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REMARKS ON THE MAFFEI’'S ISOMORPHISM

NAMHEE KwON

Abstract. In [1], Maffei proved a certain relationship between
quiver varieties of type A and the geometry of partial flag varieties
over the nilpotent cone. This relation was conjectured by Naka-
jima, and Nakajima proved his conjecture for a simple case. In
the Maffei’s proof, the key step was a reduction of the general case
of the conjecture to the simple case treated by Nakajima through
a certain isomorphism. In this paper, we study properties of this
isomorphism.

1. Introduction and Preliminaries

Quiver varieties of type A. Let I = {1,2,--- ,n— 1} be the
set of vertices of the Dynkin diagram of sl, (C). Let V' = (V;),.; and
W = (Wj;);c; be collections of finite-dimensional vector spaces. Let us
write v and w for (dimVy,--- ,dimV,_1) and (dimW1y,--- ,dimW,_1),
respectively. Then we define

n—2 n—
M (v,w) = @Hom Vi, Vier1) | @ @Hom (Vier1, Vi)
k=1 k=1
n—1 n—1
® @Hom (W, Vi) | © Hom (Vy,, Wy)
k=1 k=1

Each of four components of an elements of M (v, w) will be denoted by
A= (Ap), B = (By), i = (i) and j = (jk).

Define actions of Gy = [[{Z{ GL (Vi) and Gy = [[GL (W;) on
M (v,w) as follows:
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If g = (gx) € Gv and h = (h;) € Gy, then
(1.1)
9-((Ar) . (Br), (ix) , (k) = ((9r+14k95 ") > (96Brgiir) > (9kix) » (Jrgy )

and

(12) - ((AR), (Bi), (k) Gr) = ((Ak), (Bi), (ikhy ') s (hiji)) -

Next, we consider a subset u (v, w) of M (v, w) consisting of quadru-
ples (A, B, 1, j) subject to the conditions B1 Ay = i1j1, BxAx = Ap_1Br_1+
igjr for 2 <k <n-—2 and A, 9Bp_2+ ip_1jn—1 = 0. An element
(A, B,i,j) € u(v,w)is called stable if each subspace U = (Uy,- -+ ,Up—1)
of V.= (V1,---,V,_1), which contains Im(i) (i.e., Im (ix,) C U) and
invariant under A and B (i.e., Ag (Ux) C Ug41 and By (Ug41) C Uy), is
actually equal to V. We denote by u (v, w)® the set of stable elements in
w(v,w). It is known that the sets p (v, w) and u(v,w)® are invariant
under the action of Gy [3].

Maffei’s isomorphism. By the framed quiver ) of type A,,_1 we
mean the following diagram:

1# of . (n — Q)ti (n — 1)ti
'71(//551 72(//}(52 ’Yn—2§//)5n_2 'Yn—lﬁ//)(;n_l
al An—2
17 72 n-2__ “n-—1
bl bn72
We write
I:{l,z, n—1,1% 28 .. ,(n—1)ﬂ}
and

H = {alau' 7an—27b17"‘ 7bn—27717'” 7’771—17617"' 7571—1}

for the set of the vertices of @ and the set of arrows of @), respectively.

For a given arrow h of @}, we denote the outgoing and incoming
vertices of h by out (h) and in (h) respectively. A path o in Q is a
sequence My, fu,—1---hy of arrows such that in(h;) = out (hjy1) for
i =1,2,---,m — 1. We may consider a vertex ¢ as the empty path
(; whose outgoing and incoming vertices are equal to i. We call a
path @« = hy,---hy in Q an admissible path if out (hy), in (hy,) €
{lﬂ, oo (n— 1)ﬁ}. For a given path « in Q, we define its evaluation
on M (v,w) as follows:
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If « is an arrow h or an empty path in @), then we define

idy, ifa=0Fand ke{l,--- ,n—1},
idw, if a =0, and kﬁe{lﬂ,~--,(n—1)ﬁ},
Ay if a = ag,

By, if a = by,

i if a =y,

a(A?B?/l:7j) =

If o is a path with sequence o« = hyy, --- hy of arrows h;, then the
evaluation of « at (A, B,1,J) is

(X(A,B,l,j) = hm(AaB7Z7])h1(A7B7Z7])

Let v, w be as above. Then, we construct

n—1
U = Vg + Z (l—k)w for k=1,2,--- ,n—1,
I=k+1

and
n—1

w1 :kak and Wy = 0 for k£ > 2.
k=1
The corresponding vector spaces V;, and Wy, are

(1.3) Vi=Vi® @ VVl(m) fork=1,2,---,n—1
1<m<l—k<n—k—1

and

(14) le @ Wl(m), and szofork‘:2’-'- 7n_17

1<m<i<n-—1

where VVl(m) is an isomorphic copy of W;.

We notice that dimVy = vy, dimWy, = w,. We also note that there is
a natural embedding of [[{Z] GL (V) into [[}Z; GL (‘N/k) Thus the
group [[7Z; GL (Vi) can act on yu (¥, W) via the natural embedding
[1GL (Vi) — [1GL (Vk) .

In [1], Maffei constructed Gy-equivariant isomorphism @ from y (v, w)
to a certain transversal subvariety 7 of u (v, w). (We refer to [1, Section

3.2] for the geometric definition of 7. Anyway, we will give an explicit
combinatorial description of 7 below.) Furthermore, he showed that
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®(x) € p(v, W)’ NT if and only if z € p(v,w)®, and @ [,y w)s is still
a Gy-equivariant isomorphism.

We now give a more detailed description of the map ® : (v, w) —
T C p(v,w). For an element (A, B,i,j) € u(v,w), let us denote by
(A,B,E,j) the element ®(A, B,i,j). For notational convenience, we

will set ‘70 = Wl, flo = 4; and BO = 31 Then we can consider the
maps Ay : Vi —» Vk+1 and By : Vk+1 — Vi (0 <k <n-—2) as block-
matrices with respect to the decomposition appearing in (1.3) and (1.4).
We notice that i, = jj, = 0 for k& > 2 because Wj, = 0 for k > 2. Next, let
us use the following notations for blocks of Ay and By for 0 < k <n—2:

! ,m 0 _ olym
W(m) o Ay, | (m) =T 7TW(m) o By, | (my = Sk,l,m ,

k,lm l’
Ty © A = T im s Tpom © Bi v =S »
TWVi1 © Ak ’W(m/): TL;{/{I ) Vi © Bk | m') ™ Sic:\r/'n )
- Vv
Ty © Ak v, = Ay, Ve © Bit |Vk By ,

where mx indicates a projection onto X, and f |x means a restriction

of f to X. ~ R
In [1], the author calculated explicitly the above blocks of Ay and By,
in terms of paths in Q:

l, /
Tk,lr,nm = tklm((A B,i,j)),

SL,’lr,nm = Sklm((A B,i,j)),

T}C/:l,m - 0,
SV — (5lal—1”'ak+1) ((A,B,Z,j)) ifm=10+k,
klm 0 otherwise,
o (b1 by_vy) (A, B,4,5)) ifm' =1and ! >k+1
v 0 otherwise,
stm' — g
EV o T Y
A = A,
By = Bk,

/ ’ ’ ’

1 l . - .
where ¢, ’l”;n and sk’lmm are certain admissible paths with source vertex

’ ﬁ
(l > and target vertex 7. ( In this paper, it is not necessary to know
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explicitly the sequence of arrows of the admissible paths. We only need
the information of the initial and terminal vertices of the admissible
paths for our calculation.)

From now on, we fix d = ZZ;} kwy and a collection W = (Wy,--- ,W,_1)
of vector spaces with a dimension vector w = (wq, - ,w,—1). Let
V = (Vi,---,V,—1) be any collection of vector spaces with a dimen-

sion vector v = (vq,--- ,v,_1). Let V = <Vk> and W = <Wk) be the
collection of vector spaces obtained from (1.3) and (1.4).

Recall that the isomorphism & is Gy-equivariant. Anyway, it is not
Gw-equivariant in general. Thus, it is not obvious whether the isomor-
phism @ preserves Gy-fixed points or not. However, in this paper we
prove that the isomorphism ® : p(v,w) — 7 C p (v, W) actually pre-
serves the set of fixed points under the action of Gy,. This is the main
result of this paper. In addition, we also show that the isomorphism &
yields an isomorphism between the G,-orbit spaces on the stable G-
fixed point subvarieties of p (v, w) and 7.

2. Main results

We first explain how the group Gy, acts on the variety p (v, w). By
Equation (1.2), the group Gy, acts on the variety p (v, w). Moreover,
since d = ZZ;% kwyg, the group Gy can be diagonally embedded in

GL ((Cd), and the group GL ((Cd) is isomorphic to GL <W1> = Gw be-

cause dimW, = d and W), = 0 for k > 2. In this way, we obtain a
Gw-action on p(v,w). For g € Gy, we denote by p(v,w)? (resp.,
(v, w)?) the g-fixed point subvarieties in p (v, w) (resp., u (v, W)).

In the following theorem, we show that the isomorphism ® preserves
the Gw-fixed points though it is not Gw-equivariant.

Theorem 2.1. Let g € Gy and let T9 = T N p(v,w)Y. Then, for
(A, B,i,j) € u(v,w)? we have ® (A, B,i,j) € TY.

Proof. Let (A, B,i,7) € p(v,w)?, and let (A,B,%,j) = ®(A, B,i,j).
Then g - <f~1, B,i,j) = (121, f)’,%g_l,gj). We will show that ig~! =7 and
9j =1J.
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We first notice that i = iy = Ay because @Z;% Hom (Wk,‘?k) =
Hom (Wl, Y~/1> So, ¢ has the following block-matrix form:

e o l/,m/ ..
ﬂ-Wl("L) o AO |Wl(lm,) - t07l7m(A7 B? Za])?
o | bi--by_ vy (A, Byi,j) if m =1and I' > 1,
e (o) / =
Vi 0 Wl(,m) 0 otherwise.

/ / , ﬁ
Recall that tlo f:n is an admissible path with source vertex <l> and
target vertex [f. Thus, we can express tf) ’l";n

some path P in the framed quiver ). Hence

as a product &Py, for

t " (A, B,i,j) = 6(A,B,i,j)P(A B,i,j)y (A, B,i,j)
= ij(A7B7i7j)il’7

where P(A, B,1i,j) indicates an evaluation of the path P at (A, B,1,7).
Also, we have

bi--by 1y (A, B,iyj) = bi(A B,i,j)-- by (A B,i,j)yy (A B,i,j)
= By (ba---by (A B,i,j))ip.
On the other hand, ig~' is a block-matrix with blocks
J1P(A, B, z’,j)z’l/ng1 or Biby---by (A, B, i,j)il/ngl.
Since g - (A, B,i,7) = (A, B,i,7), we have ig—! = 4. Thus, we have
GP(A,Bi, j)ip gy = iiP(A, By, j)iy
and
Biby---by (A, Byi, j)ipg, " = Biba---by_ (A, B,i, j)iy.

1

These imply that 7g~! = 7. Similarly, we can show that gj = j. The
theorem now follows. O

Corollary 2.2. The isomorphism ® induces the restricted isomor-
phism @ |: p (v, w)? — TY for each g € Gy,.

Proof. Tt is known from [1, Lemma 19] that the inverse of ® is given
by

! (A,B, 5) = ((Ak) , (Br), (T]vaM) ) (S}c/,kﬂ,l)) :
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Thus, &' induces a morphism ®~! : 79 — u(v,w)? because Ay,
By, ']I‘],zJ{/l’l and S‘k/k 41, are blocks of Ak and Bk. The corollary now
follows. O

For g € Gw, we denote by (v, w)?® the set of stable elements in
w(v,w)?. Similarly, we write 79° for the set of stable elements in 7.
Recall that the Gw-action commutes with the Gy-action [3]. Thus, the
induced action of Gy on (v, W) also commutes with the Gg-action
because Gy acts on u (v, w) via the embedding Gy, — Gv. Hence, we
obtain the orbit spaces u (v, w)?*'® /G, and 795t /Gy .

As a by-product of Theorem 2.1, we have the following corollary.

Corollary 2.3. The isomorphism ® yields an isomorphism
G p(v, W) /Gy — TGy

defined by@ (GV(Aa B, 7’).7)) = p(q) ((A7 Ba%]))): Whereg € GW7 (A7 B, 1,
J) € u(v,w)?® and p is the natural projectionp : (v, W) — u (v, w)* /Gg.

Proof. We recall that the Gy-equivariant isomorphism & preserves
the stability, and its restriction ® |,y w): pt (v, w)® — T* is an isomor-
phism [1]. Here 7 indicates the set u (v, w)® N T. Hence, by Theorem
(2.1) the map ¢ is well-defined and surjective.

In addition, according to [1, Definition 20] and [1, Theorem 8] the
morphism

Y:p(v,w)’ /Gy — T° /Gy
defined by ¢ (Gv(A4, B,i,7)) =p (P ((4, B,4,7))) is an isomorphism.

Notice that ¢ is the restriction of 9 to the subvariety p (v, w)?* /Gy.

Thus, ¢ is injective. The corollary now follows. O
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