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CONVERGENCE OF THE NEWTON’S METHOD
FOR AN OPTIMAL CONTROL PROBLEMS
FOR NAVIER-STOKES EQUATIONS

YouNaMI CHOI, SANGDONG KiMm, AND HYUNG-CHUN LEE

ABSTRACT. We consider the Newton’s method for an direct solver of the
optimal control problems of the Navier-Stokes equations. We show that
the finite element solutions of the optimal control problem for Stokes
equations may be chosen as the initial guess for the quadratic convergence
of Newton’s algorithm applied to the optimal control problem for the
Navier-Stokes equations provided there are sufficiently small mesh size h
and the moderate Reynold’s number.

1. Introduction

The optimal control problem we consider is to minimize the functional

1) Jlupf) =+ / u—ug?d0+ 2 / £ de2,
2 Jo 2 Jo

subject to the incompressible Navier-Stokes equations
—vAu+ (u-V)u+Vp=f inQ,
(2) V-u=0 1in Q,
u=0 on 09,

where u, is a given desired function. Here, @ C R™(n = 2 or 3) be an open,
connected, and bounded domain with Lipschitz boundary 02 = I and u a
candidate velocity field, p the pressure, f a prescribed forcing term and v the
viscous constant. Assume that p satisfies the zero mean constraint, fQ pdx = 0.
The objective of this optimal control problem is to seek a state variables u and
p, and the control f which minimize the L?-norm distances between u and
u,y and satisfy (2). The second term in (1) is added as a limiting the cost of
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control and the positive penalty parameter 8 can be used to change the relative
importance of the two terms appearing in the definition of the functional.

It is well known that Newton and Newton-like methods combining with
other methods, such as continuation method, are the most popular iteration
methods in the course of solving nonlinear equations (see, [6, 7, 8]). If the initial
guess is chosen sufficiently nearby the exact solution of the given nonlinear
differential equations, the quadratic convergence is guaranteed (see [4]). In the
continuation method for solving Navier-Stokes equations, the solution of Stokes
equations is chosen as the initial guess. Based on the convergence analysis for
the Navier-Stokes equations [5], we analyze the convergence of the Newton’s
method for an optimal control problem of Navier-Stokes equations.

The plan of the paper is as follows. In the next section, we give a precise
statement of the optimal control problem. Then we derive an optimality sys-
tem. In Section 3, we review the quadratic convergence theory of Newton’s
method and rewrite the Newton’s method in an equivalent iterative method.
In Section 4, for the implementing of Newton’s method by the finite element
method we choose the initial guess as the finite element solution of the optimal
control problem for the Stokes equations. We show that the Newton’s sequence
converges to the unique solution of the optimal control problem for the Navier-
Stokes equations quadratically and finally provide an error analysis combining
the quadratic convergence with the finite element error of the initial guess and
Reynold’s number.

2. The optimal control problem
2.1. The optimization problem

Let u € H(Q)" and p € L3(Q2) denote the state variables, and let f €
H=1(Q)" denote the distributed control. The state and control variables are
also constrained to satisfy the system (2), which recast into the weak form:

(3) va(u,w) + c(u,u,w) + b(w,p) = (f,w) Yw e H(Q)",
(4) b(u,q) = 0 Vg e L*(9),
where
= u:Vw x=1 u u?): (Vw w)dx
a(u,w)—/QV : Vwd 2/9(V +Vu') : (Vw+ Vw' )dx,

b(w,p) = — / pV - wdx,
Q
c(u,v,w) = /(u -V)v - wdx.
Q

With J(-,-,-) given by (1), the admissibility set U,q is defined by
Upa = {(u,p,f) € Hy ()™ x L3(Q) x H Q)" :
J(u,p,f) < oo and (u,p,f) satisfies (3) and (4)}.
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Then (4, p, f) € Uyq is called an optimal solution if there exists e > 0 such that
J(p.f) < T(wp ) V(upf) €U
satisfying
16—l @) + 16 = pllrz) + IE = fla-1@) <e

The optimal control problem can now be formulated as a constrained mini-
mization in a Hilbert space

5 min u,p,f).
( ) (u,p,f)EUqqa j( P )
2.2. An optimality system

From the Lagrangian
L(u,p,f,v,q:uy)=T(u,p,f)— (vAu—(u-V)u-Vp+1£f,v)—(V-u,q),

where J(-,-,-) is defined by (1), one may derive an optimality system of equa-
tions for the solution of (5). The constrained problem (5) can now be recast as
the unconstrained problem of finding stationary points of £(-). We now apply
the necessary conditions for the latter problem. Clearly, setting to zero the
first variations with respect to u,p,f,v and ¢ yields the optimality system
va(u, i) + c(u,u, @) + b(a,p) — (f,0) =0, Vi€ Hy(Q)",
b(u,p) =0, Vpe LI(Q)",
va(v,v) +c(¥,u,v) + c(u,v,v) + b(¥,q) + (u —uy,v) =0, Vv e HJ(Q)",
)=0, YgeLj(Q)",
)y=0, Vfe H Y{(Q)"
Note that this system is coupled, i.e., the constraint equations for the state vari-
ables depend on the unknown controls, the adjoint equations for the Lagrange
multipliers depend on the state, and optimality conditions for the controls de-

pend on the Lagrange multipliers.
Using the optimality condition f = %,

va(u, ) + c(u,u,u) + b(a,p) — ( ~> =0, Vi € Hy(Q)",

b(u,p) =0, Vp € L2(Q)",

va(v,v) +c(¥,u,v) + c(u,v,v) + b(¥,q) + (u —ug,v) = 0, Vv € Hj(Q)",
b(v,§) =0, Vg € L§(Q)".
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3. Newton’s algorithm in a weak formulation

Let L2(£2) be the subspace of L?(2) which consists of the functions of mean
zero. The L? inner product and norm are denoted by (-, -) and || - ||, respectively.
Define the following function spaces:

X:=VxQxVxQ, where V=H;(Q)" Q=L3Q),

and

Y =V *xV"
where V* denotes the dual space of V. With a little abuse of notation, let
U:=(u,p,v,q),V:=(pv,q and A = % Then the optimality system can

be written as: find & € X such that, forallue V,pe Q, ve Vand ¢ € Q,

a(u, &) + Ac(u, u, 1) + b(i, p) — A (V,ﬁ> =0,

p
(7) b(u,p) = 0,
a(v, V) + Ae(v,u,v) + Ae(u, v, v) + (v, q) + A(u —uy,v) = 0,
b(v,q) = 0.

For the derivation of Newton’s algorithm, we cast the optimality system (7)
in the canonical form

(8) FOU =U+T-GA\U) =0,

in which a linear solution operator T for the Stokes equations is defined as
T:Y - XbyU=Tg for g=(91,92) €Y if and only if

BU,V) :=a(u,a) + b(a,p) + b(u,p) + a(v,v) + b(v,q) + b(v, )
= (g1,0) + (92, V), W€ X,

and a C* operator G for the optimality system (7) is defined as G : AxX — Y,
by g = G(\,U) for (\,U) € A x X if and only if
(10)

(91, 1) + (g2, V)

=—Ac(u,u,0)+A ( ﬁ) —Ae(v,u, v)+Ae(u, v, V)= A(u —ug, v), YV e X,

v
/B )
where A is a compact interval in (0, 00). Now assume that U is the solution of
problem (8) with 7" and G given by (9) and (10), respectively. Then U = T'g
if and only if B(U,V) = (g,V),VV € X, and g = G(\,U) if and only if (10)
holds. This argument shows that U/ is the solution of (7). Conversely, if U
solves (7), let g be defined by (10). Then B(U,V) = (g,V),VV € X. Thus (7)
and (8) are equivalent.

Throughout this paper, we will use the following assumption.

(A) There is A such that {(A,U(N)); A € A} is a branch of nonsingular so-
lutions of the equation (8).
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Under this assumption (A), the optimality system (6) have a unique solution
U € X for a given uy (see [4]).

Then the Newton’s algorithm in a weak form for (6) reads as (see [4]
Unt+1 = (Wnt1, D041, Vitl, dnt1) € X such that, foralla € V, p € Q,
and § € Q,

): find
vevV
a(Wp11,0) + Ac(uy, upy1,0) + Ac(upt1, Uy, Q)

+ b(ﬁvanrl) - A (vnﬁle ) ﬁ) = )‘C(urm Uy, ﬁ)v

b(u,41,p) =0,

a(Vipt1,V) + Ae(V, Up, V1) + Ae(Vy Wnp1, Vi) + Ae(Wy, V, vig)
+ Ae(Unt1,V,Vve) + b(V, gny1) + A(up1 — ug, v)

= Ae(V,up, vy) + Ac(up, v, vy),

b(vn+1; lj) =0.

(11)

Let U be the unique solution to (6) and let an e-neighborhood of U be
(12)  SUse)={veX:|lu-ali+lp-pl+v-vlii+l¢g—dl <e}.
The following convergence result for the sequence U,, by Newton’s algorithm

can be found in, for example, [4].

Theorem 3.1. Assume that the first Fréchet derivative Dy F'(X, V) of FI(A, V)
is Lipschitz continuous with respect to V in the ball S(U,€). Then there exists
€ with 0 < € < € such that for each initial guess U° in S(U,€") in Newton’s
algorithm (11) determines a unique sequence {Up+1} C S(U;€') that converges
to the unique solution U of (6). Furthermore the convergence is quadratic

(lang = ully + llpngr = pll + Vo1 = VIl + llgn41 —ql))
< Cllwn = ully + llpn = pll + Ve = Vi1 + llgn — al)*.
We will choose the initial guess as the weak solution of (13) to rewrite an

iterative scheme (14) and show that (14) is in fact Newton’s algorithm.
First, solve forallu e V,pe Q, ve Vand ¢ € Q,

v

a(u(O)aﬁ) +b(fl7p(0)) - )‘(771]) = 07

(13) b(u®,p) = 0,
a(v?,9) +b(¥,¢) + MNu® —uy,v) = 0,

b(v®,q) = o.

With the solution U = (u(® p©® v(© ¢©)) of the optimality system of
the optimal control problem for the Stokes equation (13) as the initial guess,
proceed with the following iterative scheme: find ¢) = (u(j),p(j)7 v, q(j)) €
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X where j =1,2,...such that forallue V,pe @, ve Vand § € Q,
(14)

a(u? @) + Ae(wV Y u @) + Ae(u?, w1 a)

: ) _ _

0 p7) = A1) = “Ae(ub D0 g,
b(u(j),ﬁ) =0,
a(v(j)’{,) + Ac(g,w(jfl)’v(j)) + /\C(;,,u(j) (G- 1)) + Ae(w (G- 1)7\7,‘,0‘))
+ )\c(u(j)7\7,z(j_1)) + b(¥, q(j)) + )\(u(j) —ug, V)

- ,)\C({,,u(jfl),v(jfl)) _ )\C(u(jfl),{,yv(%l))v
b(v(j)’ q) =0,

where, with a nonnegative integer k,

k
Zul) and z( :Z @,
i=0

Now let
Z/{n = (unapnavna q”) = M(O) +u(1) + _|_u(n),
where
0= 39, pu=3p, v ZV” and g, =3 g0,
Jj=0 j=0 7=0

which will be shown as the solution to (6) by Newton’s method in the rest
section.

Theorem 3.2. The solution U,, by the iterative scheme (14) is the solution
generated by Newton’s algorithm (11).

Proof. First summing (14) from j = 1 to n+ 1, and then adding (13), we have
n+1 n+1

a1 9423 o108 0510
n+1
N =—AZ -1, 01, ),
b(un+1, )—O
n+1 . n+1 .
a(Vit1, V) + A Z c(¥, w5 1, vy £\ Z c(¥,u v 1)
j=1 j=1
n+1 n+1

+A Z c(uj_y,v,v0) 42 Z c(u?,¥,v; 1) +b(V, 1) F MU p1 — g, V)
=1 =1
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n+1 n+1
=AY @ ul D vy A S b, v, v D),
j=1 j=1
b(vn-i-lv ) - 0
which can be written as the Newton’s iteration form
Vi -
(unJrla ) + )\C(unv Up4+1,U ) + Ac(unJrlv u,,u ) + b(u anrl) )\( B+17 )

= Ac(uy, up,, 1) + Aer(n), ),
b(up11,p) =0,
a(Vipt1,V) + Ae(V,Up, V1) + Ae(Vy Wnp1, Vi) + Ae(Wy, V, Vi)
+ Ac(Unt1,V, V) + (V, gnt1) + A(Upt1 — ug, V)
= Ac(V,up, Vi) + Ac(uy,, v, vi) + A(ea(n), V),

b(vn+la ) - 0
where
+
(Gl(n)a ﬁ) = C(Lln, Up41, U ) + C(un+17 u”’ Z uJ 1’U(] ~)
n+1 n+1
_ Z c(u () ;g0 Z u(J D -1 , 1) — c(uy, uy,, 1),

7=1 5=1

and

(62(’”‘)’ {’) = C({’, Unp, Vn+1) + C({ia Up41, Vn) + C(una v, Vn—i—l)

n+1 n+1
+ c(upg1,Vv,vp) — E c(¥,u;_1,v) - E c(v,u v, )
j=1 j=1
n+1 n+1 n+1
,E / c(wj_1,v, VJ) § ’ u(J VL V1) — C({,’u(rl)’v(rl))
j=1 j=1
n+1

72 IV 9 vUDY — (3, u,, vi) — c(up, ¥, V).

Hence, it is enough to show that (¢;(n),v) = 0 for ¢ = 1,2, which can be shown
by using the following identity.

n n+1 n+1 1—1 n+1 i—1 n+1
<Zai> (Z b1> = Z Zaj bi—l-Zai Zb] —|—Zai_1bi_1.
i=0 i=0 i=1

i=1 \j=0 i=1 =0

This completes the assertion of theorem. O
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4. A convergence analysis

Let 7p, be a family of triangulations of 2 by a standard finite-element sub-
divisions of 2 into quasi-uniform triangles with A = max{diam(K) : K € T,}.
Assume that the finite-element subspaces V, C 'V and Q) C Q satisfy the
following approximation properties:

1n£/ [w —whll1 < Ch¥|wllpr1, YweVNHYQ)? 1<E<I,
wnE

1gf lr —rullo < Ch™||r|lm, Vre QNH™(Q), 1 <m <I,

where w is u or v and r is p or ¢q. Further assume that the following uniform
inf-sup condition holds on Vj, x Qp, : for each r, € Qy, there exists a wy, € Vy,
such that

(ra, V- wp) = [|Ira]?, |wi| < Cllrall,

with a positive constant C' independent of h.

The Newton’s algorithm in the finite-element approach (11) can be stated
as: find (Wni1.h, Prt1hy Vit1hs @ni1n) € Vi X Qp X Vi, x Q, such that, for
alla eV, pe Qp, veVyand g€ 9y,

(15)

a(Wnt1,0, 1) + Ac(Wp py Wng1,0, Q) + A(Wny 1, h, Uy py ) + O(Q, Pt n)

v - ~

- A (71/'[;]~7h,u) = )‘c(un,ha Uy, h, u)a
b(un+1 hs P ) - 0
a(Vit1,h, V) + AV, Wiy Vi 1,0) + AV, Wn1 ks Vinn) + Ac(Wn s, Vs Vi 1,n)
+ /\C(un+1,}L7 v, Vn,h) + b({’a Qn—i-l,h) + /\(un+1,}L — Ug, ‘7)

= )\C({’y uTL,h) Vn,h) + Ac(un7h7 {,7 VTL,h)?

b(vn+1,h7 C]) = 07

where n = 0,1,2,..., with the initial guess U,(l ). = (0,4, P0,h, Vo,hs go,n) Which
is the ﬁnite—element approxunatlon solution of Stokes problem

- - V|
a(uo,hv u) + b(uvpo,h) ( O L

, 1)

(16) (uOha )
a(vo,n, V) +0(V,qon) + AMuog,n —ug,v) =

q)

(VO hsq

o oo o©
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Equivalently, the discrete Newton’s algorithm can be written as: find U,(Lj ) =
(u (j)J?;L ), Vg) qgj)) € X, such that

a(w m) + Ae(wi ™ w @)+ Al wi T8 b p) - A w)
= e(d Y ),
b(ug” . p) =0,

(vgf), V) + Ae(v, wfl] 1) (J))—i—/\c(v u§5)7z§f 1))+)\C(W§lj71),\~7,vzj))
+)\c(u§f),\7 ZELJ 1))+b(v q(J))+)\( (4 —uy, V)

= —Ac(v, u;l] 1) ;Lj D)—Ac(uﬁf b v v,(lj 1)),

b(vi”, @) =0,

where, with a nonnegative integer j,

j—1
W’(lj—l)zzug) and Z(J D _ Z (@)
i=0

Then, according to Theorem 3.2, the discrete solutlon to (15) can be written

as

Up,p = Zum, Dn,h = ZP(]) Vn,h = ng) and gnp = Zq(z)‘
=0

The follovvlng technical known results are necessary for a future use.

Lemma 4.1. (i) For every p € Q, there is a u € V such that
Veu=p and |[jufy < Cillpll,
where Cy is a positive constant.
(ii) The following Poincafe inequality holds;
Cpllulli < [[Vul?, VueV,

where C,, is a positive constant depending only on (2.
(iii) For allu, v and w € H'(Q)

(17) /QDiuvwdQ‘ < Collulu vl fwl, =12
Proof. See [5]. O
Let us define the bilinear forms a1 (+,z,- : -) and as(-,z,w,- : -) as follows:
ai(u,z,v:u)=(Vu,vVa) + A((z- V)u+ (u-V)z,a) — % (v,0)
and

as(v,z,w,u:v) = (Vv,VV) + A(v-V)z + (z- V)V,V)
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+AM(u-V)V+ (V- V)u,w) + A(u, v).
Consider the following problem: to find (u,p, v, q) € X such that
al(u,Z,V : ﬁ) + (vpv ﬁ) = (h7ﬁ)

(v : uaﬁ) =0
(18) az(v,z,w,u:v)+ (Vg,v) = (g,V)
(V -V, (j) =0

for z,w € V), where

Cp 1
V= {z € V| ||z]1 < —£—,C,is the Poincafe constant,
kECay A
k > 0is an arbitrary constant}.

Lemma 4.2. For any u,v,u,v € V and z,w € V, the following holds:

- C - - C -
[((z- V)u,u)| < (k/;llulIIUIlly [(0-V)z,0)| < 5f\u||1||11|17
(V- V)z,v)| < kéllVlllffh |((z-V)v,v)| < ,{f\‘gllﬂll,
[(u-V)v,w)| < k*f\\\ulllllffllh and |((v- V)u, w)| < k{\HUIIlIIVIIL
Proof. A simple application of (17) yields the conclusion. O

Lemma 4.3. Let z,w € V. Then we have
a1 (u, 2, v : 0)| < Cs(([ully + [Iv]l)][all,

and
|az(v,z, w,u: V)| < Ca([ulls + [[v[[)[V]1,

Yu,v,ua,v € V.

Proof. The proof comes from Cauchy-Schwarz inequality and Lemma 4.2. That
is,

la1(u,z,v:a)| < |[(Vu,Va)|+ A|((z- V)u+ (u- V)z,a)| + %\(v,ﬁﬂ

20 A N
< (1 + 2% ﬂ) (s + V),

lag(v,z,w,u: V)| < [(Vv,VV)|+ (V- V)z+ (z- V)V, V)]
+ A (- V)V + (V- V)u,w)| + A(u, V)]

20 N
< (1 + 2% +A) (rall + VI,

where C'3 and C4 depend on C,, and A. O
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Lemma 4.4. Let z,w € V. Then we have

k—1
a1(w,2,v:u) > ——Cyllullf = Zuf[lv]

B

and

k—1 2C.
alv,zwnsv) = S - (22 40) fulhlvih,
Vu,v,ua,v € V.

Proof.
ar(u,z,v : u) = [Vul[> + X (((z- V)u,u) + ((u- V)z,u)) - Z(v,u)
k—1 A
2 TCpHUIIf - EHUIIlIIVIIl,

as(v,z,w,u:v) = |[|[VV|][2 + A (((v-V)z,v) + ((z- V)v,V))
+A((a-V)v,w)+ ((v-V)u,w)) + A(u,v)

k—1 2C
> EG VIR - (24 A) Tullivly

k O

Lemma 4.5. Let h,g € V*. For z,w € V, the solution (u,p,v,q) € X of
the weak form (18) satisfies a priori estimate

[ally + [[vlly < Cs(lIbf-1 + lIgll-1);
Ipll < Co(I[bl[-1 + [lgll-1)

and
lqll < Cz(I[h][-1 + [lgl|-1)-

Proof. Since (u,p,v,q) is the weak solution of (18), we have
ai(u,z,v:u) = (hyu), as(v,z,w,u:v) =(g,v).

Then using Lemma 4.4, it follows that

k—1 A

Ll = vl < a7 ) = (o) < -l
which implies

k—1 A

(19) el = vl < bl
Also,

k—1 2C.

GV = (27243 ullliv]: < ax(v.zwusv) = (@)

< llgll-vlIvllx
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implies

k—1 2C,
(20) Collvll = (2224 2) s < gl
Using (19) and (20),

k—1 2C. k—1 A
(e =22 =) b+ (5260 = 5 ) Il < Il + Dl

Thus we have
(21) [ulli + [Ivlx < Cs(([h]|-1 + [Ig]-1),
where Cj5 = l/min{%Cp -\ Lo, - %}, EAC, —A>0and 510, — 5

> 0 for suitable k.
Since p € Q, there is a u € V such that

(22) Veu=p,  lulli <Cpl.
By taking such u into (18), Lemma 4.3 yields
IpI* = (0, V -u) = ai(w,2,v : u) = (h,u) < Cs(J|ully + ||vlls + [hl|-1)[ul},
where Cs = max{1,C3}, which implies, using (21) and (22),
Il < Co(llully + [[vlly + ] -1) < Cs (]2 + llgl-1) -

Similarly,
lgll < C(hfl—x + llgll-1)- O

Corollary 4.1. [[ully + [[v[x + [Pl + llqll < C(I[h]-1 + [[g][-1)-
By triangle inequality, it follows that
la =gl + llp = poull + [V = vonrlls + llgd — qonll
< Ju=u @+ [lp = PO + v = v O+ llg — ¢
+ {10 =g pll + [P = posll + IV = vonulh + ¢ = gonl.-
Now subtracting (13) from (7), we have, Va € V,Vp € Q, Vv € V,

) § i ©) vov® o G
a(ufu ,ll) +b(u,p—p ) 7)‘(Tau) = 7>‘C(u7 u, ll),
b(u - u(O)aﬁ) - 07
a(v —vO )+ (¥, ¢ — ¢) + Au—u? %) = —Ae(¥,u,v) = Ae(u, ¥, v)

bv—v® § =0 VjeQ.

By (h,u) = —Ac(u,u, ) and (g,v) = —Ae(v,u,v) — Ae(u, v, v) in (18), it can
be shown from Lemma 4.5 that
(23)

o = a @Y+ [lp = PV + IV = vl +llg = ¢V < CA[F + [full[Iv]]1)
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and it can be shown that the finite-error estimate for optimal control problem
for Stokes equations

1+ 1P = posll + IV = vorll + 1g” = qo.n
< Ch™([[ullmgr + [1Pllm + [1V[Ima1 + [lgllm)-

Hu(o) — Uo,n

Combining (23) and (24), we have the following.

Proposition 4.1. Let (u,p,v,q) € (Vx QxV x Q)N (H*1(Q) x H™(Q) x
HFETL(Q) x H™(2)) be the solution of (7) and (o n,Po.n, Vo.nsGo.n) be the so-
lution of (16). Then

(25) Jlu—wgnlls +Ip—ponll + IV —vonrll + lg — qo,xl
< C(W™|1pllm + B [ullkgr + Alullf + 2™ (gl + 2 [V]es1 + Allallz][v]])-

The above Proposition 4.1 tells us that the finite element approximate solu-
tions (ug,,Poks Vo,h,q0,n) can be chosen as an initial guess for the Newton’s
method (15) and (16) to solve the optimality system for the Navier-Stokes
equations if for an € < 1, there are a mesh size h and A such that

(26) C(h™ [[pllm+h* [l +MlallF + A" gl + A Vi1 + X ull [ v]1) < €

In order to show the quadratic convergence of the sequence (U 1, Pn.h, Vi i,
qn.n) generated by Newton’s method for the chosen initial guess, we will prove
the validity of the assumptions of Theorem 2.1 found in [4].

Theorem 4.1. Let € be in (12). Assume that (26) holds for € < e, i.e.,
the solution (g p, Po,hs Vo,h, Go,n) of the optimal control problem for the Stokes
equations (16) belongs to S(U;€") where U = (u,p,v,q) is the solution of (7).
Then Newton’s algorithm (15) determines a unique sequence {(Un+1 h, Pnt1,hs
Vi1 Gnt1.h)} C SU;€ )N (Vi X Qp x Vi, X Qp) that converges to the unique
solutionU = (u,p,v,q) € HF1(Q) x H™(Q) x H*1(Q) x H™(Q) of (7). Fur-
thermore the convergence is quadratic with an initial guess (Uo.k, Po,hs Vo,h, 0,5)

(ns1,n —ulls + |pagn = 2l + IV ,n = VI + [[gnr1,n —qll)

< C(llunn —ulls + llpns = 2l + 1Vih = Vil + g — al)?

27 "
@D (™ bl + F¥ [l s + Alfull?

2n+1

+ B gl A+ BE (V1 + Ml v ])*,
where Cy, is a positive constant dependent on the iteration number n.

Proof. Since the hypothesis holds the assumptions of Theorem 2.1, the New-
ton’s sequence converges to the unique solution. Furthermore, the last inequal-
ity in (27) comes from (25). These arguments may complete the proof. O
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