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SUBORDINATION AND SUPERORDINATION FOR
MEROMORPHIC FUNCTIONS ASSOCIATED WITH
THE MULTIPLIER TRANSFORMATION

NAkK EuN CHO AND OH SANG KWON

ABSTRACT. The purpose of the present paper is to obtain some subordi-
nation and superordination preserving properties involving a certain fam-
ily of multiplier transformations for meromorphic functions in the open
unit disk. The sandwich-type theorems for these linear operators are also
considered.

1. Introduction

Let H = H(U) denote the class of analytic functions in the open unit disk
U={2€C:|z|<1}. ForacCandne N={1,2,---}, let

Hla,n] ={f €H: f(2) =a+apz" 4+ an 12" +---}.

Let f and F' be members of H. The function f is said to be subordinate to
F, or F is said to be superordinate to f, if there exists a function w analytic
in U, with w(0) = 0 and |w(z)| < 1, and such that f(z) = F(w(z)). In such a
case, we write f < F or f(z) < F(z). If the function F is univalent in U, then
f =< Fif and only if f(0) = F(0) and f(U) c F(U) (cf. [8], [13]).

Definition 1. ([7]) Let ¢ : C* — C and let h be univalent in U. If p is analytic
in U and satisfies the differential subordination

o(p(2), 2p0'(2)) < h(2), (1.1)

then p is called a solution of the differential subordination. The univalent
function q is called a dominant of the solutions of the differential subordination,
or more simply a dominant if p < ¢ for all p satisfying (1.1). A dominant ¢
that satisfies ¢ < ¢ for all dominants ¢ of (1.1) is said to be the best dominant.
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Definition 2. ([8]) Let ¢ : C> — C and let h be analytic in U. If p and
w(p(2), zp'(z)) are univalent in U and satisfy the differential superordination

h(z) < ¢(p(2), 2p'(2)), (1.2)

then p is called a solution of the differential superordination. An analytic func-
tion ¢ is called a subordinant of the solutions of the differential superordination,
or more simply a subordinant if ¢ < p for all p satisfying (1.2). A univalent
subordinant ¢ that satisfies ¢ < ¢ for all subordinants ¢ of (1.2) is said to be
the best subordinant.

Definition 3. ([8]) We denote by Q the class of functions f that are analytic
and injective on U\ E(f), where

B(f) = {CeaU:;Lnlcf(z)=w},

and are such that f/(¢) # 0 for ¢ € JU\E(f).
Let ¥ denote the class of functions of the form

f) =+ Y st

k=0

which are analytic in the punctured open unit disk D ={2z€ C:0 < |2| < 1}
with ag # 0. For any n € Ng = NU {0}, we denote the multiplier transforma-
tions D}' of functions f € X by

o0

" 1 E+14+M\"
DY f(z) = 2 + Z (/\> arz® (A >0; 2z €U). (1.3)
k=0

Obviously, we have

D5(D5f(2)) = DY f(2)
for all nonnegative integers s and t. The operators DY and D7 are the multiplier
transformations introduced and studied by Sarangi and Uralegaddi [12] and

Uralegaddi and Somanatha [14], [15], respectively. It is easily verified from
(1.3) that
2(DYf(2)) = ADY f(2) = (A+ 1) DX f(2). (1.4)
By using of the principle of subordination, Miller et al. [9] obtained some
subordination theorems involving certain integral operators for analytic func-
tions in U (see also [1], [10]). Moreover, Miller and Mocanu [8] considered
differential superordinations, as the dual problem of differential subordinations
(see also [2]). In the present paper, we investigate the subordination and super-
ordination preserving properties of the multiplier transformation DY defined by
(1.3) with the sandwich-type theorems. It should be remarked that the results
presented here are new ones which are not studied by another researchers yet.
The following lemmas will be required in our present investigation.
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Lemma 1.1. ([5]) Suppose that the function H : C*> — C satisfies the condi-
tion:

Re{H(is,t)} <0,

for all real s and t < —n(1+s%)/2, where n is a positive integer. If the function
p(2) =14+ pp2"™ + -+ is analytic in U and

Re{H(p(2),2p'(2))} >0 (2 € ),
then Re{p(z)} > 0 in U.

Lemma 1.2. ([6]) Let 8,7 € C with 8 # 0 and let h € H(U) with h(0) = c. If
Re{Bh(z) + v} > 0 for z € U, then the solution of the differential equation:

42
Q(Z)‘meh() (z € )

with ¢(0) = ¢ is analytic in U and satisfies Re{Bq(z) + v} > 0 for z € U.

Lemma 1.3. ([7]) Let p € Q with p(0) = a and let g(z) = a + apz™ + -+ be
analytic in U with q(z) #Z a and n € N. If q is not subordinate to p, then there
exist points zg = roe'® € U and (o € OU\ E(f), for which ¢(U,,) C p(U),

a(z0) = p(Go) and  20q'(20) = mGop'(Co) (m = n).

A function L(z,t) defined on Ux [0, 00) is the subordination chain (or Lowner
chain) if L(-,t) is analytic and univalent in U for all ¢ € [0,00), L(z,-) is
continuously differentiable on [0,00) for all z € U and L(z,s) < L(z,t) for
0<s<t.

Lemma 1.4. ([8]) Let ¢ € H[a, 1], let p : C? — C and set ¢(q(2),2¢'(z)) =
h(z). If L(z,t) = v(q(z),tzq'(2)) is a subordination chain and p € H|a,1]N Q,
then

h(z) < ¢(p(2), 2p'(2))
implies that
q(z) < p(2).
Furthermore, if ¢(q(2),2p'(2)) = h(z) has a univalent solution q € Q, then q

is the best subordinant.

Lemma 1.5. ([11]) The function L(z,t) = a1(t)z + -+, with a1(t) # 0 and
lim; o0 |a1 ()| = 00, is a subordination chain if and only if

Re{zaL(z,t)/az

. < .
OL(=.1) /0t }>0 (zeU; 0<t <)
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2. Main results

Firstly, we begin by proving the following subordination theorem involving
the multiplier transformation DY defined by (1.3).

Theorem 2.1. Let f,g € 3. Suppose that
Z¢”(Z)}
Re< 1+ > =4 2.1
e 2
(¢(z) :== (1 — @)zDYg(2) + @2D¥g(z); A>0; 0<a<1; z€U),
where

(1—a)?+ 22 —|(1-a)? -\
MN1-a)
If f and g satisfy the following subordination condition :
(1 —a)zDVT f(2) + azDy f(2) < (1 — a)zDy T g(2) + azDYg(2),  (2.3)
then

5=

2D f(z) < zD3g(z). (2.4)
Moreover, the function zDYg(z) is the best dominant.

Proof. Let us define the functions F' and G, respectively, by

F(z):= 2Dy f(z) and G(z):= zDYg(z), (2.5)
We first show that, if the function ¢ is defined by
2G"(z)
=1 2.
o) =1+ zev) (26)

then

Re{q(2)} >0 (z€N).
Taking the logarithmic differentiation on both sides of the second equation in
(2.5) and using (1.4) for g € X, we obtain

Ap(2) = AG(2) + (1 — )G/ (2). (2.7)
Now, by differentiating both sides of (2.7), we obtain the relationship:
2¢"(z) _ ., 2G"(2) 2q'(2)
Yl T et T a) o8
_ ¢ () _ 1 '
=1t e - e

We see from (2.1) that

—

A
Re{h(z)+1 }>O (z € 1),
holds true and by using Lemma 1.2, we conclude that the differential equation
(2.8) has a solution g € H(U) with ¢(0) = h(0) = 1. Let us put

Y +6, (2.9)

H(u,v):u+m
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where § is given by (2.2). From (2.1), (2.8) and (2.9), we obtain
Re{H(g(2), 24/ ()} >0 (: €1).
Now we proceed to show that Re{H (is, t)} < 0 for all real s and t < —(1+52)/2.
From (2.9), we have
t
H(is,t)} = s+ —————+9§
Re{H (is,t)} Re{zs—i— ST 0—a) + }
/(- a))
/(1 —a) +is|?
< _ E(;(S)
21N/l —a)+is|?’

Es(s) = <1Aa - 25) 2_ A (25)‘ - 1) : (2.11)

1 —« l1—«

(2.10)

where

For 0 given by (2.2), we can prove easily that the expression Ejs(s) given by
(2.11) is positive or equal to zero. Hence from (2.9), we see that Re{H (is, t)} <
0 for all real s and t < —(1 + s2)/2. Thus, by using Lemma 1.1, we conclude
that Re{q(z)} > 0 for all z € U. That is, ¢ is convex in U.
Next, we prove that the subordination condition (2.3) implies that
F(z) < G(2) (2.12)

for the functions F' and G defined by (2.5). Without loss of generality, we can
assume that G is analytic and univalent on U and G'(¢) # 0 for || = 1. For
this purpose, we consider the function L(z,t) given by
1-— 1+t
L(zt) = (e + LZ DD
We note that

OL(z,t) A+ (1 —-a)(1+41)

=G <t ; :
0|, G(0)< 3 >5£0 (0<t<oo; A>0)
This shows that the function
L(z,t) =a1(t)z+ - -
satisfies the condition a;(t) # 0 for all ¢ € [0, 00). Furthermore, we have
20L(z,1)/0% A 2G"(2)
— = —_— 1+¢)(1 .
Re{aL(z,t)/at} Re{l—a+< +)< e )7

Therefore, by virtue of Lemma 1.5, L(z,t) is a subordination chain. We observe
from the definition of a subordination chain that

L(¢,t) ¢ L(U,0) = ¢(U) (¢ €0U; 0<t<o0)

Now suppose that F is not subordinate to GG, then by Lemma 1.3, there exists
points zg € U and (p € 0U such that

F(z0) = G((o) and 2z0F(20) = (1+ )G (¢) (0 <t < o0).

2G'(z) (2€U; 0<t<o0).
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Hence we have

L(Co,t) = G(Co) + WCOG/(%)
= F(Zo) + 1- aZoF’(Zo)

= (1 - a)zoDy f(20) + azo DY f(20) € ¢(U),

by virtue of the subordination condition (2.3). This contradicts the above
observation that L((o,t) & ¢(U). Therefore, the subordination condition (2.3)
must imply the subordination given by (2.12). Considering F(z) = G(z), we
see that the function G is the best dominant. This evidently completes the
proof of Theorem 2.1. O

We next prove a dual problem of Theorem 2.1, in the sense that the subor-
dinations are replaced by superordinations.

Theorem 2.2. Let f,g € 3. Suppose that
Z¢”(Z)}
Req1+ > =4
{ ¢'(2)
(6(2) == (1 — @)zDy ' g(2) + @zDYg(2); A>0; 0<a<1; z€U),

where § is given by (2.2). If (1 — a)zDYT! f(2) + azDY f(2) is univalent in U
and zDY f(z) € H[1,1] N Q, then

(1 —a)zDig(2) + azDYg(2) < (1 — a)zDVT f(2) + azDY f(z)  (2.13)

implies that
zD%g(z) < zDY f(2).
Moreover, the function zD%g(z) is the best subordinant.

Proof. Let us define the functions F' and G, respectively, by (2.5). We first
note that, if the function ¢ is defined by (2.6), by using (2.7), then we obtain

6(z) = G(=2) + “To‘zc:’(z)

—: p(G(2), 2G/(2).

After a simple calculation, the equation (2.13) yields the relationship:
29" (2) 2q'(2)
o O Ty
Then by using the same method as in the proof of Theorem 2.1, we can prove
that Re{q(z)} > O for all z € U. That is, G defined by (2.5) is convex(univalent)
in U.

]Il\JText, we prove that the subordination condition (2.13) implies that

F(z) < G(2) (2.15)

(2.14)

1+
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for the functions F' and G defined by (2.5). Now consider the function L(z,t)
defined by

L(z,t) := G(2) + @zG’(z) (z€U; 0<t < 0).

Since G is convex and A\/(1 — a) > 0, we can prove easily that L(z,t) is
a subordination chain as in the proof of Theorem 2.1. Therefore according
to Lemma 1.4, we conclude that the superordination condition (2.13) must
imply the superordination given by (2.15). Furthermore, since the differential
equation (2.14) has the univalent solution G, it is the best subordinant of the
given differential superordination. Therefore we complete the proof of Theorem
2.2. (I

If we combine this Theorem 2.1 and Theorem 2.2, then we obtain the fol-
lowing sandwich-type theorem.

Theorem 2.3. Let f,gx € X(k =1,2). Suppose that
o))
Req1+ > —0
{35

((bk(z)::(l — oz)sz\L"'lgk(z) +azDYgp(2);k=1,2A>0,0<a<1l;z € U) ,
(2.16)

where § is given by (2.2). If (1 — a)zDYT! f(2) + azDY f(2) is univalent in U

and zDY f(z) € H[1,1] N Q, then

$1(2) < (1 — )2DY f(2) + azDY f(2) < ¢2(2)

implies that

2DXg1(2) < DX f(z) < 2DXga(2).
Moreover, the functions zD%g1(2) and 2D go(2) are the best subordinant and
the best dominant, respectively.

The assumption of Theorem 2.3, that the functions (1 — a)zD5y ! f(2) +
azD? f(z) and zDY f(z) need to be univalent in U, may be replaced another
condition in the following result.

Corollary 2.1. Let f,gr € S(k = 1,2). Suppose that the condition (2.16) is

satisfied and
2" (2)
Re{l + ) } > —0 (2.17)

((z) == (1— a)zDY T f(2) + azDY f(2); 2 € U),
where § is given by (2.2). Then

$1(2) < (1= a)2D3 f(2) + azD5 f(2) < ¢2(2)

implies that
2DXg1(2) < 2D} f(2) < 2D} g2(2).
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Moreover, the functions zDYg1(z) and zDYg2(%) are the best subordinant and
the best dominant, respectively.

Proof. In order to prove Corollary 2.1, we have to show that the condition
(2.17) implies the univalence of ¥(z) and F'(z) := zDY f(z). Since ¢ given by
(2.2) in Theorem 2.1 satisfies 0 < § < 1/2, the condition (2.17) means that
1 is a close-to-convex function in U (see [4]) and hence v is univalent in U.
Furthermore, by using the same techniques as in the proof of Theorem 2.1, we
can prove the convexity(univalence) of F' and so the details may be omitted.

Therefore, from Theorem 2.3, we obtain Corollary 2.1. O
Next, we consider the integral operator F, (¢ > 0) defined by
c z
prxz)::;;f/’ff@yu (¢ > 0). (2.18)
0

The integral operator F. defined by (2.18) has been widely used in geometric
function theory. In particular, Goel and Sohi [3] investigated some integral
preserving properties for the classes of starlike, convex and close-to-convex
functions, respectively. Moreover, Uralegaddi and Somanatha [14,15] obtained
some inclusion relationships for classes of meromorphic functions in connection
with the integral operator Fj.

Now, we obtain the following sandwich-type result involving the integral
operator defined by (2.18).

Theorem 2.4. Let f,gx € X(k =1,2). Suppose that
z¢g<z>}
Re<1+ > —0 2.19
e (219
(¢r(2) == 2zDYgr(2); k=1,2; A>0; ¢>0; z€U),

where
5:3i3;}iifl(c>m. (2.20)
If 2DV f(z) is univalent in U and zlgﬁFc(f)(z) € HI1,1]N Q, then
2DXg1(2) < 2D} f(2) < 2D} g2(2)
implies that
ZDXFe(g1)(2) < 2DXFe(f)(2) < 2DXFe(g2)(2).

Moreover, the functions zDYFc(g1)(z) and 2zDYF.(g2)(2z) are the best subordi-
nant and the best dominant, respectively.

Proof. Let us define the functions F' and Gy (k =1,2) by
F(z) := 2DYF.(f)(z) and Gg(z):= zDYF.(gr)(2),

respectively. From the definition of the integral operator F. defined by (2.18),
we obtain

2(DYFe(f)(2)) = czDX f(2) — (¢ + 1)2DXFe(f)(2) (2.21)
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Then from (2.19) and (2.21), we have

cor(z) = cGr(z) + 2G5 (2). (2.22)
Setting
2GI(2)
G.(2)
and differentiating both sides of (2.22), we obtain

SHONINNEC)

a(z) =1+ (k=1,2; 2 € U),

14 —

¢ (2) qr(z) + ¢
The remaining part of the proof is similar to that of Theorem 2.1 and so we
may omit for the proof involved. O

By using the same methods as in the proof of Corollary 2,1, we have the
following result.

Corollary 2.2. Let f,gr € S(k = 1,2). Suppose that the condition (2.19) is

satisfied and
2" (2) }
Re<1+ > —0
{ ¥'(2)
((z) :==2DYf(z): A>0; z2€U),
where § is given by (2.20). Then

zDXg1(2) < zDX f(2) < 2D} g2(%)

implies that
2DXFe(91)(2) < 2DYFu(f)(2) < 2DXFe(g2)(2).

Moreover, the functions zDYFc(g1)(z) and 2zDYF.(g2)(2) are the best subordi-
nant and the best dominant, respectively.

Acknowledgement. The authors would like to express their gratitude to the
referee for many valuable advices regarding a previous version of this paper.

References

[1] T. Bulboaca, Integral operators that preserve the subordination, Bull. Korean Math.
Soc. 32 (1997), 627-636.

[2] T. Bulboacd, A class of superordination-preserving integral operators, Indag. Math. N.
S. 13 (2002), 301-311.

[3] R. M. Goel and N. S. Sohi, On a class of meromorphic functions, Glas. Mat. 17(37)
(1981), 19-28.

[4] W. Kaplan, Close-to-convez schlicht functions, Michigan Math. J. 2 (1952), 169-185.

[5] S. S. Miller and P. T. Mocanu, Differential subordinations and univalent functions,
Michigan Math. J. 28 (1981), 157-171.

[6] S. S. Miller and P. T. Mocanu, Univalent solutions of Briot-Bouquet differential equa-
tions, J. Different. Equations 567 (1985), 297-309.

[7] S. S. Miller and P. T. Mocanu, Differential Subordination, Theory and Applications,
Marcel Dekker, Inc., New York, Basel, 2000.



308 N. E. CHO AND O. S. KWON

[8] S. S. Miller and P. T. Mocanu, Subordinants of differential superordinations, Complex
Var. Theory Appl. 48 (2003), 815-826.

[9] S.S. Miller, P. T. Mocanu and M. O. Reade, Subordination-preserving integral operators,
Trans. Amer. Math. Soc. 283 (1984), 605-615.

[10] S. Owa and H. M. Srivastava, Some subordination theorems involving a certain family
of integral operators, Integral Transforms Spec. Funct. 15 (2004), 445-454.

[11] Ch. Pommerenke, Univalent Functions, Vanderhoeck and Ruprecht, Gottingen, 1975.

[12] S. M. Sarangi and S. B. Uralegaddi, Certain differential operators for meromorphic
Sfunctions, Bull. Cal. Math. Soc. 88 (1996), 333-336.

[13] H. M. Srivastava and S. Owa (Editors), Current Topics in Analytic Function Theory,
World Scientific Publishing Company, Singapore, New Jersey, London, and Hong Kong,
1992.

[14] B. A. Uralegaddi and C. Somanatha, New criteria for meromorphic starlike functions,
Bull. Auatral Math. Soc. 43 (1991), 137-140.

[15] B. A. Uralegaddi and C. Somanatha, Certain differential operators for meromorphic
functions, Houston J. Math. 17 (1991), 279-284.

Nak EuN CHO

DEPARTMENT OF APPLIED MATHEMATICS
PUKYONG NATIONAL UNIVERSITY

BusaN 608-737, KOREA

E-mail address: necho@pknu.ac.kr

OH SANG KwoN

DEPARTMENT OF MATHEMATICS
KYUNGSUNG UNIVERSITY

BusaN 608-736, KOREA

E-mail address: oskwon@ks.ac.kr



