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RANKS OF SUBMATRICES IN A GENERAL SOLUTION TO
A QUATERNION SYSTEM WITH APPLICATIONS

HUA-SHENG ZHANG AND QING-WEN WANG

ABSTRACT. Assume that X, partitioned into 2x 2 block form, is a solution
of the system of quaternion matrix equations A1 X By = C1, A2 X By =
C2. We in this paper give the maximal and minimal ranks of the sub-
matrices in X, and establish necessary and sufficient conditions for the
submatrices to be zero, unique as well as independent. As applications,
we consider the common inner inverse G, partitioned into 2 x 2 block
form, of two quaternion matrices M and N. We present the formulas of
the maximal and minimal ranks of the submatrices of G, and describe
the properties of the submatrices of G as well. The findings of this paper
generalize some known results in the literature.

1. Introduction

Throughout this paper, R stands for the real number field, H™*" represents
the set of all m x n matrices over the quaternion algebra

H = {ap + a1i + asj + ask | i* = j> = k* = ijk = —1, ag,a1,as,a3 € R}.

For a matrix A over H, we denote the transpose of A by AT, the column
right space, the row left space of A by R (A), N (A), respectively, an inner
inverse of A by A~ which satisfies AA~A = A. Moreover, R4 and L4 stand
for the two projectors Ly = I — A=A, Ry = I — AA™ induced by A. In [2],
dimR (A) = dim N (A), which is called the rank of A and denoted by r(A). I
stands for the identity matrix with the appropriate size.

Consider the classical system of matrix equations

(11) AlXBl = Cl, AQXBQ = 027
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where Ay, Ay € H™** By, By € H*" and C;,Cy € H™*" are known and X
unknown. Partitioning a solution X of (1.1) into 2 x 2 block form, we have
that

X; X B
(1.2) i A { X X } { B } =
. X; X By
Aoy, A =C
o A I

where X; € HF*h X, € HF X2 Xy € HF2*h and X, € HF2X2 kb + ky =
ki +1a =1

We know that the system (1.1) has been investigated by many authors from
different aspects (see, e.g., [4]-[15]). For example, Mitra [4] first considered
it over the complex field in 1973. Ogzgiiler and Akar [6] gave some solvability
conditions for the consistency of the system over a principle domain in 1991.
Wang [14] derived necessary and sufficient conditions for the existence and the
expression for the general solution to the system over arbitrary regular rings
with identity in 2004. Yan and Liao in 2008 investigated the least squares
Hermitian solution to the system over H. Wang [15] established necessary
and sufficient conditions for the existence and the expressions for the general
real solutions to (1.1) over H. Moreover, Dehghan and Hajarian [1] in 2008
considered the generalized centro-symmetric solutions to (1.1) by an iterative
algorithm.

Extreme ranks of general solutions to linear matrix equations have been
actively ongoing for many years. For instance, Uhlig proposed maximal and
minimal possible ranks of solutions of the equation AX = B in [11]. Liu [3]
gave some formulas for the extreme ranks of the submatrices in a solution X
to the system of complex matrix equations AX = C, XB = D in 2008. In
2009, Tian [7] gave some formulas for the extreme ranks of the submatrices in
a solution X to the complex matrix equation AX B = C. Noticing that so far
there has been little information on the extreme ranks, i.e., the maximal and
minimal ranks of the submatrices in a solution X to (1.1), we in this paper aim
to investigate the extremal ranks of submatrices in a solution to (1.1) over H.

The paper is organized as follows. In Section 2, we first give formulas of the
extreme ranks of matrices X; (i = 1,2, 3,4) in (1.2), and characterize structure
of solutions to (1.2), then establish necessary and sufficient conditions for the
uniqueness of the submatrices X; (i = 1,2,3,4) in (1.2), and consider the inde-
pendence of submatrices in solutions to (1.2). As applications, we in Section 3
give the maximal and minimal ranks of the submatrices of the common inner
inverse (G, partitioned into 2 x 2 block form, of quaternion matrices M and N,
and describe the properties of the submatrices of G. The results in this paper
generalize the results in [7] and [3].
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2. Extreme ranks and the independence of submatrices in solutions
to (1.2)

We begin with the following lemmas whose proofs are just like those over
the complex field.

Lemma 2.1 ([5]). Let A, B and C be m x n,m X k,l x n matrices over H.
Then

(a) r[A, B] = r(A) + r(RaB) = r(B) + r(RpA),

(b) r [ é } =7r(A)+r(CLs) =r(C)+r(AL¢c),

(©) 7’[ 4 ] — r(B) +r(C) + r(RpALc).

Lemma 2.2 ([8]). Suppose that the system (1.1) is consistent. Then the general
solution of (1.1) can be expressed as

(2.1) X=Xo+LaVi +VoRp+ LA, V3Rp, + La,VaiRpB,,

where Xq is a particular solution to (1.1), A = [ﬁ;] , B = [B1, Bs] are known
and Vi — Vy are arbitrary matrices with appropriate dimensions.

Lemma 2.3 ([9]). Let p(X;1,X2) = A— B1 X101 — BoX2Cs be given. Then

(2.2)
A A B A B
— o 1 2
and
(2.3)
gi)rgr [p (X1, X3)]
A A B A By B
- ] 1 Bs
=r[A,B,B]+r | C4 +max{?"{02 0 ] T{CQ 0 O }
Cs
A B A B, A By B 4 b
—r| Oy 0 ,T C 0 -r C 0 0 —r| Cy 0
Cy 0 ! ' G 0

Lemma 2.4 (see [9]). Let p (X1, X2) = A— B1X;1C1 — BaX2Cy, and
R(B1) CR(Ba),R(CY) CR(CT)

be given. Then
(2.4)

i X, X
Xfﬁl};gf[p( 1, X2)]

B A A B A B A By
_T[A,Bg]—i—r[cl}—i—r[cz 0 }—T[Cl 0 :|—T|:02 0 ]
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Lemma 2.5. Let
(2.5) p(Xi1,X9,X5,X4) =A—B1 X101 — By XoCy — B3 X303 — By X4Cy

be a linear matriz expression with four two-sided terms over H, and suppose
that the given matrices satisfy the conditions

(2.6) R(B;) CR(By), R(C])CR(CY),i=1,3,4,j=234.
Then
(27) H)l(ln'l" [p (XlaX27X3aX4)]

A B

e oo A B, B; B A

=7 s 0 Tl:CQ 0 0 0 }—i—r{cl ]—l—r[A,BQ]
Cy O

A Bl [A B
"ley o | 7" oy, 0

A By Bs A By Bz By
4+ max{r| Cy 0 0 —r| Cy 0 0 0
Cy 0 0 Cy 0 0 0
A DBy Bs
. Cy 0 0
Cs; 0 0 ’
Cy O 0
A By By A By Bz By
T 02 0 0 -Tr 02 0 0 0
C; 0 0 C; 0 0 0
A By By
. Cy 0 0
Cs; 0 0
Cy O 0

and

(28) ma“XT[p (X17X27X37X4)]

i

A B
. A A CQ 0 A Bl BB B4
= min T[A,BQ],T[01:|,T o 0 T c, 0 0 o0 |
Cy O
A B, Bs A B, B,

T 02 0 0 , T Cg 0 0
Cy O 0 Cs 0 0
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Proof. We only show (2.7). Under the assumption (2.6), substituting (2.4) into
the two variant matrices X; and X in (2.5) yields

(2.9)
Jin r[p (X1, X2, X3, X4)]
= r[A — B3X35C5 — B4X4Cy, Byl + 7 [ A— Bng%z,l— By X4Cy }
+ | A= BsX3Cs - BaXuCy By | [ A= B3sX3C5— ByXyCy By
r _ , 0 | r c 0
—r [ A - B3XSC3 - B4X4C4 BQ ]
L Cs 0 |
— A A B1 A 32
_r[A,Bz]—H“[Cl}—T[Ol 0]—7‘{02 O]
[ A— B3 X3C3 — B4 X4,Cy B; ]
+r .
L Cs 0 |
It is easy to see that
A — B3X3C3 — B4 X,Cy B
CQ 0
— A Bl B3 B4
_{02 0 ]—[ 0 ]X:s[cs,o]—{ 0 }X4[C470],

In that case, applying (2.3) to it and then putting the corresponding results in
(2.9) yields (2.7).
Similarly, we can prove (2.8). O

Using Lemma 2.5, we can get the following two lemmas easily.

Lemma 2.6. Suppose that the system (1.1) has a solution. Then the mazimal
rank of C3 — A3 X B3 subject to (1.1) is the following:

(210) ’/‘(03 - A3XB3)

max
A1 XB1=C1,A2 X Bs=C49

) C3
= mln{r[Cg,Ag], 7”[ Bs ,81,52,83,84 ¢ s

where

C; 0 0 A
0o -¢; 0 A4
S1 =T 0 0 702 AQ - T |:
By Bi 0 0
B3 0 By 0
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Cs 0 0 Az Az
0 -C 0 A 0
So =T 0 01 _02 01 A2 77’[B15B2]7T(A1)7T(A2)7
By B, B, 0 0
e 0 As
ss=r| 0 —=C1 Ay | —r(4)—r(B),
B, B 0 |
e 0 As
sg=7r| 0 —Cy Ay | —r(A2)—1(B2).
| B; B, 0 |

Lemma 2.7. Suppose that the system (1.1) has a solution. Then the minimal
rank of C3 — A3 X B3 subject to (1.1) is

(211) AlXBI:CI'?,IEQXBQ:CZT(Cg — A3XB3)
Cs 0 0 Ay Cs 0 0 Ay As
0o - 0 Ay
0 -C; 0 A, 0
=r 0 0 —Cy Ay | +7r
0 0 —Cy 0 A
Bs B 0 0 B; B B 0 0
By 0 By 0 3 1 2
Cs Az
By 0 Cy A 0 0 Cy
Tl o A, Bs 0 B By | 7| B | T[4l
0 A,
+max{t1,t2},
where
_ - [Cy 0 A; Ay ] [Cs 0 Az 0 ]
b %‘* _% ii‘ 0o -Ct A 0| |0 -Ci A O
1= B Bl 01 "I'By B, 0 0 "I'Bs B, 0 o0 |
Lo . L 0 0 0 A By 0 0 B |
- [Cs 0 As Az ] [Cs 0 As 0 ]
B T IS B S <P I R e AT M
2=T B 32 02 "I'By B, 0 0 "I'By, B, 0 0
L8 L0 0 0 A | | Bs 0 0 B |

For convenience, we adopt the following notations for the collections of the
submatrices X; (i = 1,2,3,4) in (1.2)

Annl | 0 2] B ] =
3 4 12 .
(2.12) S ={ X, . v lnm L i=1,2,3,4.
1 2 21 |
[A217A22] |: X3 X4 :| |: 322 :| - CQ
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Obviously, X; (i =1,2,3,4) in (1.1) can be written as
(213) X, = [0 X [ I ] — PLXQu. Xo = ([0 X [ ; } — PXQs,
(2.14) X3 =1[0,11,] X [ Iél ] = P XQ1, Xy = [0, I1,] X [ 1?2 } = P,XQs.

According to Lemma 2.2, the general solution to the consistent system (1.1)
can be denoted as

X =Xg+LaVi +VoRp + LA, V3Rp, + La,ViRpB,.
Substituting it into (2.13) and (2.14), we can get the general expressions of
X; (i =1,2,3,4) as follows
(2.15)
X1 =P XoQ1+ PiLaVii + Va1 RpQ1 + PiLa, VaRp,Q1 + P1La,VaRp, Q1,

(2.16)

Xo =P XoQ2+ PiLaVio + Vo1 RpQa + PiLa, VaRp,Q2 + P1La,VaRp,Q2,
(2.17)

X3 =P, XoQ1+ PoLaVih 4+ Voo RpQ1 + PoL g, VsRp, Q1 + PoLa,VaRp, Q1,

(2.18)
Xy =P XoQa+ PiLaVio +Vaa RpQo + PoL 4, VaRp,Q2 + PoLa,VaRp,Qa,

where X is a particular common solution of (1.1), A = [ﬁ;] ,B = [By, Bs] are
known, and Vi = [Vi1, Via], Vo = [Vay, Vas], V3, Vy are arbitrary.
Theorem 2.8. Assume that the system (1.2) has a solution. Then

(2.19) max r(X1) = min {kq, 14, 81, 82, 3, 81},

X,€8

(2.20) in 7(X1) =11 +ta+ ki + 1+ max {I3,81},
where
[ —C1 0 A
0 —Cy A .
~ o A A By, B
si=r Bio 0 0 =Tl 4 A —rl g -7l g
“By  Bo 0 21 22 12 22
| 0 Byp 0
[ *Cl 0 A12 71411 0 - -
5\2 =T 0 _C2 0 A21 AQQ —-T gll ng
| Biz By 0 0 0 L Fiz ez
— 1 [A11, Aro] — 1 [Ag1, Aso],
~ _ [ —C1 A12 Bll |
53—7”_ Bis 0 —T[A117A12]—7’ Bis ] ,
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S/ZL:T__B(:; AO22]_T[A217A22]—7’{§§;],
e 0 Ao
R 0 —Cy Ay A ]
tl =T Blg 0 0 -Tr |: A12 y
—By; Bay 0 22
0 Boo 0

f3=r ;Cl A52]r Bis 0 0 0
L 712 0 0 Ay A
—Cl A12 0
Bis 0 0
- — ke —1
—-Byy 0 By A
0 0 DBayo
and

—02 A22 0
Bso 0 0
-Tr —B21 0 B11 —]4}1 —ll.
0 0 DBie

Proof. Tt is easy to see that the maximal and minimal ranks of X; in (1.2) is
the maximal and minimal ranks of P; X, subject to the consistent system
(1.1). Applying (2.10) and (2.11) to X; = P1 X Q1 produces the following

(2.21) r(PXQ1) =min{r (P1), 7(Q1),51, 52,83, 51},

max

A1 XB1=C1,A2 X Bo=C>»
2.22 min r(PL X

( ) A1 XB,=C,,A3 X Ba=C,» (P1X Q)

o 0 o0 P
0 -Cy 0 A

=T O 0 —Cg A2 —Tr %1 /(1)
1
Ql Bl 0 0 0 A2

@1 0 By, 0

0
_ 0o P 0 0 . 0 - 0 A 0
@1 0 B B 0 0 —-Cy 0 Ay
Q1 By By 0 0
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+ k1411 +max{tA1,tA2}.

Putting the given matrices Ay = [A11, A12], B1 = [gg] , Ao = [Ag1, Ago], By =
[ ggﬂ , P and 7 in them and simplifying the ranks of the block matrices in
(2.21) and (2.22), we have

0 0 0 I O
0 0 0 P 0 -4 0 Apr Ais
0o -Ci 0 A 0 0 —Cy Ay Axp
T 0 0 702 A2 =T Ill Bll 0 0 0
Q1 B 0 0 0 Bi2 0 0 0
Q. 0 By 0 I, 0 By 0 0
| 0 0 By 0 0
=7 Bys 0 0 + k1 + ;.
—By; By 0
0 By 0
Similarly, we can obtain the desired formulas (2.19) and (2.20). O

Extreme ranks of the submatrices X5, X3 and X4 in (1.2) can be derived
by the similar approach. We omit them here for simplicity. The two rank
equalities in (2.19) and (2.20) can help us to get the necessary and sufficient
conditions for the existence of some special solutions to (1.2). We show them
in the following.

Corollary 2.9. Suppose that the system (1.2) has a solution. Then
(a) (1.2) has a solution with the form X = [)?3 ﬁi] if and only if

-1 0 Aqs
0 —Cy  Agp - 0 An -An O
r Bis 0 0 +r 0 —Cy 0 Az Ag
—By1y Ba1 0 Bis By 0 0 0
0 Boo
A12
=T 4 —r[Bi2, Boo| + k1 + 11
22
-C; A 0
-C1 A —-An 0 ! 12
_ By 0 0 —Cy A
= Imaxsy{ r Bis 0 0 0 +r -r + k1 + ll,
0 0 AL A, -Biy 0 By Bz 0
21 22 0 0 B22
-C; A 0
—O Am —An 0 Bn 0 0 ¢, A
r| Bog 0 0 0 +r 22 —r 1 2 + ki +1
0 0 A A =By 0 Bn By 0
11 12 0 0 B



978

HUA-SHENG ZHANG AND QING-WEN WANG

(b) All the solutions of (1.2) have the form X = [)?3 §i] if and only if

—C,
0
r | DBia
—Ba
0
or
or
or

0 A
—Cy As
0 0
By 0
Boo 0

—C
r 0
Bia
— By
Bio
r —G
By
—C,
T[ Bao

- Ann Aigg B Bo1
_T{Azl A22]+r[312}+74[322]’
0 A —An O
—Cy 0 A1 Ao
Boo 0 0 0
B
le } +r[A1, Aig] + 1 [Ag, Asa],
22
A B
012 :| :T[A117A12]+7'|: Bi; :| R
A B
022 :| :T[A217A22]+7’|:Bz; :|

Theorem 2.10. Assume that the system (1.2) has a solution. Then

(a) (1.2) has a solution with the form X = |

—C
0
By
0
— DB

max §r

(b) (1.2) has a solution with the form X = |

0
—Cy
0 +r
Bay
Bas
-1 —Ap
B 0
-C1 —Ay
Bsq 0
0 A

-C1 0 Ap
B A
—Bi1 Bz 0
—Biz By 0
_ | —Ci A 0
max{,[g o

§; 8} if and only if
-C1 0 —An —Ap ]
0 —-Cy; A, Az | —r[B11,Ba]
Bi1 Bo 0 0 |
-4 0
—Ap
Bll 0 _Cl
AO +r 0 Boy T_Bu :|+k+l2,
2 —B12 B2z
. -4 0
—Az
B21 0 _Cl
AO +r 0 By, —7“|:B21 ]-i—k—i—lz
2 —By Bia
)gl )62] if and only if
i -Ci 0 Ap 0 —Ap . A
0 7C2 0 A21 A22 A21
iy -4 A 0
A 12 } +r| —Buu 0 By |—r[—Ci,An]+ 1+ ko,
> —Biz 0 By
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—C1 Aoy 0
Cr Aa 0 An |\l By 0 By =7 [=Cr, An]+1+ka .
0 0 An A

—Bss 0 Bio

c) (1.2) has a solution with the form X = [ X1 01 if and only if
00

-C1 0
0 —02 —Cl 0 —All _A12
r| Bn 0 +7r 0 —Cy Ay Aga —r[Bi11, Bai)
0 Bay By B 0 0
—Bi2 B
-C 0
-Cp —Ai —Ap B ! 0 _C
=max<{ r | B 0 0 +7r 011 B —r[ B ! ]+k+lz7
O A A 21 11
21 22 “Bis DB
-C 0
—-Cp —Ay —Axp !
By 0 -4
r B 0 0 +7r -7 +k+1s
0 A At 0 B By,
—Bsy DBia
and
—Ch 0 A
. 0 -0y Axn +r{ -Ci 0 Apn 0 —Ap }r[ A }
—Bi1 Bsy 0 0 —Cy 0 Ay A Ao
—Bis By 0
-C7 A 0
= max {r { —(?1 A(;l AO _AA12 }-&-r —Bi11 0 By |—1r[-Ci, A1) +1+ ko,
21 22 7312 0 B22
—-Cy Ay 0
T |: 706'1 AO21 AO 7AA22 :| +r —Bgl 0 Bll —-T [—0171421] + l + kz .
11 12 7B22 0 BIQ
Proof. According to (2.10) and (2.11), we have that
R | ¥ |
min r
A1XB1=C1,A2XBs=C> | X4
= 1 X
x5 =B x pymc” (X Q2)
-1 0
0 —Cg —Cl 0 —All _A12
=r| Bn 0 +r 0 —Cy An Ago — 1 [Bi11, Bai]
0 By, Bi1 By 0 0
—Bi2 B
-C 0
_C -C; —An A B ! 0
+ max 7‘|:B1:|—T B11 0 0 T - B —k‘—lg,
11 0 A21 A22 0 21
—B1a B2
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-C 0
_Cl _A21 _A22 !
-4 Boy 0
r —7r | B 0 0 -7 k-1,
Boy 0 A, Ab 0 By
! —Bas  Bia
and
min r|Xs, X
A1XB1=C1,A2 X Bo=C> [Xs, X
= min r (P2 X)
A1 XB1=C1,A>2 X By=C4
-1 0 Aqq
- 0 —Cy Ay . -Ci 0 An 0 —Ap _y An
—Bi1 By 0 0 —Cy 0 Ay Ax Az
—Biz By 0
—-Cy A 0
+ max T[ —-Cy A }77‘ { _OCI AOH AO _AA12 :|77' —B11 0 Baq -1 - k’2,
21 22 7B12 0 322
—Cp Ao 0
r[=Ch, At] —r[ 7001 Agl AO ’AA” } —r| =By 0 Bn —l—kz}.
11 12 _B22 0 B12

Thus we have Part (a) and Part (b). Part (c) can be derived from Part (a) and
Part (b). O

Now we show the uniqueness of the submatrices X7, X2, X3 and X4 in (1.2),
which can be determined by (2.13) and (2.14).

Theorem 2.11. Assume that the system (1.2) has a solution. Then the subma-
triz X1 in (1.2) 4s unique if and only if (1.2) satisfies the following conditions:

Aqy An Ag
=k, R NR =10
T{Am] b [1421} [A22} {0},

r [Bi1, B21) = 11, R [B11, 321]T N R [Bia, 322]T = {0},
r (AH) =k, R (Au) NR (Alg) = {0} s

T (321) = ll,R (le)T N R(BQQ)T = {0}
and
r (Agl) =k, R (Agl) NR (AQQ) = {0} s

r (Bll) = ll, R (BH)T NR (312)T = {0} .

Proof. Tt follows from (2.15) that X is unique if and only if PyL s = 0, RpQ1 =
0,PALa, =00r Rp,Q1 =0and P Ly, =0 or Rp, @1 = 0. By Lemma 2.1,

PlLA:O@r{Zl ] =r(4)
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I, O

A A
| A An { e }
Azy Ao
A12 _ All A12
<:>k1+T{A22}—7‘[A21 Azz}

| 4 [ mmana | 40 | nr] 42 ] =0,
RpQ1 =0 <= r[Bi1, Bo1] = I and R [Bi1, Ba1]” N R [Biz, Bas)" = {0},
PiLa, =0<+= 1 (A1) = k1 and R (A11) "R (A12) = {0},
Rp,Q1 =0 <= 7 (By;) =11 and R (Ba1)" NR(Baz)" = {0},
PiLy, =0<=1r(A21) =k; and R (A21) NR (A22) = {0},
Rp,Q1=0+=r(By;) =0 and R (Bi))" NR (B12)" = {0}. O

The following result concerns the independence of submatrices in solutions
to (1.2).

Theorem 2.12. Suppose that the system (1.2) has a solution with Ay # 0, A #
O,Bl 740 and B2 7é 0.

(a) Consider S1,S2,S3 and Sy in (2.12) as four independent matriz sets.
Then

(2.23)

X1 Xo By
xies, {Cl ~ [Au, Aw] { X3 Xy } { By
0 A1Gq

o . H,B, 0 0 A1Gy A1Gy AGs

= mind (), (B, | 0, {HlBl G G A }
H3B, 0

0 A1Gy A1Gy 0 A1Gy A1G3
r HlBl 0 0 , T H1B1 0 0 s
H3Bl 0 0 HgBl 0 0

(2.24)

Xy X By
maxr {02 — [Aa21, Ago] [ X X, } [ By

0 AsGq

_ . H,Bs 0 0 A2G1 A2G2 AgGg

= min ¢ 7 (As),r(Bs),r H,B, 0 , |:H1B2 0 0 0 },
H3B2 0

0 AsGy AsGs 0 AsGy AsxGs
T HlBg 0 0 , T H1B2 0 0 3
H3B2 0 0 Hsz 0 0
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where
Gy =diag [ PiLa PoLa |,Gy=diag[ PiLa, P:La, |,
Gs=diag | Pi1La, PyLa, |,Hy =diag|[ RpQ1 RpQs |,
H, =diag [ Rp,Q1 Rp,Q» |, Hs=diag| Rp,Q1 Rp Q2 |.

(b) The four submatrices X1, X2, X3 and X4 in (1.2) are independent, that
is, for any choice of X; € S;(i = 1,2,3,4), the corresponding matric X =
[ﬁ; §Z] is a solution of (1.2), if and only if

A 0
, 011 A ., A A , 0 Bii Bx _, Bi1 By
12 Aoy Ass |7 | Bia 0 Bo Bis Bay |’
Asy Ao
By By 0
0 B22 0 _ Bgl _ Bll
" 0 0 B _27“{ Bao } 7T(Bll)+r(312)_r{ Bi» ]
Bz 0 B
or
A 0
, 011 A — A A , 0 Bii Ba — Bi1 By
A A12 Agr Ay |’ Bz 0 By Bia Bay |’
21 Ao
(A1) + 7 (A2) =r A, A, r | A Az 0 0 = 2r [Ag1, Ago]
0 0 Agp Ax
or
A 0
, 011 A . A Ap , 0 By B . Bi1 B
12 Asr Az |’ Bis 0 By Bia Bay |’
Azr Az
Bii Bai 0
0 B 0 B
r (A1) +r (Ai2) =7 [A11, Ao, 7 0 022 Bo, =2r [ Bz; ]
B 0 By
or
A 0 -
, 61 A _, A A , 0 Bi1 Bx _, Bi1 Bo
12 Ay Asy |7 | Bia 0 Bo By Bay |’
Agr A .
Bu A 0 0 A ]
T(B11)+T(B12) =7r l: B :| ,T Agr Aoo 0 0 = 27“[ Agr Aoa ]
12 0 0 Az Aso |
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and
A 0
, 51 A _, Asy Agp , 0 Ba Bn _, By1 Bn
22 A Ap By 0 By By Big |’
Ain A
Byy Bin 0
0 Blg 0 Bll BQl
T 0 0 ‘B11 T|:BIZ:|7T( 21)+T( 22) T|:B22:|
Bz 0 By
or
A 0
, 021 A — Azr Agp , 0 Bsi Bu — By1 By
2T Ay Aip |7 | Baxy 0 B | Byy By |’
A A

Ay 0 0 Ay
7 (A1) + 17 (Age) =r[As, Axl, 7| A1 Az 0 0 =2r[A11, A1)
0 0 A A

or
A 0
, 021 Ay | = Axy Agp , 0 Ba Bp _, Byy Bn
A A |’ By 0  Byo By Bia |’
A A
By Biin 0
0 B 0 B
r (A21) + T(Azz) =r [A21,A22] T 0 012 B =2r [ BE ]
Byy 0 Bypo
or
A 0 -
. 021 Aoy T[Am Az r{ 0 Bx B11}T[Bz1 B11]
A A App Az |7 | Bz 0 Bi By Bz |’
11 A

By

r (B21) +r (BQ2) =T |: B22 All A12 0 0 = 2r [AllaA12] .

0 0 A A

Proof. Based on (2.15), (2.16), (2.17) and (2.18), the general expressions of
X7 — X4 in S1— 5S4 can independently be written as

X1 =P XoQ1+ P1LaVii + Va1 RpQ1 + P1La, V31 R, Q1 + P1La, Vi R, Q1,
Xo =P XoQ2+ PiLaVia 4+ VaaRpQa + PiLa,V3aRp, Q2 + PiLa,Via Rp, Q2,
X3 = P2 XoQ1+ PaLaViz + VasRpQ1 + PaLa, VasRp, Q1 + PaLa,VizRp, Q1,
X4 =P XoQ2+ PiLAVi4+ Voy RpQa + PoLa, V34 Rp, Q2 + PoLa,ViaRp, Q2,

where X is a particular solution of (1.1), Vi1 — Vig, Vo1 — Vay, Va1 — Va4, and
Va1 — V4 are arbitrary.

} [ Ay 0 0 Ag
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Substituting them into X yields
(2.25)

X1 Xo | | P PiL4 0 Viin. Vio
{Xs XJ‘[PJXO[QI QQ“{ 0 PQLAHVB VM]

n [ Vor Vi Rp@Q: 0
| Vaz Vau 0  RpQ>
n [ PiLg, 0 Va1 Vs Rp, Q1 0
| 0 Py Ly, Vs Vs 0 Rp,Q2
N [ PiLg, 0 Vir Vi Rp, @1 0
|0 PyLy, Viz Vs 0 Rp, Q2

= Xo+G1Vi + VaHy + G2V3Hy + G3Vy Hs,
where
Gy =diag| PiLa PiLa |,Gy=diag[ PiLa, PiLa, |,
Gy =diag [ PiLa, PyLa, | Hy =diag[ RsQ: RpQs |,
H, = diag | Rp,Q1 Rp,Q: |, Hs=diag| Rp,Q1 Rp,Q2 |.

Therefore

X Xo By
axr (CI ~ [Au, Ave] [ X X, } { Buy D

= e T (A1G1ViB1+A1VoH  Bi+A1G2VsHa B1+A1G3VyHs By )

X1 Xo B
maxr (02 — [Aa21, Ago] [ X X, } [ By })

= e T (A2G1 Vi Ba+AoVoHy Bo+ AsGoVaHoBo+AsGsViHs Bo) .

According to Lemma 2.6, we get (2.23) and (2.24).
On the other hand,

APy AP

T(A1G1) :’I“[AuPlLA,AlQPQLA] =T A 0 —2r (A)
0 A

A 0

- 1 A Ap

=T 0 Alg - T A A
A21 A22 21 22
B 0 Bui Ba | Bi1 By

(B =r [ Bz 0 By ] " { Bia  Bao } '

Similarly, we can simplify the other matrices in (2.23) and (2.24). The result
in Part (b) is a direct consequence of (2.23) and (2.24). O
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3. The common inner inverse of two arbitrary matrices

Suppose that

_ | My M _ | N1 N2
(3.1) M|:M3 M4}’N[N3 N,
are two partitioned matrices over H, and have common inner inverse

| G1 Ga
(3.2) G= { Gs Gy ],
where My, N; € H™ ", My, Ny € H™** Mz, N3 € H>" My, Ny € H>**,
G, e H*™™,
Let

Gs Gy

It is obvious that G is a solution to the pair of matrix equations M XM =
M,NXN = N. Thus applying Theorem 2.8 to (3.1) and (3.2), we have the
following.

Theorem 3.1. Let M, N and G be given by (3.1) and (3.2). Then

(3.3) T, = {Gi [ G1 G } € {M‘}H{N_}},i:1,2,3,4.

Cg?g%(l’r(Gl) - min {mvnv ‘évla s~27 §£’)7 ézl} )

min 7(G1) = t1 + to +m+n+max{z§;,t~4},
Gi1eTy

where

—M; —M, 0 0 My

—Ms —M, 0 0 My
0 0 —N;y —N; N,

S1 =T 0 0 *Ng *N4 N4 -T |:

M; My 0 0 0

-Ny —-N; N Ny 0
0 0 N3 Ny 0

-M;, —-M, O 0 My, —-M; O
—Ms —My 0 0 My —Ms 0

8~2 =T 0 0 —N1 _N2 0 N1 N2
0 0 —N3 —N; O N3 Ny
Ms My N3 Ny O 0 0

~ P [M,N] = (M) —r(N),

M, 0 M,
Sg=r| —Ms 0 My | —2r(M),
My My 0
[ —-N; 0 N
é:l:’l“ —N3 0 N4 —QT(N),
N N, 0
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[ —M, —M, 0 0 Mo
7M3 7M4 0 0 M4
0 0 —Ni —No Ny
ti=r| 0 0 —Ns —Ny Ny | —r[Ms, My, N3, Ny,
My My 0 0 0
—-N1 —No M N 0
0 0 N3 Ny 0

—M, —Ms 0 0 My —M; O

M.
N ~M; -My; 0 0 My —M; 0 i
t2 =T 0 0 *Nl 7N2 0 Nl NQ -Tr N4 )
0 0 —N3y —-N, 0 N3 Ny N2
| Ms My N3 Ny 0 0 0 4
-M; 0 My, —-M; O
B -Ms 0 My —Ms; O
t3 = —T M3 M4 0 0 0
0 0 0 Ny N
0 0 0 N3 Ny
—M; 0 My 0 0
—M; 0 My O 0
- T M3 M4 0 0 0
—]Ml —M2 0 Nl N2
0 0 0 N3 N,
—M; 0 M,
+r| —Msg 0 My | —m-—n,
Ms My O
and
-Ny 0 Ny —N; O
N —-N1 0 Ny —-N3 0 Ny —N3 O
t4 =T —N3 0 N4 -Tr N3 N4 0 0 0
N3 Ny O 0 0 0 M, M,y
0 0 0 Ms My
—N; 0 Ny 0 0
—N3 0 Ny O 0
—r N3 Ny 0 0 0 —m —n.
—Ny —Ny 0 My M,
0 0 0 Ms My
Proof. It just follows from (2.19) and (2.20). O

Corollary 3.2. Let M, N and G be given by (3.1) and (3.2). Then
(a) M,N has a common inner inverse with the form G = [693 gi] if and
only if
t1 +ts +m+n+ max {£3,t4} = 0.
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(b) All the common inner inverses of M, N have the form G = [C(;s gi] if
and only if

$1=00rs3=0o0rs3=0o0rs;=0,
where § — §x and t1 — t; are defined as in Theorem 3.1.

Corollary 3.3. Let M, N and G be given by (3.1) and (3.2). Then
(a) M,N have a common inner inverse with the form G = [gi 8] if and
only if

2T(M)+2(N)+T[N1 —Ml,NQ—MQ] —T‘[MhMQ,Nl,NQ]

My =M, -My, —M,
= max{r | N Noy | +r(M)—r(N)—n—k—-1Ilr| —Ms —M,
N3 Ny N N,
-M, —My; —N; —N» M, —M; O 0
“Ms —M, —-Ns —N, My —M, 0 0
—-r Ny Ny 0 0 -Tr Ny Ny 0 0 —n—k—1
0 0 M, M, 0 0 M, M,
0 0o My M, “Ny —N, M; M,

(b) M,N have a common inner inverse with the form G = [%1 %2} if and
only if

M,
N1 — M, Ms
2r(M)+2r(N)+r[ N ] | N
N3
My 0 =M,
N Mg 0 —M4 _Ml Nl N2
= max<{ r 0 Ny Ny +r{ “M; N N4]+k+m+n,
0 N3 Ny
Ny 0 =N,
N3 0 —N4 —Nl Ml M2
r 0 M, M +T[—N3 M, M4]+k+m+n
0 Ms; M,

(c) M,N have a common inner inverse with the form G = [G' 9] if and
only if

2r (M) +2(N) +r [Ny — My, Ny — My] — 7 [My, My, N1, No]

-M; —M, —M, —DM,
= max{r| N Ny | +r(M)—r(N)—n—-k—1,r| —Ms —M,
N3 Ny Ny Ny
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My —M, —N; —N, M, -M, 0 0
~Ms —M, —N; —N, My -My, 0 0
—-Tr Ny Ny 0 0 - T Ny Ny 0 0 —-n—k—1
0 0 M, My 0 0 My Ms
0 0 My M, “Ny —N, M; M,
and
M,
Ny — M M;
2r(M)+2r(N)+T[N3_M3]—r N,
N3
My, 0 =M,
B Ms 0 —M, =M, N1 Ny
= max<{r 0 N, N, +r[—M3 Ny N, +k+m+n,
0 N3 Ny
N, 0 —N,
Ny 0 —N, N, M, M,
"l o M M “’[Ng M, M4]+k+m+”
0 Mz My

Corollary 3.4. Let M, N and G be given by (3.1) and (3.2). Then the subma-
triz G1 in (3.2) is unique if and only if M, N satisfy the following conditions:

M, M, Ms

Mz | M;3 My |
oy | =™ R N, NR N, | = {0},

N3 N3 Ny

r[My, My, Ny, Na| = m, R [My, My, Ny, Na]" N R [My, My, No, Ny]™ = {0},

r{%ﬂzn,n{%ﬂmn[%]:m}

or
7 [N1, No| = m, R [Ny, No] " N R [Na, NaJ" = {0}
and
Nl _ Nl NQ o
7”|:N3 ] —n,R[NL%]ﬂR{NAL } = {0}
or

7 [My, My] = m, R [My, Ms)" N R [Ms, My]" = {0}.

Remark 3.1. Clearly, the results in [7] and [3] are the special cases of those in
this paper.
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4. Conclusion

In this paper, we have given formulas of the extreme ranks of matrices
X; (1=1,2,3,4) in (1.2), and characterized the structure of solutions to (1.2).
We have established necessary and sufficient conditions for the uniqueness of
the submatrices X; (i = 1,2,3,4) in (1.2), and considered the independence
of submatrices in solutions to (1.2). As applications, we have presented the
maximal and minimal ranks of the submatrices of the common inner inverse
G, partitioned into 2 x 2 block form, of quaternion matrices M and N, and
described the properties of the submatrices of G. The results in [7] and [3] can
be regarded as the special cases of those in this paper.
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