t. Then

(A% B)(ay,00,..oam) = " Alirin,.iin) T Birgarin)-

We note that for a pair of two opposite entries (A * B)(a,,as....,a,) and (A4 *

B)’(*a1 A2 in A x B, there are two pairs of opposite entries A

in) and B(jl

11,82,000500)0

) in A and B respectively such that

*

E3
(i1,ia,.. ,Jz,---,jn)>B(jl,jz,...,jn

(A * B)(al,az,...,an) + (A * B)*

(a1,02,...,00)

tnA(il,iQ,.u,in) + B(jla.j27~~~:jn) + tnAzihiZ:“win) + Bz‘j1>j27"~)jn)

= tn(A(il,iQ,...,in) + Azkil,iz’..‘,in)) + (B(jlvj%-uvjn) + BEkjl

,jz’--‘,jn))'

Since A and B are symmetrical, we have

(Ax B)(al,az,-..,an) + (Ax* B){

(a1,02,...,00)

2| Al |, 20IBIl _ t"12||A] + 2s]|B]]

S t st
(AL SIBI _ 204 B
st st
which completes the proof. (|
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