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GENERALIZED DERIVATIONS WITH ANNIHILATOR
CONDITIONS IN PRIME RINGS

Yu WANG

ABSTRACT. Let R be a prime ring, H a generalized derivation of R, L a
noncentral Lie ideal of R, and 0 # a € R. Suppose that au®H(u)ut = 0
for all w € L, where s,t > 0 are fixed integers. Then H = 0 unless R
satisfies Sy, the standard identity in four variables.

Throughout this article, R is always a prime ring with extended centended
C, right Utumi quotient ring U, and two-sided Martindale quotient ring Q.
The definitions and properties of these objects can be found in [3, Chapter 2].
By S4 we denote the standard identity in four variables.

By a generalized derivation on R one usually means an additive map H :
R — R such that H(zy) = H(x)y+xd(y) for some derivation d of R. Obviously
any derivation is a generalized derivation. Another basic example of generalized
derivations is the following: H(z) = ax + xb for a,b € R. In [12] Hvala
initiated the study of generalized derivations on prime rings. In [16, Theorem
3] Lee proved the following essential result: every generalized derivation H on
a dense left ideal of R can be uniquely extended to U and assume the form
H(z) = bx + d(z) for some b € U and a derivation d on U. In recent years,
a number of articles discussed generalized derivations in the context of prime
and semiprime rings (e.g., [1, 9, 10, 11, 17, 18, 20]).

In [6] Dhara and Sharma proved that, if @ € R such that au®d(u)"u® = 0
for all v € L, a noncommutative Lie ideal of R, where d a derivation of R,
s> 0,t > 0,n > 1 are fixed integers, then either a = 0 or d = 0 unless charR =
2 and R satisfies Sy4. In [5] Dhara and Filippis proved that, if u®H (u)u’ = 0
for all u € L, where L is a noncommutative Lie ideal of R, H is a generalized
derivation of R, and s,t > 0 are fixed integers, then H(z) = 0 for all z € R
unless charR = 2 and R satisfies Sy.
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In the present paper we shall extend the result of Dhara and Filippis to the
situation when au® H (u)u! = 0 for all u € L, where a € R, L a noncentral Lie
ideal of R, H a generalized derivation of R and s,¢ > 0 are fixed integers. More
precisely, our main result is the following;:

Theorem 1. Let R be a prime ring, H a generalized derivation of R, L a
noncentral Lie ideal of R, and 0 # a € R. Suppose that au®H (u)u = 0 for all
u € L, where s,t > 0 are fized integers. Then H = 0 unless R satisfies Sy, the
standard identity in four variables.

The following example illustrates the necessity of conditions in Theorem 1.

Example 1. Let R = M(F), the ring of all 2 x 2 matrices algebra over a
field F' (R satisfies S4). Let H : R — R such that H(x) = ez for all x € R.
Note that H is a nonzero generalized derivation of R. It is well-known fact
that [z,y]?> € F - I for all z,y € R. Since every element in [R, R] is a single
commutator [2, Theorem], we see that u? € F - I, for all u € [R,R]. So,
e11u?H(u) = 0 for all u € [R, R).

For the proof of the main result we begin with the following simple result.

Lemma 1. Let R be a prime ring with extended centroid C' and a,b,c € R
with a # 0. If alxy, xe)®(bla1, xe] + [71, 2]c)[T1, z2]" = 0 for all x1,22 € R,
then either R satisfies a nontrivial generalized polynomial identity (GPI) or
b+c=0.

Proof. Suppose that b ¢ C. We have that
alX1, X2]* (b[ X1, Xa] + [ X1, Xa]e)[ X1, Xo]'

is a nonzero GPI for R as it has a nonzero monomial a(X;X5)%b(X;Xz)*1.
Similarly, if ¢ ¢ C, we also know that R is a nontrivial GPI ring. Now we
assume that b,c € C'. Then

alzy, 2] (b4 ) =0

for all 1,29 € R. If b+ ¢ # 0, it is obvious that a[X1, Xo]* T (b +¢) is a
nonzero GPI for R. This proves the lemma. O

The following result is crucial to the proof of our main result.

Lemma 2. Let R = M,,(F), the ring of m X m matrices algebra over a field
F withm >2 and 0 # a € R and b,c € R such that

a[z1, 22)%(b[w1, 22] + [1, T2)C)[T1, 72]" =0
for all 1,29 € R, where s,t > 0 are fixed integers. Then b+ c = 0.
Proof. Let ¢ be an inner F-automorphism of R. Since
a?[zy, x9]5(b%[z1, 2] + [71, 22]c?)[T1, 22]" =0

for all x1,z9 € R, we may replace a, b, and ¢ by a®, b¥, and c¥ respectively,
to prove that b¥ +c¢¥ = 0. Let a = Zzljzl aije;; where a;; € F'. Multiplying
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a by some suitable ey; from the left-hand side, we may assume a = ey +
Z;n:kﬂ agsers- Let ¢; be the inner F-automorphism of R defined by z¥i =
(1+agieri)x(l —akier:) for k+1 < i < m. Then a®+1 = ey, —I—ZT:,H_z QksChs)
aPrH1PE+2 — e 4 Z;":,H_?) ApsChsy -+, QPFH1PRE2Pm — ¢, Replacing a, b,
¢ by aPkt1Pkt2Pm | hPRH1PEF2Pm - cPRH1PRF2Pm - regpectively, we may write
a = €erk-

Now putting z1 = eg;, 2 = e for ¢ # k, we have

0 = ekkleri e’ (bleks, ei] + [exi, eir)c) [eri, eix]”
= erplerr + (—1)%ei;) (blerr — es1) + (err — ei)c) (exk + (—1)'es)
erk(b+ c)err + (1) eru(—=b+ c)ey

implying (b + ¢)gr = 0. Next putting x1 = eg;, T2 = ej +€;5 for 1 <i,5 <m
such that k, 4,5 are mutually different, we have
0 = exrleri, eir + €ij]° (blewi, eir + eij] + [exi, e + eij]c)[eri, e + eij]t

= (exk + exj)blenr + enj + (—1)"ew) + (exr + exj)clers + exy + (—1) eq).
Right multiplying by erx, we get that (exr + er;)(b+ c)err = 0, this implies
(b+ )k + (b+¢)ji = 0. Since (b + ) = 0, we obtain that (b+ ¢);r = 0 for
all1 <73 <m.

Let 9 be the F-automorphism of R defined by z¥ = (1 + e;,)z(1 — e;,) for
all z € R, where ¢ # k. Then

el (w1, 22)° (01, @] + [1, 22)e?) 1, 2] = 0
for all z1, 25 € R. Since e}fk = epr + €k, left multiplying by epr, we get
erklr1, 2] (b [x1, 2] + [T1, 2] )71, 22]" = 0

for all x1,z2 € R. As above we can obtain that (b + ) ", = 0 for all j.
On the other hand, we have

(b—i—c)w = bt+ctexb+c)—(b+ e —ein(b+ c)ei
= b—i—c—i—Z(b—i—c)kqeiq —Z(b—l—c)piepk — (b+ O)kieik.
q p

This implies that (b+ c)}b,C =(b+c¢)jr— (b+c)j; for j # i and

(b+ ), = (b+c)ix + (b+ c)pr — (b+ )i — (b+ s
Since (b+¢)jr = (b+ c)j’,€ = 0 for all j, we see that (b+ ¢);; = 0 for all 4, 7,
that is, b + ¢ = 0. This proves the result. ([

Applying the above two results we can obtain the following:

Lemma 3. Let R be a prime ring with extended centroid C' and a,b,c € R
with a # 0. If alxy, xe)®(blay, xe] + [T1, 2]c)[T1, 22" = 0 for all 1,22 € R,
then b+ ¢ = 0 unless dimc RC < 4.
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Proof. We assume that dimcRC' > 4. Our goal is to show b+ ¢ = 0. By
assumption R satisfies generalized polynomial identity

(w1, 20) = alwy, z2)* (b[z1, 22] + 11, 22]C)[21, T2]".

Suppose on the contrary that b+ ¢ # 0. In view of Lemma 1 we see that R is a
nonzero GPI ring. Since R and U satisfy same generalized polynomial identity
(see [4]), U satisfies f(z1,22). In case C is infinite, we have f(z1,22) = 0
for all z1,20 € U ®¢ C, where C is the algebraic closure of C. Since both
U and U ®@¢ C are prime and centrally closed [7], we may replace R by U
or U ®¢ C according to C finite or infinite. Thus we may assume that R is
centrally closed over C' (i.e., RC = R) which is either finite or algebraically
closed and f(z1,22) = 0 for all 1,22 € R. By Martindale’s theorem [19], R is
a primitive ring having nonzero socle H with C' as the associated division ring.
By Jacobson’s density theorem [13, p. 75], R is isomorphic to a dense ring of
linear transformations of a vector space V over C, and H consists of the linear
transformations in R of finite rank.

If dimeV < oo, then R 2 M,,(C) for some m > 2. By Lemma 2 we have
b+ ¢ = 0, a contradiction. Now we assume that dimcV = oco. It is clear that
there exist hy,ho € H such that hia # 0 and bhg + chy # 0. Left multiplying
f(x1,22) by h; we may assume that @ € H. By Litoff’s theorem [8], there
exists idempotent e € H such that hg,a,bhs,chy € eRe and eRe = M (C)
with k > 2. Hence

eaelexe, exqge]® (ebe[exie, exae] + [ex1e, exaelece)[exye, exge]’ = 0
for all 1, z2 € R. Since eae = a # 0, by Lemma 2 we have ebe + ece = 0. Thus
bha + cha = e(bha)e + e(chz)e = ebeha + ecehy = (ebe + ece)hy = 0,

a contradiction. O
We are ready to give:

Proof of Theorem 1. We assume that R does not satisfy S4. Our aim is to show
H = 0. By a theorem of Lanski and Montgomery [15, Theorem 13] we have
0 # [I, R] C L, where [ is a nonzero ideal of R. Hence we may assume without
loss of generality that L = [I,I]. Since I and U satisfy the same differential
identities [4], we have

alry, z2)* H([x1, z2))[z1, 72])" =0

for all 21,22 € U. By [16, Theorem 3] we may assume that H(x) = bz + d(z)
for all x € U, where b € U and d is a derivation of U. So

alz1, 2)%(b[w1, 22] + d([z1, 2]))[T1, 22]" =0

for all z1,x2 € U. Assume first that d is Q-inner, i.e., there exists p € U such
that d(x) = [p, z] for all € U. Thus

a[z1, 22)*((b + p)[x1, x2] — [x1, T2]p)[x1, 22]" =0
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for all 21,29 € U. By Lemma 3 we have b= (b+ p) — p = 0 and so
alzy, x2]*d([21, 22])[21, 22]" = 0

for all z1,29 € U. It follows from [6, Theorem 1] that d = 0 and so H = 0 as
desired.
Suppose that d is not @-inner. Then

alzy, ) (b[z1, w2] + [d(21), w2] + a1, d(2)]) w1, 22]" = 0
for all z1,z2 € U. In view of the powerful Kharchenko’s theorem [14] we have
alry, 29)® (blw1, wa] + [23, T2] + [21, 24])[21, 22]" = 0
for all 1,22, 23,24 € U. Thus, U satisfies its blended component

a[zy, mo)* ([x3, 22 + (w1, 24]) 21, 2]

In particular, we have
alzy, zo)*d([z1, o)) w1, 22]" = alwr, wa]*([d(@1), w2] + w1, d(2)]) w1, 22]" = 0

for all 1,29 € U. It follows from [6, Theorem 1] that d = 0, a contradiction.
O

We conclude this paper with the following.

Conjecture. Let R be a prime ring, 0 # a € R, H a generalized derivation
and L a noncentral Lie ideal of R. Suppose that au®H (u)"u! = 0 for all u € L,
where s,t > 0 and n > 1 are fixed integers. Then H = 0 unless R satisfies Sy,
the standard identity in four variables.
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