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L?2-ERROR ANALYSIS OF FULLY DISCRETE
DISCONTINUOUS GALERKIN APPROXIMATIONS FOR
NONLINEAR SOBOLEV EQUATIONS

M1 Ray OHM AND HYUN YOUNG LEE

ABSTRACT. In this paper, we develop a symmetric Galerkin method with
interior penalty terms to construct fully discrete approximations of the
solution for nonlinear Sobolev equations. To analyze the convergence of
discontinuous Galerkin approximations, we introduce an appropriate pro-
jection and derive the optimal L? error estimates.

1. Introduction

In this paper, we consider the following nonlinear Sobolev equation
up — V- (a(u)Vu + b(u)Vug) = f(u) in Q x (0,77,
(1.1) (a(u)Vu + b(u)Vus) -n =0 on 9Q x (0,77,
u(z,0) = up(x) on

where €2 is an open bounded domain in R?, d = 2 with smooth boundary 9%,
n denotes the unit outward normal vector to 92 and a, b and f are known
functions.

The problem (1.1) represents many physical phenomena such as the flow
of fluids through fissured materials [5], thermodynamics [7] and others. For
the existence, uniqueness and stability of the solution of the problem (1.1), we
refer to [6, 8, 20] and the reference cited in [10]. By many authors the finite
difference approximations to the solution of (1.1) have been investigated in the
several literatures [9, 11, 12].

Arnold, Douglas and Thomee [1, 2] and Nakao [15] constructed the Galerkin
approximations to the solution of (1.1) with periodic boundary conditions in
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one dimensional space, and obtained the optimal L? error estimates and super-
convergence results.

In [13], Lin studied the Galerkin approximation of (1.1) with d = 2 and
derived the optimal L? error estimates using Crank-Nicolson method. Lin
and Zhang [14] constructed the semidiscrete finite element approximations and
derived the optimal L? error estimates with nonlinear boundary condition.

Recently in [18, 19], the authors adapted discontinuous Galerkin methods
to (1.1) and obtained the optimal H'! error estimates.

In this paper, we construct the fully discrete approximation of the problem
(1.1) using the discontinuous Galerkin method for the spatial discretization
and Crank-Nicolson method for the time step discretization. Compared to the
classical Galerkin method, the discontinuous Galerkin method has advantages
such as the potential error control, the mesh adaption and the local mass
conservation.

This paper is organized as follows: In Section 2, we introduce some notations
and necessary assumptions on the data and the regularity of the solution of the
problem (1.1). In Section 3, we construct finite element spaces, introduce the
convergence of the approximations and construct discrete some bilinear forms
and auxiliary projection. In Section 4, we formulate discrete fully discrete
discontinuous Galerkin approximations and prove the optimal convergence in
¢>°(L?) error estimates.

2. Notations and basic assumptions

For an s > 0 and a domain E C R?, we let H*(E) the Sobolev space of
order s equipped with the usual Sobolev norm ||ul|s, g.

We simply write || - ||s instead of || - |[so if £ = Q. And also the usual
seminorm of a function defined on F is denoted by |- |5 g and we simply denote
| - |s instead of | - |5.q, if =

Let &, = {E1,Fa,...,En, } be a regular quasi-uniform subdivision of
where FE; is a triangle or a quadrilateral if d = 2 and E; is a 3-simplex or
3-rectangle if d = 3. Let h; = diam(E;) be the diameter of F; and h =
maxi<i<n, Ni. We assume that there exists a constant p > 0 such that each
E; contains a ball of radius ph;. The quasiuniformity requirement is that there
is a constant v > 0 such that

h

W ST =12 N
Now we assume that for ¢ € [0,T] and (x,p) € Q xR, the following regularity

conditions on a, b, f and u are satisfied:

(A1) There exist constants ag and a* such that

0<ag <a(z,p), blz,p)<a.
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(A2) a(z,p), b(z,p) and f(x,p) are continuously differentiable with respect

. . - a2
to each variable and are uniformly bounded such as |2¢|, |2¢], |24
Op|” |0Op|” |0p* |’
2
g—pg , g—}{‘ < K for some constant K > 0.

(A3) u € C?(Q x [0,7]) is a unique solution to the problem (1.1) and u,
up € L°([0,T], H*()) for s > 4+ 146 for § > 0, uy € L°(HE ).
(A4) Vu and Vu, are bounded in L™ (€ x [0,T]).
3. Finite element spaces and an auxiliary projection

For an s > 0 and a given subdivision &, we define the following space

H* (&) ={v e L*(Q) | v|g, € H(E;), i=1,2,...,Ny}.

Let the edges (or faces if d = 3) of &, be denoted by {e1,e2,...,ep,,ep, 11,
c.yen,  where e, C Q, 1 <k < P,and e, CINY Pr,+1<k < M, With
each edge (or face) e, 1 < k < P, we associate a unit outward normal vector
ng to B if ey, = 0E; NOE; and ¢ < j. For P, +1 <k < Mp, we define ng =n
the unit outward normal vector to 9f2.

To present the discontinuous Galerkin scheme, we need some notations on
edges, if d = 2, or faces if d = 3, between two elements. For ¢ € H*(&), s > %
we define the following average function {¢} and the jump function [¢] such
that

1 1
{0} = §(¢|El)|ek + §(¢|EJ)|€M Vo €ep, 1<k <Py,

[(b] = <¢ EL) er (¢|Ej)|ek’ Ve €eg, 1<k< P,

where e, = 0F; NOE;, i < j.
We associate the following broken norms with the space H*(&), s > 1

Np

lols =D 1915 .
i=1

Ny,
ol => 613 5, + hZ V0l 5,) + T§ (6, ),
i=1
where

Py,
O

J3(6.9) = ;W/%wmds, 80

is an interior penalty term and o is a discrete positive function that takes the
constant value o, on the edge e and is bounded below by oy > 0 and above
by o* > 0.

Let r be a positive integer. The finite element space used in this paper is
taken to be

D, (&) = {v € L*(Q) 1 v|p, € Po(E;), j=1,2,.... Ny},
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where P,(E;) denotes the set of polynomials of degree less than or equal to r
on Ej.

Now we state the following hp-approximation properties whose proofs can
be found in [3, 4].

Lemma 3.1. Let E; € &, and ¢ € H*(E;). Then there exist a positive
constant C depending on s, v, and p but independent of ¢, r and h and a
sequence 2 € P.(E;), r =1, 2, ... such that for any 0 < q < s,
1—q
6 = 2" llg; < - .

s>0,

n—3
¢ = 2 lloe; < C el s>

,rS

n=3

16— 27, < Ot ll0]lsm, s>
572

where p = min(r + 1,s) and e; is an edge or a face of Ej.

Lemma 3.2. For each Ej; € &, there exists a positive constant C depending
only on v and p such that the two following trace inequalities hold:

where e; is an edge or a face of E; and n; is the unit outward normal vector
to Ej.

1
1618, < (1685, + ilolls, ) 6 € HA(E))
J

9¢
3nj

2
1
<C (hqbl%,Ej + hj|¢|%,Ej) , Vo € HY(E;),
0,6_7’ J

Now we introduce the following bilinear mappings A(p; -, -) and B(p; -, -) defined
on Hs(gh) X HS(S;L)

A(p; 6,9) = (a(p) Vo, Vib) - Z PV - i b Z PV - 1 }[g)]
+ J5 (6, ),
P Py,
B(p; ¢,9)=(b(p) Ve, Vi) = Y [ {b(p)Ve - ni}[e]= > [ {blp) Ve ns}[g]
k=1"¢k k=1"¢€k
+ J5 (6, ).

Using the bilinear mappings A and B, we construct the weak formulation of
the problem (1.1) as follows

(ut(tjo), v) + A(ultjo); ultje), v) + Blultjo); ui(tjo), v) = (f(ultje)), v),

B vy e me.
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Now for A > 0 we define the following bilinear forms Ay (p;-,-) and Bx(p;-, ")
on H*(E,) x H*(&R) such that

Ax(p; ¢,9) = A(p; &, 9) + A9, ),
Ba(p; 6,¢) = B(p; &, ¢) + M9, ).

Ay and B, satisfy the following boundedness and coercivity properties, respec-
tively. The proofs can be found in [16, 17].

Lemma 3.3. For A\ > 0, there exists a constant C > 0 satisfying

[Ax(p; &, )| < Cllllalllls,
[Bx(p; &, )| < Cllollull¢lly, Vo, ¢ € H?(En).

Lemma 3.4. For A\ > 0, there exists a constant ¢ > 0 satisfying

Ax(pi 6. 9) = cllgll3,
Ba(pi6,0) > cllél, V6 € Di(En).

Wheeler [21] introduced an elliptic projection to prove the optimal L? er-
ror estimates for Galerkin approximation to parabolic differential equations.
Modifying this idea we define a differentiable map @(t) : [0,T] — D,(&p) such
that
(3.2) Ax(u;u — w,v) + By(u;up — Ug,v) =0, Yov € Dy (Ep).

By Lemma 3.3 and Lemma 3.4, @(t) is well-defined.

4. The optimal £°°(L?) error estimates

For a positive integer N > 0, we let At = % and t; = j(At), 0 <k < N.
For 0 < j < N, we define g; = g(x,t;) and for 0 < j < N — 1, we define
_9j+1— 9;

1 1
gj = AL 0= 5(1 +0)gj+1 + 5(1 —#0)g; and

tig = %(1 + )t + %(1 —0)t;.
Now we formulate a fully discrete discontinuous Galerkin approximation to
(3.1) as follows: Find {U,}YN_; C D,.(&,) satisfying
(0eUj,v) + A(Ujp; Ujp, v) + B(Ujo; 0:Uj, v) = (f(Ujp),v), v € Dy(En)
(Ug,v) = (ug,v).

In this section we prove the optimal convergence of u(t;)
To analyze the error in L? space, we denote n(z,t) = u
f(ﬂ?,tj) = ﬂ(.%‘,tj) — Uj(l‘), ] = 0, 1, ceey N.

Now we state the following approximations for n and 7; whose proofs can
be found in [16, 17].

(4.1)

—Uj in L? space.
(x,t) — u(z,t) and
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Theorem 4.1. If uy € L*(H?®) and ug € H®, then there exists a constant C
independent of h and At such that

(®)  Mnello + 2llmell < Ch* (el 22 (e + JJuolls),
(i) Mnllo + 2lnlly < Cr([[well 2oy + lluolls)-

Theorem 4.2. If u; € L>(H®), uy € H®, uyy € H® and ug € H*®, then there
exists a constant C' independent of h and At such that

@) Momeells < CRo=Hllwell ey + Nweellms + [luolls},

(i) el < CR*~Hllwellp2qarey + llueellms + lugeellm + uolls}
provided that 5 < Tl1

Proof. Differentiating the both sides of (3.2) with respect to t, we get

(% atw) )Vn,w Z/ )V b
u d
(4.2) —Z/ U'nk}[n]JrAA(umt, v) + ((dt (u ))V%W)
Py, Py,
,Z/ dt Vnt nk Z/ dt Vv nk}[nt]
+ By(u;n,v) = 0.

Now we define the bilinear forms A; and B; as follows

Ag(u;m,v) = ((dt a(u )Vn,Vv Z/ Vn nk}[]

fZ/ Vv nk}[n]
Bi(u;ne,v) = ((db( )V%W Z/ V??t nk}[ ]
—Zh: / L)) V- nk}[m].

From (4.2) and the definitions of A; and By, we get
B(us e, v) = —Ax(u; e, v) = Ag(usn,v) — Be(usne, v), Yo € Dr(Ep).
We let
0= Phu — ﬂ,

where Pju is the polynomial approximation of u satisfying the properties in
Lemma 3.1. Then we have the following equalities

BA(U; Ot ett) = BA(U; Uge + Prvgy — Ugg — ﬂtt, ett)
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= BA(U; 77tt9tt) - BA(U; Uge — Prgg, 9tt>
= — Ax(us e, 0n) — Ag(win, 041) — By (us e, 0)
— B (u; e — Pruge, Ot).

By Lemma 3.3 and Lemma 3.4 we obtain
10:ell < Cllnells + Il + llwee — Prueel|r),
which implies
Imeells < llwee — Prwselly + | Prwee — el

(4.3)
<lwee — Prwgelly + Cmells + lInlle + e — Pragelr)-

From Lemma 3.1 we have the following estimation

luee — Pruelly

Np,
= llue — Pounl} g, +Zh2||V2 e — Prhust) 15,5,
=1 =1

+ J§ (use — Pruge, uge — Prugr)

Py,
< O (WOl + 270 e~ Pl ., )
k=1

< CIPC™ D ug |2 + b= @571 (02 uy|]2))

< CRE7Y [lug|I2.
By applying the inequality above to (4.3) we obtain the following

el < Cllluee — Poueell + [l + lnell?)
< CR2C ™D (w3 + lluell72prey + lluoll3),

which implies
(4.4) el < CR= (el e + lluell 2oy + lluolls)-
Differentiating the both sides of (4.2) with respect to ¢, we get

(4.5)
P,

((dt2 a(u )Vn,Vv Z/e Prok Vn nk}[]
—i/e_{<5;a<u>>wnk}m+<<;i )7

Py

3 (Gew)on o= 35 [ { G om

k=1
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4 ((Zaw) v, v0) _2 | A{(Getm)vn i

— _/e {(%a(u))Vu . nk}[nt] + Ax(u; e, v) + ((%b(u)) Vm,Vv)
kP:hl d2

)i [ () n
k=1"¢€k k=1"¢k

Py

+ ((%b(u))vntt,w) —Z/e‘ {(%b( ))Vntt~nk}[v]
. ) k=1

B (G (G
;’L d

_ / {(@b(“))VU{;f nk Z/ Vv nk}[mt]
k=1"¢k =1"¢€k

+ B (u; e, v) = 0.

Now we define the bilinear mappings A;; and By as follows

A (u;n,v) = ((dt2 )Vn,Vv Z/ prol V77 nk}[ ]
—Z/ dt2 Vv nk}[ﬁ]

k=1"Y°¢k

Byt (usne, v) = ((;ltg b(u )V%W Z/ dtQ Vnt nk}[ ]

k=1"Y°¢k

—Z/ dt2 Vv nk}[nt].

From (4.5) and the definitions of A and By, we get
(4.6) Bx(u;nue, v) = — Ax(u;nu, v) — Au(u;n, v) — 24, (w;me, v)
— Bu(uyng,v) — 2Bi(u; e, v), Vo € Dy (Ep).
By (4.6) we obtain
BA(UQ Ot 9ttt) = BA(U; Uger + Prtess — Uper — U, 0ttt)
= Bx(u; nete, Oret) — Ba(ws ugee — Prgse, Oset)
= — Ax(w;met, Oset) — Age(u;n, Ott)
— 2A4(w; M, Otee) — Bre(ws me, Opet)
— 2By (w; Met, Oree) — Ba(u; wger — Prgee, Oree)-
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By Lemma 3.3, Lemma 3.4, (4.4) and Theorem 3.1, we obtain
162eells < CCllweells + llnlly + Inells + lleweee — Prweeellr)
< Ch* ™ |Jueel mre + Nl 2 ey + lluolls + llwssellare),
which implies
lmeeell < Nweee — Prugeells + | Prwees — el
< Ch* ™ [lusell s + Nl 2oy + lluolls + llwseel[#r)- O
By simple computation, we obviously obtain the two following lemmas.
Lemma 4.1. If pje satisfies
Oy — w(tjo) = (At)pje,

then there exists a constant C independent of h and At such that
(i) fo<o<1

lpjollo < Clluolls + lluell z2crrs) + lweell Lo (rrs)),
lojells < Clluolls + lluell L2y + llueell Lo (m+)),
(i) f 0 =0
lpjollo < CAL([luolls + luellpz(ae) + llweell oo (rrey + lweeell oo ar+))
lojells < CAL([[uolls + lluell L2y + llueell oo () + llweeel| oo (re))-

Lemma 4.2. If we let rjo = u(tjo) — Ujo, then there exists a constant C
independent of h and At such that

Irjello < C(AL)*(luolls + lluell L2carey + lueell o 2r2)),
Irjolls < CAL (luolls + lluellpacrray + lluee | oe ar))-

Theorem 4.3. For sufficiently small A > 0 and § > 0, if uy € L>(H?) and
uge € L°(H?), then there exists a constant C' > 0 independent on h and At
such that

(i) #f 0 € (0,1] and there exists a constant Cy satisfying h=% At < Cy, then
lu(t;) = Usllo < C(* + At)([luolls + uell oo (rrey + Vel Loe + [lell oo (ar1)),

(ii) o 6 =0, then
lu(ty) = Usllo < C(h* + M) (JJuolls + l[uell oo (are) + [Vl oo + el Lo (o)

+ [Jwset || oo (m1))
hold for j=1,2, ..., N, where s = g—l—l—&—é and p=min(r + 1, s).
Proof. From (3.1) and (4.1) we have
(ue(tjo) — 0:Uj,v) + Ax(u(tjo); u(tjo), v) — Ax(Uje; Ujo, v)
(4.7) + Bx(u(tjo); ut(tjo), v) — Ba(Ujo; 0:Uj, v)
= (f(u(tjo)) — f(Ujo),v) + Multjo) — Ujo,v) + Mue(tjo) — 0:Uj, v).



906 MI RAY OHM AND HYUN YOUNG LEE

From the definition of n and &, we have
(4.8) ut(tjo) — O Us = ne(tjo) + e(tjo) — Oty + O
=n:(tjo) + Atpjo + 0:&;-
By the definition of 7, we get
Ax(u(tjo); ultjo), v) — Ax(Ujo; Ujo, v)
= Ax(Ujo; §jo,v) + Ax(ultjo); ultjo), v) — Ax(Ujo; Ujo, v)
= Ax(Ujo; &o, v) + Ax(u(tio); n(tie), v) + Ax(ul(tse); u(tjo) — uje,v)
+ Ax(u(tjo); wjp, v) — Ax(Uje; Ujp, v).
Form the definition of 7, we have
Ba(ultjo); ue(tjo), v) — Ba(Ujo; 0:Uj,v)
= Ba(Ujo; 0:&j,v) + Ba(ultjo); ut(tjo), v) — Ba(Ujo; Oz, v)
(4.10) = B\(Ujg; 0:&5,v) + Ba(u(tjo); ne(tjo),v)
+ Ba(u(tjo); ue(tjo) — Oetij, v) + Ba(u(tjo); O, v)
— By (Ujg; Orij, v).
Substituting (4.8)-(4.10) in (4.7) implies
(05, v) + Ax(Ujo; &jo, v) + Ba(Ujo; D&, v)
= — (m(tjo) + Atpjo,v) — Ax(u(tjo);n(tje),v) — Ax(u(t;je); ultje) — ujo,v)
— Ax(u(tjo); ujo, v) + Ax(Ujo; ujo, v) — Ba(ultso); n(t o), v)
— By (u(tjo); us(tjo) — Oy, v) — Ba(u(tjo); Orij, v) + Ba(Ujg; 0rtij, v)
+ fultjo) — f(Uje),v) + Multjo) — Ujo, v) + Mut(tjo) — 0:Uj, v).
By (3.2) and (4.8), we have
(01€5,v) + Ax(Uje; o, v) + Ba(Uje; 0i&,v)
= — (me(tjo) + Atpjg,v) — Ax(ultjo); ultje) — uje,v)
— Ax(u(tjo); ujo, v) + Ax(Ujo; Ujo, v)
(4.11) — Ba(u(tjo); ut(tjo) — Oy, v) — Bx(u(tje); Ostij, v)
+ Ba(Ujo; Oruij, v) + (f(u(tjo)) — f(Ujo),v)
+ A (tje) + ultjo) — ujo + 5o, v)
+ Ane(tjo) + Atpjo + 05, v).
If we choose v = &9 + 0:&; in (4.11), we get
(045,850 + 0i&;) + Ax(Ujo; §jo, Ejo) + Ba(Uje; 0i€j, o)
+ Ax(Ujo; o, 9e&5) + Ba(Ujo; 9¢&5, 9e&;)
(4.12) = — (m(tj0) + Atpjo, §io + 0:&5) — Ax(ultjo); ultjo) — Ujo, &jo + 9iE5)
— Ax(u(tjo); ujo, §io + 01&5) + Ax(Ujo; o, §jo + 0i&5)

(4.9)
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+ Ba(ul(tjo); Atpjo, o + 0:&;5) — Ba(ultjo); 0iuy, Ejo + 0:€;)
+ Ba(Ujo; 0z, §jo + 0i&5) + (f (ultjo)) — f(Uje): §jo + 0i€;)
+ A((tjo) + ultjo) — wjo + &0, &Go + Oi&5)
+ A (tjo) + Atpjo + 0:&5, §jo + Oi5)-

By Cauchy Schwarz’s inequality, we obviously have

9 " L
(&0, 0i&5) = (1; i1+ : 5 & gﬁlAt EJ)

(4.13) )
> 5 65 ll5 = g15)-

By the definition of Ay we obtain
Ax(Uj03 &0, 0i&5)

— (@l(U30)VE10, V(OE) = S / {a(Uso)Ves0 - ni} 046
k

=1"¢k

P,
=3 [ UV O&)  misnl + T5 (€50, 05) + Aan. 046

(4.14) ak=1 ’ P
> S UVEal - IVGIR) - Y [ o) Ve - m}og)

k=1 ¢k

Py, 1
=3 [ UV  miin] + 55 [I5 € )

k=1"¢k
o A 2 2
~ J8(65,6)] + s (Ul ~ &5 1R).
From the definition of By we get the following
Bi(Ujo; 0:&;,&jo)

P,
— (HUDT ). V0) = S [ (MU0 (0) - 1o

k=1 ex
P,
- Z/ {6Uj0) Vo - e }[0h&] + J5(0:E5: E50) + A(r&5, o)
@i "
= T&(HWQHN% —Iv&;13) - Z/ {6(Ujo)V(9:&;) - it &)

k=1"¢k

P 1
- Z/ {6(Uj6) Vo - i }10:E;5] + AL <J§(£j+1,£j+1)
k=1"¢k

- JE(S;‘@)) +

A
(gl — 16513
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Applying (4.13)-(4.15) in (4.12) we have the following inequality

5 [ 1+ 20U 18~ IEI) + 2078 (6511,E541) — T (61:6))

+2a0(IVE1ll5 — IVEIR) | + 108515 + cCligollT + 10117

< — (m(tjo) + Atpjo, Ejo + 0e&;)
— Ax(u(t;jo); ultjo) — Ujo, Sio + 01;)
— Ax(u(tjo); wjo, o + 0:&5) + Ax(Ujos wjo, §o + 0ij)
+ Ba(ultjo); Atpjo, &o + Oi&;)
— Bx(u(tjo); 0rij, Ejo + 0:&5) + Ba(Ujg; Ortig, Ejo + 04&5)
+ (f(ultjo)) — f(Ujo), &jo + 0i&j)

(4~16) + )‘( (tJB) + 5]0»5]’0 + atfj)
+ Nu(tjo) — wjo, Ejo + 0:5)
+ A(m( tio) + Atpjo + 0i&j. Ejo + O&;)

2{) Ujo) +b(Uj0))VEjo - 1 }0:€]
klek
j{j Ujo) + b(Uje))V(8:€;) - i Y Eja
klek

11
Sy
i=1
For sufficiently small € > 0 there exists a constant C' > 0 such that
(11| < (llme(tj0)llo + 1ALo560l0) (I1€561l0 + N10:&;1l0)
< C(In(ts0) 3 + (A2 1psoll3 + UEsoll?) + g I3
From Lemma 4.2 I5 can be estimated as follows

1I2] < Clirjoll o + 085l < C(A)* +ell&sollF + ell0w; 13-

Now we can separate I3 as follows
= Ax(a(Ujo); ujo; Ejo + 0e§5) — Ax(ultjo); ujo, Ejo + 0i;5)
::UM%M*G@QMDV%$V@w+@§D
Z —a(u(tjo)))Vije - ni}[&jo + 0i;]

18k

- Z {(a(Ujo) — alultje)))V(&jo + 0:&5) - 1 o]

k=1"¢k
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3
-
=1
Now we estimate I3:

Iy < ClIVajoll = (Intio)llo + Irjello + 1ello) IVE;6llo + IV (9:€5)ll0)
< C(Illn(tje)lll?) +lrjollg + €0l + HIVéjeIH?J) +ellog -

We apply Lemma 3.2 to estimate I35 as follows

Py

I3, < Z ||vaj0|‘oo,ek(||77(tj9)
k=1

+ 11[8:&51ll0,ex)

lo.ex + Im56llo.ex + 1656 10,ex ) (€560 e

Np,
< O IV lloe,r, (B2 lntti0) o, + 012 190t

=1
+ B2 rsollo., + B2V rsallo., + R 2ol
B(d—1)
BEEE (T (€0, 60) 2 + T8, 08) )
< C(|||77('5ja)|||§ + B2V (te)lg + lrsolls + P2V rjells + \||€je|||c2>)

+ellgolli + ellog 5.

From the approximation of 7 in Theorem 4.1

P
I < CY (I9(E0)llsoser + V(@1 . ) (150 lo.ct + 170 ll.cx
k=1

+ gjollo.e. ) Ninso]

0,ex

Np,
< CY (V€0 oo, + 19D oo, ) 2~/ (In(Es0) o+ F0(E50) o5,
=1

+ lIrgollo.e + lIVrollo, 5. + I€5ollo.z. )=/ (1l n(ts0)]

+ BlVn(tj0)]lo.5, )

lo,E;

0,E;

Ny
< cr 473 (190005 + IV @5) o, ) (I1n(ti0)llo, .+ RIITn(t0)

=1

d
+lirsollo.s + I0llo.5. ) - B+ luall o 40, + ol 4a)

< C(Hln(tje)ll\3 + 2V (tie)lIg + Irsolls + g0 ll3 + HIV@@III%) +ellog; 13-
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Therefore, we get

1I3] < C(IH??(U@)III% + W2 [Vn(t0)lls + Iriolls + 1€50ll5 + |||ij9|||3)
+ellgolli + 3elloeg; 117

From the definition of I4, we obtain
(L] < CllAtpjoll (€50l + 19:€5111)
< C(At)?Npjolli + ellgiolld + ol
From the definition of I5, we can separated I5 as follows
Is = Ba(Ujo; 0vuj, §jo + 0i&;) — Balultjo); 0ruj, Ejo + 0i€5)
— ((b(U0) — blult30))V(345), V(o + 0i&;) )

Py
> | {®Wje) = blult;e))V(Drtt;) - ni} o + i

k=1"¢k

=Y [ {0Ujo) = blultjo))V(Ejo + 0i&;) - i} 0]

I51 is estimated in the following way

Is1 < CV(041;) oo (In(ti0)lo + Irsollo + Isolo) (IVE50llo + NV(368)ll )

< C(Illn(tjo)lll?) + lIrjolls + N€j0lls + |||V£je|\|3) + el 95 117,
H Vi1 — Vi

because
1 tiv1 p
At Kt /tj V’U,t(T) T

IVl poe < Clinellgpaqs + IVuelze < C,

[V (Or)| o=

1oe

]

IN

provided that u, € L°(H2+14%) and Vu, € L.
Similarly, there exists C' > 0 such that

Py,

Iz < C Y IV @ity lloe.ex (In(tio)locr + Iiollo.es + 1o lloes ) (€] locn
k=1
+ 10 lo.e )

Np,
~ —1/2
<O V@ (Il 5. + RVt o 5. + o

i=1

0,E;
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B(d—1)
+ 1150 |0,Ei)hi : (J(fje,fje)l/z + J(atﬁjﬁtﬁj)l/Q)

< C(IIIn(tje)l\I3 + W2V tie)lIs + Irsells + Hlﬁje\llﬁ) +ellgollt + ellow; 3.

By applying the trace inequality and Lemma 4.1, we have

0.er T [1€50

O,ek)

Py,
Iy <€ (190 loo.cu + 190) .1 ) (I10(E50) lo.cs + 150
k=1

1[0st; — i (tj0)]]

Np,
S (0431

i=1

O,Gk

0.5+ IV @) o, )y * (In(ti0) o, + A1 Fn(tj0) o,

+ lrollo,s + Iollo.e. ) [Bi * (lmeCtio)lo, . + BV (ti0)lo, )
B(d—1)
+h; 7 Atlpsols, |-

Since

16 (tj0) lo,, + Rl Ve (tj6) o,z < CRE+YJuy| and b2 Atllpjol < €.

Leo(HS+1

Is3 < C(II\n(tjo)lllg + 12V (t0)l§ + llrsells + |||§je||\3) +ell&ioll; + lloegsolli-
From the estimations of Ir;, 1 < i < 3, we have
[Is| < Clln(tjo)lg + 2 NVn(t0)l5 + lIrsells + €005 + 1VE0lD)
+ 2e[l&50lI7 + 3ell 95 117
We obtain the following estimates of I; for each 6 <14 < 11.
6| < C(lIntje)llo + ll€sello + lIrjello) (N€sello + 110:&5ll0)
< C(In(ts0) I8 + Irsolld + UEoll3) + clloue; I3,

121 < C(Im(ts0) I + Ii0l3) + <10ng; 1,

|Is] < Clirjollo(l€;ello + 106 llo) < Clirsollg + elljolle + €lloeg; I3,
(Lol < Allne(ti0)llo + I Atpjollo + 10:€5l0) (€ 0ll0 + 19:€;1l0)

3 5
< X(Inteso) 03 + (A020psol3 + 2Nesol3) + SAIO I3
Py,
ol = Y | {(a(Uj0) + b(Uj0)) Vo - ni}0:85] < CIIVE0llg + el 0113,

k=1" ¢k
11| < CT (&0, 50) + el gl < C(I (1. &i41) + T (&, 65)) +ell O 13-
Substituting the estimates of I; (1 <4 < 11) into (4.16), we get

(4.17) ﬁ [(1 +20) (15415 = 1&5110) + 2(T5 (&1, §+1) — T (&5, €5))
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1 ¢ £
+ 2a0(| V€41l — IVE; |||3)} + 510 I3 + glllfjel\lf + 510 I3

< Clmeto)l5 + (A2 piolls + N€50ll5 + (A)* + IIn(tio)lI
+ R2IVn(te)ls + lrsells + 1VEalls + (AL [l ps0ll?
+ J5 (&1, 641) + Jg(é}ﬁﬂ}

If we sum both sides of (4.17) from j =0 to N — 1, then we obtain

2 4
lenlls — Ngolls + *J(&v,&v) —2J (&, &) + GOAt(gﬂwath) - 4|||V§0H|(2))

2

+ At

Ingh

<
I
o

(Illf?tfg I5 + cllgiolli + cllng; 1)

[SSR )

=

< C(AY) (Illm(tje)lllﬁ + (A1) lpjollg + I€s0ll5 + (AL)* + lIn(tjo) I3

J
+ W2V tio)Is + lrsells + IVE0llE + J5 (&, 65) + J§(€j+1,£j+1)),

I\
o

which implies

2¢ N-1
xR+ 276w, ) + 3a0dIVENTE + A8 S (1013 + Kol + 1017)
=0
< (I6ol13 + 2007 (€0, &) + a0 At Vo3 )

N-1

+C(A1) Y (IHm(tje)lllﬁ + (A2 lpjoll5 + In(tio)lIF + h? HIVn(tje)III?))

Jj=

N
+CarY (Vg3 + (A0 +[Irs13)

J

O

N—

At) Z <|”ij9|||(2) +J5(&5,85) + Jé’(fjﬂ,fjﬂ)),

Jj=0

—

where At is sufficiently small.
By the discrete version of Gronwall’s lemma, we get

N-1
len U3+ T(ensen) + AUIVENIE + At 3 (108503 + Igsoll? + 106513 )
j=0
N—-1
< C{llgol> + T (o, €0) + AIVENE + A S (Imeltso)lF + (A0 logol?

=0
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N
+ (o) I3 + W2 IVn(ti0)I3) + At Y (A0 + Irs13) }-
j=0

Now we choose an appropriate initial approximation Uy (z) for example Up(z) =
u(z,0), to get

N-1
IEnlIE + T (En, En) + IVENTT + At Y (105115 + €50lF + 10:517)
N-1 T N
< CAORP Y (luoll? + luel e + (A0 1pj0ll3) + C(AL) D [(AL* + lir;lI5),
=0 §=0
where p = min(r + 1, s).
If 6 € (0,1],
N-1
IEnllf + T (€ éx) + IVENTE + At D (I0EIF + 150l1F + 10:5117)
=0
. J
< OA0R (S22 + e a1 + ety 00))
§=0
+ C(AL?[[urt |7 oo (12
Ifo=0,
N-1
IEnlIE + T (En, En) + IVENTT + A Y (105115 + 1€50lF + 10:45117)
§=0

N
A8 1237 (o2 4 el ey + (A asae L oe 0.2
j=0

QR T [y |
Therefore if § € (0, 1] we have
lellese(r2y < C(W* + At)(lluolls + lluell oo ey + Vel Loe + lueell oo (ary)
and if 6 =0,
lelles 22y < C(R* + (A8)*)([luolls + Iluell ow (are)y + Vel oo + el Lo an)
+ [Jutee || oo (r1))-
([l
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