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Abstract

Generalized intuitionistic fuzzy soft set theory, proposed by Park et al. [Journal of Korean Institute of Intelligent Systems

21(3) (2011) 389-394], has been regarded as an effective mathematical tool to deal with uncertainties. In this paper,

we prove that certain De Margan’s law hold in generalized intuitionistic fuzzy soft set theory with respect to union and

intersection operations on generalized intuitionistic fuzzy soft sets. We discuss the basic properties of operations on

generalized intuitionistic fuzzy soft sets such as necessity and possibility. Moreover, we illustrate their interconnections

between each other.

Generalized intuitionistic fuzzy soft sets, union, intersection, necessity and possibility operations.

1. Introduction

Molodtsov [9] introduced soft sets as a mathematical

tool for dealing with uncertainties which is free from the

above-mentioned difficulties. Since the soft set theory of-

fers mathematical tool for dealing with uncertain, fuzzy

and not clearly defined objects, it has a rich potential for

applications to problems in real life situation. The con-

cept and basic properties of soft set theory are presented in

[9, 5]. He also showed how soft set theory is free from the

parameterization inadequacy syndrome of fuzzy set theory,

rough set theory, probability theory and game theory. How-

ever, several assertions presented by Maji et al. [5] are not

true in general [1].

Maji et al. [3] presented the concept of fuzzy soft sets

which is based on a combination of the fuzzy sets and soft

set models. Roy and Maji [14] provided its properties and

an application in decision making under imprecise environ-

ment. Kong et al. [2] argued that the Roy-Maji method [14]

was incorrect and presented a revised algorithm. Zou and

Xiao [15] used soft sets and fuzzy soft sets to develop the

data analysis approaches under incomplete environment,

respectively. Xu et al. [16] introduced the notion of vague

soft sets which is an extension to soft sets and is based on a

combination of vague sets and soft set models. Majumdar

and Samanta [8] further generalized the concept of fuzzy

soft sets, in the other words, a degree is attached with the

parameterization of fuzzy sets while defining a fuzzy soft

set. Maji and his coworker [4, 6, 7] introduced the notion of

intuitionistic fuzzy soft set theory which is based on a com-

bination of the intuitionistic fuzzy sets and soft set models
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and studied the properties of intuitionistic fuzzy soft sets.

Park et al. [12] presented the concept of the generalized

intuitionistic fuzzy soft sets by combining the generalized

intuitionistic fuzzy sets [10] and soft set models. Park et al.

[13] presented some results on an application of general-

ized intuitionistic fuzzy soft sets in decision making prob-

lems.

In this paper, we try to find an answer to the question

how the logic operations and their interrelations between

each other correspond to generalized intuitionistic fuzzy

soft set operations. The paper is organized as follows: First

we prove that a certain De Morgan’s law hold in gener-

alized intuitionistic fuzzy soft set theory with respect to

union and intersection operations. Then we discuss the

basic properties of operations on generalized intuitionistic

fuzzy soft sets such as necessity and possibility operations

and we illustrate the interconnections between each other.

Finally, the conclusion and some topic for future research

are presented.

2. Preliminaries

In this section we recall some notions related to general-

ized intuitionistic fuzzy soft sets and some operators on it.

See especially [12, 13] for further details and background.

Definition 2.1. [12] Let U be an initial universe and E be

a set of parameters. GIF(U) denotes the set of all gener-

alized intuitionistic fuzzy sets of U . Let A ⊆ E. A pair

〈F,A〉 is a generalized intuitionistic fuzzy soft set over U ,

where F is a mapping given by F : A → GIF(U).

In other words, a generalized intuitionistic fuzzy soft set

is a parameterized family of generalized intuitionistic fuzzy
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subsets of U and thus its universe is the set of all general-

ized intuitionistic fuzzy sets of U , i.e., GIF(U). A gener-

alized intuitionistic fuzzy soft set is also a special case of

a soft set because it is still a mapping from parameters to

GIF(U).

Definition 2.2. [12] Let 〈F,A〉 and 〈G, B〉 be two gener-

alized intuitionistic fuzzy soft sets over U . Then 〈F,A〉 is

said to be a generalized intuitionistic fuzzy soft subset of

〈G, B〉 if

(1) A ⊆ B;

(2) for any ε ∈ A, F (ε) is a generalized fuzzy subset

of G(ε), that is, for all x ∈ U and ε ∈ A, μF (ε)(x) ≤
μG(ε)(x) and γF (ε)(x) ≥ γG(ε)(x).

This relationship is denoted by 〈F,A〉 	 〈G, B〉. Simi-

larly, 〈F,A〉 is said to be a generalized intuitionistic fuzzy

soft superset of 〈G, B〉, if 〈G, B〉 is called a generalized

intuitionistic fuzzy soft subset of 〈F,A〉. We denote it by

〈F,A〉 
 〈G, B〉.
Definition 2.3. [12] Let E = {ε1, ε2, . . . , εn} be a set of

parameters. The not of E, denoted by �E, is defined by

�E = {¬ε1,¬ε2, . . . ,¬εn}, where ¬εi = not εi.

Definition 2.4. [12] The complement of a generalized in-

tuitionistic fuzzy soft set 〈F,A〉, denoted by 〈F,A〉c, is de-

fined by 〈F,A〉c = 〈F c, �A〉, where F c :�A → GIF(U)
is a mapping given by F c(ε) = 〈x, γF (¬ε)(x), μF (¬ε)(x)〉
for all x ∈ U and ε ∈�A.

Definition 2.5. [12] A generalized intuitionistic fuzzy soft

set 〈F,A〉 is said to be a null generalized intuitionistic

fuzzy soft set, denoted by Φ, if for any ε ∈ A, μF (ε)(x) =
0 and γF (ε)(x) = 1, for all x ∈ U .

Definition 2.6. [12] A generalized intuitionistic fuzzy soft

set 〈F,A〉 is said to be an absolute generalized intuitionistic

fuzzy soft set, denoted by Σ, if for any ε ∈ A, μF (ε)(x) =
1 and γF (ε)(x) = 0, for all x ∈ U .

Definition 2.7. [12] Let 〈F,A〉 and 〈G, B〉 be two gen-

eralized intuitionistic fuzzy soft sets over a universe

U . Then “〈F,A〉 and 〈G, B〉” is a generalized intu-

itionistic fuzzy soft set, denoted by 〈F,A〉 ∧ 〈G, B〉,
is defined by 〈F,A〉 ∧ 〈G, B〉 = 〈H,A × B〉, where

H(α, β) = F (α) ∩ G(β) for any (α, β) ∈ A ×
B, that is, H(α, β)(x) = 〈min{μF (α)(x), μG(β)(x)},
max{γF (α)(x), γG(β)(x)}〉, for all (α, β) ∈ A × B and

x ∈ U .

Definition 2.8. [12] Let 〈F,A〉 and 〈G, B〉 be two gen-

eralized intuitionistic fuzzy soft sets over a universe

U . Then “〈F,A〉 or 〈G, B〉” is a generalized intu-

itionistic fuzzy soft set, denoted by 〈F,A〉 ∨ 〈G, B〉,
is defined by 〈F,A〉 ∨ 〈G, B〉 = 〈O,A × B〉, where

O(α, β) = F (α) ∪ G(β) for any (α, β) ∈ A ×
B, that is, O(α, β)(x) = 〈max{μF (α)(x), μG(β)(x)},
min{γF (α)(x), γG(β)(x)}〉, for all (α, β) ∈ A × B and

x ∈ U .

3. Operations on generalized intuitionistic
fuzzy soft sets

Definition 3.1. The union of two generalized intuitionistic
fuzzy soft sets 〈F,A〉 and 〈G, B〉 over a universe U is a
generalized intuitionistic fuzzy soft set 〈H,C〉, where C =
A ∪ B, and for all ε ∈ C and x ∈ U ,

μH(ε)(x) =

{
μF (ε)(x), if ε ∈ A − B,
μG(ε)(x), if ε ∈ B − A,
max{μF (ε)(x), μG(ε)(x)}, if ε ∈ A ∩ B,

γH(ε)(x) =

{
γF (ε)(x), if ε ∈ A − B,
γG(ε)(x), if ε ∈ B − A,
min{γF (ε)(x), γG(ε)(x)}, if ε ∈ A ∩ B.

We denoted it by 〈F,A〉 � 〈G, B〉 = 〈H,C〉.
Definition 3.2. The intersection of two generalized intu-
itionistic fuzzy soft sets 〈F,A〉 and 〈G, B〉 over a uni-
verse U is a generalized intuitionistic fuzzy soft set 〈H,C〉,
where C = A ∪ B, and for all ε ∈ C and x ∈ U ,

μH(ε)(x) =

{
μF (ε)(x), if ε ∈ A − B,
μG(ε)(x), if ε ∈ B − A,
min{μF (ε)(x), μG(ε)(x)}, if ε ∈ A ∩ B,

γH(ε)(x) =

{
γF (ε)(x), if ε ∈ A − B,
γG(ε)(x), if ε ∈ B − A,
max{γF (ε)(x), γG(ε)(x)}, if ε ∈ A ∩ B.

We denoted it by 〈F,A〉 � 〈G, B〉 = 〈H,C〉.
Theorem 3.3. Let E be a set of parameters and A ⊂ E.

If Φ is a null generalized intuitionistic fuzzy soft set, Σ
is an absolute generalized intuitionistic fuzzy soft set, and

〈F,A〉 and 〈F,E〉 are two generalized intuitionistic fuzzy

soft sets over U , then the following properties hold:

(1) 〈F,A〉 � 〈F,A〉 = 〈F,A〉;
(2) 〈F,A〉 � 〈F,A〉 = 〈F,A〉;
(3) 〈F,E〉 � Φ = 〈F,E〉;
(4) 〈F,E〉 � Φ = Φ;

(5) 〈F,E〉 � Σ = Σ;

(6) 〈F,E〉 � Σ = 〈F,E〉.
Proof. It is straightforward from Definitions 3.1 and 3.2.

Theorem 3.4. For two generalized intuitionistic fuzzy soft

sets 〈F,A〉 and 〈G, B〉 over a universe U , the following

properties hold:

(1) (〈F,A〉 � 〈G, B〉)c = 〈F,A〉c � 〈G, B〉c;

(2) (〈F,A〉 � 〈G, B〉)c = 〈F,A〉c � 〈G, B〉c.

Proof. (1) Suppose that 〈F,A〉 � 〈G, B〉 = 〈H,C〉, where
C = A ∪ B, and for all ε ∈ C and x ∈ U ,

μH(ε)(x) =

{
μF (ε)(x), if ε ∈ A − B,
μG(ε)(x), if ε ∈ B − A,
max{μF (ε)(x), μG(ε)(x)}, if ε ∈ A ∩ B,

γH(ε)(x) =

{
γF (ε)(x), if ε ∈ A − B,
γG(ε)(x), if ε ∈ B − A,
min{γF (ε)(x), γG(ε)(x)}, if ε ∈ A ∩ B.



Since 〈F,A〉 � 〈G, B〉 = 〈H,C〉, we have 〈F,A〉 �
〈G, B〉c = 〈H,C〉c = 〈Hc, �C〉, where Hc(¬ε) =
〈x, γH(ε)(x), μH(ε)(x)〉 for all x ∈ U and ¬ε ∈�C =
�(A ∪ B) =�A∪�B. Hence, for all x ∈ U , we have

μHc(¬ε)(x) =

{
γF (ε)(x), if ε ∈ A − B,
γG(ε)(x), if ε ∈ B − A,
min{γF (ε)(x), γG(ε)(x)}, if ε ∈ A ∩ B,

γHc(¬ε)(x) =

{
μF (ε)(x), if ε ∈ A − B,
μG(ε)(x), if ε ∈ B − A,
max{μF (ε)(x), μG(ε)(x)}, if ε ∈ A ∩ B.

Since 〈F,A〉c = 〈F c, �A〉 and 〈G, B〉c = 〈Gc, �B〉, we
have 〈F,A〉c � 〈G, B〉c = 〈F c, �A〉 � 〈Gc, �B〉. Suppose
that 〈F,A〉c�〈G, B〉c = 〈I,D〉, where D =�C =�A∪�B,
and for all ¬ε ∈ D and x ∈ U ,

μI(¬ε)(x)

=

{
μF c(¬ε)(x), if ¬ε ∈�A−�B,
μGc(¬ε)(x), if ¬ε ∈�B−�A,
min{μF c(¬ε)(x), μGc(¬ε)(x)}, if ¬ε ∈�A∩�B,

=

{
γF (ε)(x), if ε ∈ A − B,
γG(ε)(x), if ε ∈ B − A,
min{γF (ε)(x), γG(ε)(x)}, if ε ∈ A ∩ B,

γI(¬ε)(x)

=

{
γF c(¬ε)(x), if ¬ε ∈�A−�B,
γGc(¬ε)(x), if ¬ε ∈�B−�A,
max{γF c(¬ε)(x), γGc(¬ε)(x)}, if ¬ε ∈�A∩�B,

=

{
μF (ε)(x), if ε ∈ A − B,
μG(ε)(x), if ε ∈ B − A,
max{μF (ε)(x), μG(ε)(x)}, if ε ∈ A ∩ B.

Therefore, Hc and I are the same operators. Thus,

(〈F,A〉 � 〈G, B〉)c = 〈F,A〉c � 〈G, B〉c.

(2) Similar to that of (1).

Theorem 3.5. For three generalized intuitionistic fuzzy

soft sets 〈F,A〉, 〈G, B〉 and 〈H,C〉 over a universe U , the

following properties hold:

(1) 〈F,A〉 � (〈G, B〉 � 〈H,C〉) = (〈F,A〉 � 〈G, B〉) �
〈H,C〉;

(2) 〈F,A〉 � (〈G, B〉 � 〈H,C〉) = (〈F,A〉 � 〈G, B〉) �
〈H,C〉;

(3) 〈F,A〉 � (〈G, B〉 � 〈H,C〉) = (〈F,A〉 � 〈G, B〉) �
(〈F,A〉 � 〈H,C〉);

(4) 〈F,A〉 � (〈G, B〉 � 〈H,C〉) = (〈F,A〉 � 〈G, B〉) �
(〈F,A〉 � 〈H,C〉).
Proof. (1) Suppose that 〈G, B〉 � 〈H,C〉 = 〈I,D〉, where
S = B ∪ C, and for all ε ∈ S and x ∈ U ,

μI(ε)(x) =

{
μG(ε)(x), if ε ∈ B − C,
μH(ε)(x), if ε ∈ C − B,
min{μG(ε)(x), μH(ε)(x)}, if ε ∈ B ∩ C,

γI(ε)(x) =

{
γG(ε)(x), if ε ∈ B − C,
γH(ε)(x), if ε ∈ C − B,
max{γG(ε)(x), γH(ε)(x)}, if ε ∈ B ∩ C.

Since 〈F,A〉 � (〈G, B〉 � 〈H,C〉) = 〈F,A〉 � 〈I,D〉, we

suppose that 〈F,A〉�〈I,D〉 = 〈J, T 〉, where T = A∪S =
A ∪ B ∪ C, and for all ε ∈ T and x ∈ U ,

μJ(ε)(x)

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

μF (ε)(x), if ε ∈ A − B − C,
μG(ε)(x), if ε ∈ B − C − A,
μH(ε)(x), if ε ∈ C − B − A,
min{μF (ε)(x), μG(ε)(x)}, if ε ∈ A ∩ B − C,
min{μF (ε)(x), μH(ε)(x)}, if ε ∈ A ∩ C − B,
min{μG(ε)(x), μH(ε)(x)}, if ε ∈ B ∩ C − A,
min{μF (ε)(x), μG(ε)(x), μH(ε)(x)}, if ε ∈ A ∩ B ∩ C,

γJ(ε)(x)

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

γF (ε)(x), if ε ∈ A − B − C,
γG(ε)(x), if ε ∈ B − C − A,
γH(ε)(x), if ε ∈ C − B − A,
max{γF (ε)(x), γG(ε)(x)}, if ε ∈ A ∩ B − C,
max{γF (ε)(x), γH(ε)(x)}, if ε ∈ A ∩ C − B,
max{γG(ε)(x), γH(ε)(x)}, if ε ∈ B ∩ C − A,
max{γF (ε)(x), γG(ε)(x), γH(ε)(x)}, if ε ∈ A ∩ B ∩ C.

Assume that 〈F,A〉�〈G, B〉 = 〈K, V 〉, where V = A∪B,
and for all ε ∈ V and x ∈ U ,

μK(ε)(x) =

{
μF (ε)(x), if ε ∈ A − B,
μG(ε)(x), if ε ∈ B − A,
min{μF (ε)(x), μG(ε)(x)}, if ε ∈ A ∩ B,

γK(ε)(x) =

{
γF (ε)(x), if ε ∈ A − B,
γG(ε)(x), if ε ∈ B − A,
max{γF (ε)(x), γG(ε)(x)}, if ε ∈ A ∩ B.

Since (〈F,A〉 � 〈G, B〉) � 〈H,C〉 = 〈K, V 〉 � 〈H,C〉,
we suppose that 〈K, V 〉 � 〈H,C〉 = 〈L,W 〉, where W =
V ∪ C = A ∪ B ∪ C, and for all ε ∈ W and x ∈ U ,

μL(ε)(x)

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

μF (ε)(x), if ε ∈ A − B − C,
μG(ε)(x), if ε ∈ B − C − A,
μH(ε)(x), if ε ∈ C − B − A,
min{μF (ε)(x), μG(ε)(x)}, if ε ∈ A ∩ B − C,
min{μF (ε)(x), μH(ε)(x)}, if ε ∈ A ∩ C − B,
min{μG(ε)(x), μH(ε)(x)}, if ε ∈ B ∩ C − A,
min{μF (ε)(x), μG(ε)(x), μH(ε)(x)}, if ε ∈ A ∩ B ∩ C,

γL(ε)(x)

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

γF (ε)(x), if ε ∈ A − B − C,
γG(ε)(x), if ε ∈ B − C − A,
γH(ε)(x), if ε ∈ C − B − A,
max{γF (ε)(x), γG(ε)(x)}, if ε ∈ A ∩ B − C,
max{γF (ε)(x), γH(ε)(x)}, if ε ∈ A ∩ C − B,
max{γG(ε)(x), γH(ε)(x)}, if ε ∈ B ∩ C − A,
max{γF (ε)(x), γG(ε)(x), γH(ε)(x)}, if ε ∈ A ∩ B ∩ C.

Therefore, μL(ε)(x) = μJ(ε)(x) and γL(ε)(x) = γJ(ε)(x)
for all ε ∈ A ∪ B ∪ C and x ∈ U . That is, L and J are

the same operators. Thus, 〈F,A〉 � (〈G, B〉 � 〈H,C〉) =
(〈F,A〉 � 〈G, B〉) � 〈H,C〉.

(2)-(4) are proved analogously.

Definition 3.6. The necessity operation on a generalized

intuitionistic fuzzy soft set 〈F,A〉 is denoted by �〈F,A〉
and is defined as �〈F,A〉 = {〈x, μ�F (ε)(x), γ�F (ε)(x)〉 :
x ∈ U, ε ∈ A}, where μ�F (ε)(x) = μF (ε)(x) is the gen-

eralized intuitionistic fuzzy membership degree that object

x holds on parameter ε, γ�F (ε)(x) = 1 − μF (ε)(x) is the



generalized intuitionistic fuzzy membership degree that ob-

ject x does not hold on parameter ε, and F is a mapping

F : A → GIF(U).

Theorem 3.7. For two generalized intuitionistic fuzzy soft

sets 〈F,A〉 and 〈G, B〉 over a universe U , the following

properties hold:

(1) �(〈F,A〉 � 〈G, B〉) = �〈F,A〉 � �〈G, B〉;
(2) �(〈F,A〉 � 〈G, B〉) = �〈F,A〉 � �〈G, B〉;
(3) �� 〈F,A〉 = �〈F,A〉.

Proof. (1) Suppose that 〈F,A〉 � 〈G, B〉 = 〈H,C〉, where
C = A ∪ B and for all ε ∈ C,

μH(ε)(x) =

{
μF (ε)(x), if ε ∈ A − B,
μG(ε)(x), if ε ∈ B − A,
max{μF (ε)(x), μG(ε)(x)}, if ε ∈ A ∩ B,

γH(ε)(x) =

{
γF (ε)(x), if ε ∈ A − B,
γG(ε)(x), if ε ∈ B − A,
min{γF (ε)(x), γG(ε)(x)}, if ε ∈ A ∩ B.

Since �(〈F,A〉 � 〈G, B〉) = �〈H,C〉, by Definition 3.6,
we have

μ�H(ε)(x)

=

{
μF (ε)(x), if ε ∈ A − B,
μG(ε)(x), if ε ∈ B − A,
max{μF (ε)(x), μG(ε)(x)}, if ε ∈ A ∩ B,

γ�H(ε)(x)

=

{
1 − μF (ε)(x), if ε ∈ A − B,
1 − μG(ε)(x), if ε ∈ B − A,
1 − max{μF (ε)(x), μG(ε)(x)}, if ε ∈ A ∩ B,

for all ε ∈ C = A ∪ B and x ∈ U . Assume that
�〈F,A〉 = {〈x, μF (ε)(x), 1 − μF (ε)(x)〉 : x ∈ U, ε ∈ A}
and �〈G, B〉 = {〈x, μG(ε)(x), 1 − μG(ε)(x)〉 : x ∈ U, ε ∈
B}. Suppose that �〈F,A〉 � �〈G, B〉 = 〈O,C〉, where
C = A ∪ B, and for all ε ∈ C and x ∈ U ,

μO(ε)(x)

=

{
μF (ε)(x), if ε ∈ A − B,
μG(ε)(x), if ε ∈ B − A,
max{μF (ε)(x), μG(ε)(x)}, if ε ∈ A ∩ B,

γO(ε)(x)

=

{
1 − μF (ε)(x), if ε ∈ A − B,
1 − μG(ε)(x), if ε ∈ B − A,
min{1 − μF (ε)(x), 1 − μG(ε)(x)}, if ε ∈ A ∩ B,

=

{
1 − μF (ε)(x), if ε ∈ A − B,
1 − μG(ε)(x), if ε ∈ B − A,
1 − max{μF (ε)(x), μG(ε)(x)}, if ε ∈ A ∩ B.

Consequently, �〈H,C〉 and 〈O,C〉 are the same gen-

eralized intuitionistic fuzzy soft sets. Thus, �(〈F,A〉 �
〈G, B〉) = �〈F,A〉 � �〈G, B〉.

(2) and (3) are proved analogously.

Definition 3.8. The possibility operation on a generalized

intuitionistic fuzzy soft set 〈F,A〉 is denoted by ♦〈F,A〉

and is defined as ♦〈F,A〉 = {〈x, μ♦F (ε)(x), γ♦F (ε)(x)〉 :
x ∈ U, ε ∈ A}, where μ♦F (ε)(x) = 1 − γF (ε)(x) is the

generalized intuitionistic fuzzy membership degree that ob-

ject x holds on parameter ε, γ♦F (ε)(x) = γF (ε)(x) is the

generalized intuitionistic fuzzy membership degree that ob-

ject x does not hold on parameter ε, and F is a mapping

F : A → GIF(U).

Theorem 3.9. For two generalized intuitionistic fuzzy soft

sets 〈F,A〉 and 〈G, B〉 over a universe U , the following

properties hold:

(1) ♦(〈F,A〉 � 〈G, B〉) = ♦〈F,A〉 � ♦〈G, B〉;
(2) ♦(〈F,A〉 � 〈G, B〉) = ♦〈F,A〉 � ♦〈G, B〉;
(3) ♦♦〈F,A〉 = ♦〈F,A〉.

Proof. (1) Suppose that 〈F,A〉 � 〈G, B〉 = 〈H,C〉, where
C = A ∪ B, and for all ε ∈ C and x ∈ U ,

μH(ε)(x) =

{
μF (ε)(x), if ε ∈ A − B,
μG(ε)(x), if ε ∈ B − A,
max{μF (ε)(x), μG(ε)(x)}, if ε ∈ A ∩ B,

γH(ε)(x) =

{
γF (ε)(x), if ε ∈ A − B,
γG(ε)(x), if ε ∈ B − A,
min{γF (ε)(x), γG(ε)(x)}, if ε ∈ A ∩ B.

Since ♦(〈F,A〉 � 〈G, B〉) = ♦〈H,C〉, by Definition 3.8,
we have

μ♦H(ε)(x)

=

{
1 − γF (ε)(x), if ε ∈ A − B,
1 − γG(ε)(x), if ε ∈ B − A,
1 − min{γF (ε)(x), γG(ε)(x)}, if ε ∈ A ∩ B,

γ♦H(ε)(x)

=

{
γF (ε)(x), if ε ∈ A − B,
γG(ε)(x), if ε ∈ B − A,
min{γF (ε)(x), γG(ε)(x)}, if ε ∈ A ∩ B,

for all ε ∈ C = A ∪ B and x ∈ U . Assume that
♦〈F,A〉 = {〈x, 1 − γF (ε)(x), γF (ε)(x)〉 : x ∈ U, ε ∈ A}
and ♦〈G, B〉 = {〈x, 1 − γG(ε)(x), γG(ε)(x)〉 : x ∈ U, ε ∈
B}. Suppose that ♦〈F,A〉 � ♦〈G, B〉 = 〈O,C〉, where
C = A ∪ B, and for all ε ∈ C and x ∈ U ,

μO(ε)(x)

=

{
1 − γF (ε)(x), if ε ∈ A − B,
1 − γG(ε)(x), if ε ∈ B − A,
max{1 − γF (ε)(x), 1 − γG(ε)(x)}, if ε ∈ A ∩ B,

=

{
1 − γF (ε)(x), if ε ∈ A − B,
1 − γG(ε)(x), if ε ∈ B − A,
1 − min{γF (ε)(x), γG(ε)(x)}, if ε ∈ A ∩ B,

γO(ε)(x)

=

{
γF (ε)(x), if ε ∈ A − B,
γG(ε)(x), if ε ∈ B − A,
min{γF (ε)(x), γG(ε)(x)}, if ε ∈ A ∩ B.

Consequently, ♦〈H,C〉 and 〈O,C〉 are he same gener-

alized intuitionistic fuzzy soft sets. Thus, ♦(〈F,A〉 �
〈G, B〉) = ♦〈F,A〉 � ♦〈G, B〉.

(2) and (3) are proved analogously.



Theorem 3.10. For a generalized intuitionistic fuzzy

soft sets 〈F,A〉 over a universe U with 〈F,A〉 =
{〈x, μF (ε)(x), γF (ε)(x)〉 : x ∈ U, ε ∈ A}, the following

properties hold:

(1) �〈F,A〉 	 〈F,A〉 	 ♦〈F,A〉 if μF (ε)(x) +
γF (ε)(x) ≤ 1 for all ε ∈ A and x ∈ U ; �〈F,A〉 

〈F,A〉 
 ♦〈F,A〉 if μF (ε)(x)+γF (ε)(x) ≥ 1 for all ε ∈ A
and x ∈ U ;

(2) ♦� 〈F,A〉 = �〈F,A〉;
(3) �♦〈F,A〉 = ♦〈F,A〉.

Proof. Suppose that 〈F,A〉 = {〈x, μF (ε)(x), γF (ε)(x)〉 :
x ∈ U, ε ∈ A}. Then,

�〈F, A〉 = {〈x, μF (ε)(x), 1 − μF (ε)(x)〉 : x ∈ U, ε ∈ A},
♦〈F, A〉 = {〈x, 1 − γF (ε)(x), γF (ε)(x)〉 : x ∈ U, ε ∈ A}.

(1) When μF (ε)(x)+γF (ε)(x) ≤ 1 for all ε ∈ A and x ∈
U , then we have μF (ε)(x) ≤ 1− γF (ε)(x) and γF (ε)(x) ≤
1 − μF (ε)(x). Hence �〈F,A〉 	 〈F,A〉 	 ♦〈F,A〉.

When μF (ε)(x)+γF (ε)(x) ≥ 1 for all ε ∈ A and x ∈ U ,

then we have μF (ε)(x) ≥ 1 − γF (ε)(x) and γF (ε)(x) ≥
1 − μF (ε)(x). Hence �〈F,A〉 
 〈F,A〉 
 ♦〈F,A〉.

(2) Since �〈F,A〉 = {〈x, μF (ε)(x), 1−μF (ε)(x)〉 : x ∈
U, ε ∈ A}, we have

♦� 〈F, A〉
= {〈x, 1 − (1 − μF (ε)(x)), 1 − μF (ε)(x)〉 : x ∈ U, ε ∈ A}
= {〈x, μF (ε)(x), 1 − μF (ε)(x)〉 : x ∈ U, ε ∈ A}
= �〈F, A〉.

(3) The proof is similar to that of (2).

Theorem 3.11. For two generalized intuitionistic fuzzy

soft sets 〈F,A〉 and 〈G, B〉 over a universe U , the follow-

ing properties hold:

(1) �(〈F,A〉 ∧ 〈G, B〉) = �〈F,A〉 ∧ �〈G, B〉;
(2) �(〈F,A〉 ∨ 〈G, B〉) = �〈F,A〉 ∨ �〈G, B〉;
(3) ♦(〈F,A〉 ∧ 〈G, B〉) = ♦〈F,A〉 ∧ ♦〈G, B〉;
(4) ♦(〈F,A〉 ∨ 〈G, B〉) = ♦〈F,A〉 ∨ ♦〈G, B〉.

Proof. (1) Suppose that 〈F,A〉 ∧ 〈G, B〉 = 〈H,
A × B〉, where H(α, β) = F (α) ∩ H(β) for
all (α, β) ∈ A × B, that is, H(α, β)(x) =
〈min{μF (α)(x), μG(β)(x)}, max{γF (α)(x), γG(β)(x)}〉,
for all (α, β) ∈ A × B and x ∈ U . Thus,

〈F, A〉 ∧ 〈G, B〉
= {〈x, min{μF (α)(x), μG(β)(x)},

max{γF (α)(x), γG(β)(x)}〉 : x ∈ U, (α, β) ∈ A × B}.
By Definition 3.8, we have

�(〈F, A〉 ∧ 〈G, B〉)
= {〈x, min{μF (α)(x), μG(β)(x)}, 1 −

min{μF (α)(x), μG(β)(x)}〉 : x ∈ U, (α, β) ∈ A × B}.

Since �〈F,A〉 = {〈x, μF (α)(x), 1 − μF (α)(x)〉 : x ∈
U,α ∈ A} and �〈G, B〉 = {〈x, μG(β)(x), 1−μG(β)(x)〉 :
x ∈ U, β ∈ B}, we have

�〈F, A〉 ∧ �〈G, B〉
= {〈x, min{μF (α)(x), μG(β)(x)}, max{1 − μF (α)(x),

1 − μG(β)(x)}〉 : x ∈ U, (α, β) ∈ A × B}
= {〈x, min{μF (α)(x), μG(β)(x)}, 1 −

min{μF (α)(x), μG(β)(x)}〉 : x ∈ U, (α, β) ∈ A × B}
= �(〈F, A〉 ∧ 〈G, B〉).

(2) The proof is similar to that of (1).
(3) Since 〈F,A〉 ∧ 〈G, B〉 = {〈x,min{μF (α)(x),

μG(β)(x)}, max{γF (α)(x), γG(β)(x)}〉 : x ∈ U, (α, β) ∈
A × B}, by Definition 3.8, we have

♦(〈F, A〉 ∧ 〈G, B〉)
= {〈x, 1 − max{γF (α)(x), γG(β)(x)},

max{γF (α)(x), γG(β)(x)}〉 : x ∈ U, (α, β) ∈ A × B}.
Since ♦〈F,A〉 = {〈x, 1 − γF (α)(x), γF (α)(x)〉 : x ∈

U,α ∈ A} and ♦〈G, B〉 = {〈x, 1− γG(β)(x), γG(β)(x)〉 :
x ∈ U, β ∈ B}, we have

♦〈F, A〉 ∧ ♦〈G, B〉
= {〈x, min{1 − γF (α)(x), 1 − γG(β)(x)},

max{γF (α)(x), γG(β)(x)}〉 : x ∈ U, (α, β) ∈ A × B}
= {〈x, 1 − max{μF (α)(x), μG(β)(x)},

max{γF (α)(x), γG(β)(x)}〉 : x ∈ U, (α, β) ∈ A × B}
= ♦(〈F, A〉 ∧ 〈G, B〉).

(4) The proof is similar to that of (3).

4. Conclusions

Some extensions of soft set theory such as fuzzy soft set

theory, intuitionistic fuzzy soft set theory, interval-valued

fuzzy soft set theory, vague soft set theory and generalized

intuitionistic fuzzy soft set theory are proposed to handle

these types of problem parameters. In this paper, the union,

intersection, necessity and possibility operations are de-

fined on the generalized intuitionistic fuzzy soft sets. The

basic properties of the operations and their interconnec-

tions between each other are also presented and discussed.

This work not only provides a significant addition to ex-

isting theories for handling uncertainties, but also leads to

potential areas of further field research and pertinent ap-

plications. To extend our work, further research could be

done to study the issues on the parameterization reduction

of the generalized intuitionistic fuzzy soft sets, and to ex-

plore the applications of using the generalized intuitionistic

fuzzy soft set approach to solve real world problems such

as decision making, forecasting and data analysis.
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