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FUZZY TRANSLATIONS AND FUZZY
MULTIPLICATIONS OF HYPER BCK-ALGEBRAS

MiN Su KANG

Abstract. Fuzzy a-translations, (normalized, maximal) fuzzy ex-
tensions and fuzzy multiplications of fuzzy hyper BC' K-subalgebras
in hyper BCK-algebras are discussed. Relations among fuzzy a-
translations, (normalized, maximal) fuzzy extensions and fuzzy mul-
tiplications are investigated.

1. Introduction

The hyper structure theory (called also multialgebras) was introduced
in 1934 by Marty [8] at the 8th congress of Scandinavian Mathemati-
ciens. Around the 40’s, several authors worked on hypergroups, espe-
cially in France and in the United States, but also in Italy, Russia, and
Japan. Over the following decades, many important results appeared,
but above all since the 70’s onwards the most luxuriant flourishing of
hyper structures has been seen. Hyper structures have many applica-
tions to several sectors of both pure and applied sciences. In [7], Jun et
al. applied the hyper structures to BC'K-algebras, and introduced the
concept of a hyper BC K-algebra which is a generalization of a BCK-
algebra. They also introduced the notion of a (weak, s-weak, strong)
hyper BC K-ideal, and gave relations among them. Harizavi [2] studied
prime weak hyper BC K-ideals of lower hyper BCK-semilattices. Jun
et al. discussed the notion of hyperatoms and scalar elements of hyper
BCK-algebras (see [4]). Jun et al. also discussed the fuzzy structures of
(implicative) hyper BC K-ideals in hyper BCK-algebras (see [3, 5]).

Fuzzy set theory is established in the paper [9]. In the traditional
fuzzy sets, the membership degrees of elements range over the inter-
val [0,1]. The membership degree expresses the degree of belongingness
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of elements to a fuzzy set. The membership degree 1 indicates that
an element completely belongs to its corresponding fuzzy set, and the
membership degree 0 indicates that an element does not belong to the
fuzzy set. The membership degrees on the interval (0,1) indicate the
partial membership to the fuzzy set. Sometimes, the membership degree
means the satisfaction degree of elements to some property or constraint
corresponding to a fuzzy set (see [1, 10]) In the viewpoint of satisfac-
tion degree, the membership degree 0 is assigned to elements which do
not satisfy some property. The elements with membership degree 0 are
usually regarded as having the same characteristics in the fuzzy set rep-
resentation. By the way, among such elements, some have irrelevant
characteristics to the property corresponding to a fuzzy set and the oth-
ers have contrary characteristics to the property. The traditional fuzzy
set representation cannot tell apart contrary elements from irrelevant
elements.

In this paper, we discuss fuzzy a-translations, (normalized, maxi-
mal) fuzzy extensions and fuzzy multiplications of fuzzy hyper BCK-
subalgebras in hyper BCK-algebras. We investigate relations among
fuzzy a-translations, (normalized, maximal) fuzzy extensions and fuzzy
multiplications.

2. Preliminaries

We include some elementary aspects of hyper BC K-algebras that are
necessary for this paper, and for more details we refer to [5], [6], and [7].

Let H be a nonempty set endowed with a hyperoperation “o”. For

two subsets A and B of H, denote by Ao B the set [(J aob. We
a€AbEB

shall use x o y instead of z o {y}, {z} oy, or {z} o {y}.
By a hyper BCK -algebra we mean a nonempty set H endowed with

a hyperoperation “o” and a constant 0 satisfying the following axioms:

HK1) (zoz)o(yoz) < zoy,

HK2) (zoy)oz=(r02)oy,

HK3) zo H < {z},

HK4) z < y and y < = imply = = y,

for all z,y,2 € H, where z < y is defined by 0 € z oy and for every
A,B C H, A < B is defined by VYa € A, 3b € B such that ¢ < b. In
such case, we call “<” the hyperorder in H.
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Note that the condition (HK3) is equivalent to the condition:
(2.1) (Vx,y € H)(x oy < x).

In any hyper BC K-algebra H, the following hold:
(AoB)oC=(AoC)oB, Ao B<K A, 00 A< {0}.
000 ={0}.
0Kz
A< A
ACB = AKB.
0oA={0}.

A< {0} = A={0}.
r€xol.
ro0 < {y} = z<y.
2.11) YLz = rozKxroy.
2.12) rzoy={0} = (xoz)o(yoz)={0}, xoz<Kyoz.
for all x,y,z € H and for all nonempty subsets A, B and C of H.
We now review some fuzzy logic concepts. A fuzzy set in a set H

is a function p : X — [0,1]. For any ¢ € [0,1] and a fuzzy set p in a
nonempty set H, the set

U(pst) ={z € H [ p(z) >t} (resp. L(p;t) ={z € H | p(x) < t})

is called an upper (resp. lower) level set of p.
A fuzzy set p in a hyper BC'K-algebra H is called a fuzzy hyper
BCK -ideal of H if it satisfies

~—

= © 00 J O Ut = W N
—_ D e D D T

=
~—

N /N /N /N /N /N /N

(2.13) (Vo,y € H)(z <y = uly) < pl(x)),
(214) (r,y € H)(u(x) > min{ inf p(a), uly)}).

3. Fuzzy translations and fuzzy multiplications of fuzzy hy-
per BCK-subalgebras

In what follows let H = (H,o,0) denote a hyper BC K-algebra, and
for any fuzzy set p of H, we denote T := 1 — sup{u(z) | x € H} unless
otherwise specified.

Definition 3.1. [7] Let S be a subset of H. If S is a hyper BCK-

algebra with respect to the hyper operation “o” on H, we say that S is
a hyper subalgebra of H.
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Theorem 3.2. [7] Let S be a non-empty subset of a H. Then S is
a hyper subalgebra of H if and only if toy C S for all z,y € S.

Definition 3.3. Let u be a fuzzy subset of H and let a € [0, T]. A
mapping ul : H — [0, 1] is called a fuzzy a-translation of p if it satisfies:
(Vo € H)(ul(2) = p(a) + ).

Definition 3.4. A fuzzy set p in H is called a fuzzy hyper BCK-
subalgebra of H if it satisfies:

B  (wyeH) (inf p(z) = min{u(e).my)}).

Theorem 3.5. Let u be a fuzzy hyper BC K-subalgebra of H and
a € [0, T]. Then the fuzzy a-translation pl of u is a fuzzy hyper BCK -
subalgebra of H.

Proof. Let x,y € H. Then

Jnf pa(2) = iof (u(z)+a) = a+ inf u(z)
oy z€xoy zExoy

> a+min{u(z), u(y)} = min{u(z) + o, u(y) + o}
= min{u, (z), uy (v)}-
Hence ug is a fuzzy hyper BC K-subalgebra of H. O]
Theorem 3.6. Let u be a fuzzy subset of H such that the fuzzy

a-translation pl of p is a fuzzy hyper BC K -subalgebra of H for some
a € [0, T]. Then u is a fuzzy hyper BC K-subalgebra of H.

Proof. Assume that pl is a fuzzy hyper BCK-subalgebra of H for
some « € [0, T]. Let z,y € H, we have

a+ inf p(z) = inf (u(z)+a) = inf pl(z)
zEexoy zExoy zExoy
> min{yg (@), g (y)} = min{u(@) + o, p(y) +a}

= min{u(z), u(y)} +a
which implies that ienf p(z) > min{pu(z), p(y)} for all z,y € H. Hence
zExoy
u is a fuzzy hyper BC K-subalgebra of H. O

Definition 3.7. Let p; and ps be fuzzy subsets of H. If pi(x) <
ua(x) for all x € H, then we say that ue is a fuzzy extension of ;.

Definition 3.8. Let p; and pg be fuzzy subsets of H. Then puso is
called a fuzzy S-extension of uy if the following assertions are valid:

(i) po is a fuzzy extension of y;.
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(ii) If pq is a fuzzy hyper BC K-subalgebra of H, then po is a fuzzy
hyper BC K-subalgebra of H.

Example 3.9. Consider a hyper BCK-algebra H = {0,1,2} with
the following Cayley table:

0 1 2
{0y {0} {0}
{1} {0,1} {0,1}
{2y {2 {01}

Define a fuzzy subsets p; and ps of H by

N = O O

H|I0 1 2 ||H|0 1 2
n1 107 05 03| pu2|07 05 0.6

Then 1 is a fuzzy hyper BC K-subalgebra of H and us is fuzzy extension
of p1. Since

nf p2(2) = pe(1) = 0.5 £ 0.6 = min{uz(2), pa2(2)}

1o is not a fuzzy hyper BC K-subalgebra of H. Hence us is not a fuzzy
S-extension of p;.
Example 3.10. Consider a hyper BC K-algebra H = [0, 00), define

a hyper operation “o” in H by

0,2] if z<y,

zoy = q (0,y] if =z>y#0,

{z} if y=0,

for all x,y € H. Define a fuzzy subset u; of H by
pi(z) = 1/(i + ),

for all © € N, for all x € H. Then p;, and p;, are fuzzy hyper BCK-
subalgebras of H for all i1,i9 € N. If 41 < i, then

pi () = 1/(in+x) > 1/(i2 +2) = piy
for all z € H. Hence p;, is a fuzzy S-extension of p;,.

By means of the definition of fuzzy a-translation, we know that
pL(z) > p(x) for all x € H. Hence we have the following theorem.

Theorem 3.11. Let p be a fuzzy hyper BC K -subalgebra of H and
a € [0, T]. Then the fuzzy a-translation ul of p is a fuzzy S-extension
of .
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Proof. uL(z) = pu(z) + a > p(z) for all x € H. Thus ul is a fuzzy
extension of p. Assume that p is a fuzzy hyper BC K-subalgebra of H
and a € [0, T]. By Theorem 3.5, ul is a fuzzy hyper BCK-subalgebra
of H. Hence ul is a fuzzy S-extension of p. O

The converse of Theorem 3.11 is not true in general as seen in the
following example.

Example 3.12. Consider p;, and p;, in Example 3.10. p;, is a fuzzy
S-extension of ju;,. But p;, is not a fuzzy a-translation (,uiz)g of p;, for

all a € [0, T], since 4, (5) — piy(5) # piy (6) — 14y (6).

Theorem 3.13. Let u be a fuzzy hyper BCK-subalgebra of H. If
u1 and pe are fuzzy S-extensions of w, then v := pj1 N pe is a fuzzy
S-extension of p.

Proof. Assume that p; and pg are fuzzy S-extensions of p. Then
pi(z) > p(z) and po(xz) > p(x) for all z € H. Then

v(z) = (pmNp2)(r) = min{u(z), pe(z)} > p(e)
for all z € H. Hence v is a fuzzy extension of p. Let p be a fuzzy
hyper BC' K-subalgebra of H. Then u; and ps are fuzzy hyper BCK-
subalgebras of H. Then

inf v(z) = inf (uNp2)(z) = inf (min{u(2), pa(2)})
zZExXoY zEexoy zEexoy

Hﬂn{zggyMNZnggyNAZ)

min{min{ (), p1(y)}, min{p2(z), p2(y)} }
min{min{ (), p2(z)}, min{u1 (y), p2(y) } }
min{(z1 N p2)(@), (11 N p2)(y)t = min{v(z),v(y)}

for all xz,y € H. Thus ienf v(z) > min{v(z),v(y)} for all z,y € H.
zExoy

IV

Hence v is a fuzzy hyper BC K-subalgebra of H. Therefore v is a fuzzy
S-extension of v. O

Example 3.14. Consider a hyper BC K-algebra H = {0, 1,2, 3} with
the following Cayley table:

0 1 2 3
{0y {0} {0} {0}
{1y {0,1} {0,1} {0,1}
{2y {2 {0,2} {0,1,2}
3y {35 34 {03}

W N~ OO0
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Define a fuzzy subsets u, p1 and ps of H by

Hl0 1 2 3
£ 09 02 01 0.1

H| 0 1 2 3 ||H| O 1 2 3

p1 1095 03 03 06| pu209 0.3 0.7 0.3

Then w is a fuzzy hyper BC K-subalgebra of H, i and us are fuzzy
S-extensions of y. But

w01 2 3
PIEAMEE2T A 095 03 07 06
is not a fuzzy S-extension of y, since ie%f:s v(1) = 0.3 # 0.6 = min{r(2),v(3)}.
z o

For a fuzzy subset p of H, a € [0, T] and t € [0,1] with ¢ > «, let
Ua(p;t) :=={x € H | p(x) >t — a}.

Theorem 3.15. If u is a fuzzy hyper BC K -subalgebra of H, then
Ua(p;t) is a hyper subalgebra of H for all t € Im(u) witht > «, « €
[0, T].

Proof. Let z,y € Uy(p;t). Then p(z) > t—a and u(y) >t —a. Then
inf p(z) > min{p(z), pu(y)} > t—a. Then p(z) > t—aforall z € zoy.

2E€x0Y
i.e., z € Uy(u;t) for all z € zoy. Then x oy C Uy(p;t). Hence Uy (p;t)
is a hyper subalgebra of H. O

In Theorem 3.15, if we do not give a condition that u is a fuzzy hyper
BC K-subalgebra of H, then U,(p;t) is not a hyper subalgebra of H as
seen in the following example.

Example 3.16. Consider a hyper BC'K-algebra H = {0, 1,2} with
the following Cayley table:

0 1 2
{oy {0y {0}
{1} {0,1} {01}
{2} {1,2} {0,1,2}

Define a fuzzy subset pu of H by

N = O O

0.7 if x =0,
p:H —[0,1], z—<¢ 03 if z=1,
0.5 if x=2.
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Then p is not a fuzzy hyper BC K-subalgebra of H since
inf ju(2) = (1) = 03 05 = pu(2) = min{u(2), u(2)}.

z€202

For « = 0.2 and t = 0.7, we obtain U, (u;t) = {0,2} which is not a
hyper subalgebra of H since 202 ={0,1,2} € {0,2} = U (p;t).

Theorem 3.17. If U,(u;t) is a hyper subalgebra of H for all t €
Im(p) with t > o, o € [0, T], then p is a fuzzy hyper BC K -subalgebra
of H,

Proof. Assume that U,(p;t) is a hyper subalgebra of H, for all t €
Im(p) with ¢t > «, aw € [0, T]. Then Up(p;t) is a hyper subalgebra of H,
for all ¢ € Im(p) with ¢ > 0. Assume that there exists a,b € H such
that

inf p(c) < min{u(a), u(b)}-

c€aob
Let 8 := min{pu(a), u(b)}. Then p(a) > S and p(b) > S. Then p(a) > -
0 and u(b) > -0, s0 a,b € Uy(p; 5). u(w) < [ for some w € aob, since
infbu(c) < . Then pu(w) < f—0 for some w € aob. i.e., w ¢ Uy(u; f)
ceao

for some w € aob. Then aob ¢ Uy(u; B), which is contradiction. So

Zéréf;y,u( z) > min{p(z), u(y)}

for all x,y € H. Hence p is a fuzzy hyper BC K-subalgebra of H. O

Theorem 3.18. Let u be a fuzzy subset of H and o € [0, T]. Then
the fuzzy a-translation pl of u is a fuzzy hyper BCK-subalgebra of H
if and only if U, (p;t) is a hyper subalgebra of H for all t € Im(u) with
t> .

Proof. Let x,y € Uy(p;t). Then p(z) > t—a and pu(y) > t—a.
Then

at inf p(z) = inf (u(z)+a) = inf uo(z)
min{ug (v), g (y)} = min{u(z) + a, u(y) + o}

v

a + min{u(z )u(y)} > a+t—a =t
Thus inf wu(z) > t — . Then u(z) >
zExoy

t —
2z € Uy(p;t) for all z € zoy. Then zoy C U,(p;t). Hence Uy (ust) is a
hyper subalgebra of H.
Conversely assume that there exists a,b € H such that

inf ul(c) < B < min{yd (a), uf ()}

a for all z € xoy. ie,
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Then p! (a) > B and pl(b) > B. Then p(a) > B — « and u(b) > B — a,
so a,b € Uy(u; B). pl(w) < B for some w € a o b, since infb,ug(c) <
ceao

B. Then p(w) < S — « for some w € aob. ie., w ¢ Uy(p; B) for some
we€ aob. Then aob ¢ Uy(u; 8), which is contradiction. So

ienf ,u,g(z) > min{ug(ﬂv),ug(y)}
zExoy

for all 2,y € H. Hence pl is a fuzzy hyper BC K-subalgebra of H. [
Theorem 3.19. Let u be a fuzzy hyper BC K -subalgebra of H and

let o, 3 € [0, T). If « > 3, then the fuzzy a-translation ul of y is a fuzzy
S-extension of the fuzzy [-translation ,ug of .

Proof. Straightforward. O

For every fuzzy hyper BC' K-subalgebra p of H and § € [0, T], the
fuzzy [-translation ,ug of p is a fuzzy hyper BC K-subalgebra of H. If v
is a fuzzy S-extension of u%:, then there exists & € [0, T] such that a > 3
and v(x) > pl(z) for all z € H. Thus we have the following theorem.

Theorem 3.20. Let p be a fuzzy hyper BC K-subalgebra of H and
B € [0, T]. For every fuzzy S-extension v of the fuzzy [-translation ,ug
of p, there exists a € [0, T| such that o > (3 and v is a fuzzy S-extension
of the fuzzy a-translation ul of p.

The following example illustrates Theorem 3.20.

Example 3.21. Consider a hyper BC K-algebra H = {0, 1,2} with
the following Cayley table:

o| 0 1 2
0f{o} {o} {0}
1]{1} {o0,1} {o0,1}
21{2} {2y {0,1}

Define a fuzzy subset u of H by

Hlo 1 2
|07 05 0.3

Then p is a fuzzy hyper BC K-subalgebra of H, and T = 0.3. If we take
8 = 0.1, then the fuzzy [-translation ,ug of p is given by

H|0 1 2
ph |08 0.6 04
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Let v be a fuzzy subset of H defined by

H| 0 1 2
v 093 0.77 0.56

Then v is clearly a fuzzy hyper BC K-subalgebra of H which is fuzzy
extension of pg, and hence v is a fuzzy S-extension of the fuzzy [-
translation ug of p. But v is not a fuzzy a-translation of p for all
a € [0, T]. Take @« = 0.2. Then @ = 0.2 > 0.1 = 3, and the fuzzy
a-translation pl of u is given as follows:

H|{0 1 2
w109 0.7 05

Note that v(z) > pl(z) for all z € H, and hence v is a fuzzy S-extension
of the fuzzy a-translation ul of pu.

A fuzzy S-extension v of a fuzzy hyper BC' K-subalgebra p of H is
said to be normalized if there exists z¢o € H such that v(zg) = 1. Let p
be a fuzzy hyper BC K-subalgebra of H. A fuzzy subset v of H is called
a mazximal fuzzy S-extension of p if it satisfies:

(i) v is a fuzzy S-extension of p,
(ii) there does not exist any fuzzy hyper BC K-subalgebra of H which
is a fuzzy extension of v.

Example 3.22. Consider a hyper BCK-algebra H = [0, 00), define

13

a hyper operation “o” in H by

0,2] if z<y,
zoy = q (0,y] if =z>y#0,
{z} if y=0,
for all z,y € H. Then H is a hyper BC' K-algebra. Let y and v be fuzzy
subsets of H which are defined by u(z) = % and v(z) = 1 for all z € H.
Clearly u and v are fuzzy hyper BC' K-subalgebras of H. It is easy to
verify that v is a maximal fuzzy S-extension of u.

Proposition 3.23. If a fuzzy subset v of H is a normalized fuzzy
S-extension of a fuzzy hyper BC K-subalgebra p of H, then v(0) = 1.

Proof. Assume that u is a fuzzy hyper BC' K-subalgebra of H. Since
v is a fuzzy S-extension of u, v is a fuzzy hyper BC K-subalgebra of H.
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Then

V(0) > inf (=) > min{u(e), u(x)} = pla)
for all z € H. Since v is a normalized fuzzy S-extension of u, v(0) =
1. O

Theorem 3.24. Let i be a fuzzy hyper BC K -subalgebra of H. Then
every maximal fuzzy S-extension of i is normalized.

Proof. This follows from the definitions of the maximal and normal-
ized fuzzy S-extensions. O

Definition 3.25. Let p be a fuzzy subset of H and 7y € [0, 1]. A fuzzy
y-multiplication of p, denoted by pf', is defined to be a mapping
py H = [0,1], = p(z) - .
For any fuzzy subset p of H, a fuzzy O-multiplication p* of p is clearly
a fuzzy hyper BC K-subalgebra of H.

Theorem 3.26. If u is a fuzzy hyper BC K-subalgebra of H, then
the fuzzy v-multiplication of u is a fuzzy hyper BC K -subalgebra of H
for all v € [0, 1].

Proof.
g w(z) = inf (u(z)-y) =7 inf u(z)

= v min{u(z), p(y)} =min{u(@) -y, py) -~}
= min{uf (z), uy'(y)}

for all v € [0,1] for all x,y € H. Hence puZ' is a fuzzy hyper BCK-

subalgebra of H. O

Theorem 3.27. For any fuzzy subset p of H, the following are equiv-
alent:

(i) p is a fuzzy hyper BC K -subalgebra of H.
(ii) (Vv € (0,1]) (u5* is a fuzzy hyper BCK-subalgebra of H).

Proof. Necessity follows from Theorem 3.26. Let v € (0,1] be such
that pl" is a fuzzy hyper BC K-subalgebra of H. Then

vonf p(z) = inf (u(z)-y) = inf p3'(z)
min{uZ'(z), pf'(y)} = min{u(z) v, uy) -7}

v

v -min{p(z), u(y)}
for all z,y € H, and so ienf w(z) > min{pu(zx), u(y)} for all z,y € H
zExoy

since v € (0, 1]. Hence p is a fuzzy hyper BC K-subalgebra of H. O
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Theorem 3.28. Let p be a fuzzy subset of H, a € [0, T| and v €
(0,1]. Then every fuzzy a-translation ul of u is a fuzzy S-extension of
the fuzzy ~-multiplication pZ' of p.

Proof. For every x € H, we have
pe (@) = p() + a > p(x) > pz) -y = pl («),

and so ! is a fuzzy extension of ph'. Assume that pff' is a fuzzy hyper
BC K-subalgebra of H. Then p is a fuzzy hyper BC K-subalgebra of H
by Theorem 3.27. It follows from Theorem 3.5 that pl is a fuzzy hyper
BC K-subalgebra of H for all « € [0, T|. Hence every fuzzy a-translation
pl is a fuzzy S-extension of the fuzzy y-multiplication [ O

The following example shows that Theorem 3.28 is not valid for v = 0.

Example 3.29. Consider a hyper BC'K-algebra H := NU {0}. De-
fine a fuzzy set p: H — [0, 1] by

] 0 if =0,
“(x)'_{ L.a-1) ifz#o.

Taking v = 0, we see that

inf 5 (2) = 0 = min{ug' (@), u5'(4)}

for all z,y € H, that is, p' is a fuzzy hyper BC K-subalgebra of H. But
if we take x = 2 and y = 4, then
nf pa(2) = pa(0) = p(0)+a=a
1+a = min{u2) +a, p(4) +a}
min{yg (2), pg(4)}
for all v € [0, 3]. Hence pl is not a fuzzy S-extension of pf* for all
a€0,3].

A

The following example illustrates Theorem 3.28.

Example 3.30. Consider a hyper BC K-algebra H := N U {0}. De-
fine a fuzzy set p: H — [0, 1] by
1 .
s ifx=0
—J) 2 1 )
pl): { iz #0.
Clearly p is a fuzzy hyper BC' K-subalgebra of H. If we take v = %,
then the fuzzy y-multiplication p'7* of p is given by
2
1 .
- ifx=0
mp)yi=4 4 | ’
M%( ) { ﬁ it z#0.
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Clearly p'7" is a fuzzy hyper BC K-subalgebra of H. Also, for any a €
2
[0,0.5], the fuzzy a-translation ul of u is given by

1 .
Ty._ ) 5ta if =0,
Hal2) : {éﬁ—i—a if z#0.

Then pl is a fuzzy extension of 7" and ul is always a fuzzy hyper BOK-
2

subalgebra of H for all a € [0,0.5]. Hence ul is a fuzzy S-extension of
it for all a € [0,0.5].
2
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