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We analyze the linear equalizers used in optically amplified on-off-keyed (OOK) systems to combat
chromatic dispersion (CD) and polarization mode dispersion (PMD), and we derive the mathematical
minimum mean squared error (MMSE) performance of these equalizers. Currently, the MMSE linear
equalizer for optical OOK systems is obtained by simulations using adaptive approaches such as least mean
squared (LMS) or constant modulus algorithm (CMA), but no theoretical studies on the optimal solutions
for these equalizers have been performed. We model the optical OOK systems as square-law nonlinear
channels and compute the MMSE equalizer coefficients directly from the estimated optical channel, signal
power, and optical noise variance. The accuracy of the calculated MMSE equalizer coefficients and MMSE
performance has been verified by simulations using adaptive algorithms.
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I. INTRODUCTION

As data traffic demands increase rapidly, optical communi-
cation systems are widely used, providing high data rates
with a large number of channels per fiber. However, optical
fiber communication systems suffer from various linear and
nonlinear transmission impairments [1]. Chromatic dispersion
(CD) and polarization mode dispersion (PMD) are two
important factors degrading the performance of high speed
optical fiber transmission systems [2]. Intersymbol interference
(ISI) caused by CD, PMD, and other impairments increases
bit error rate (BER). As the transmission rate increases, ISI
mitigation becomes indispensable and many schemes for CD
and PMD compensation have been proposed. These compen-
sation techniques can be separated into two approaches;
optical domain equalization [3] and electrical domain equali-
zation [2, 4, 5]. Optical equalization schemes can achieve
perfect compensation using inverse system response, while
the performance of electrical domain equalization is limited
due to the nonlinear channel effect caused by the photo-
detector, which is a square-law detector. Nonetheless, electrical
domain equalization schemes are widely used thanks to the
multiple advantages, including compactness, flexibility, and
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low cost, that are brought by high-speed integrated-circuits
technology.

Until now, most work on electronic domain equalizers
has been focused on experimental studies [2, 5, 6]. The equalizer
coefficients are determined by adaptive algorithms such as
least mean square (LMS) algorithms and recursive least
square (RLS) algorithms [7]. The obtained minimum mean
square error (MMSE) solutions for optical on-off-keyed
(OOK) systems have not been confirmed by theoretical studies.
In this paper, we present theoretical closed form expressions
for the MMSE linear equalizer coefficients and their MMSE
performance. Through simulation, we verified that the calculated
equalizer coefficients coincide with estimated equalizer coefficients
using adaptive algorithm. Furthermore, once the MMSE equalizer
coefficients are obtained, it is possible to estimate MSE
performance of the MMSE linear equalizers in square-law
nonlinear channels.

The rest of the paper is organized as follows. The next
section describes the system model and computation of
MMSE linear equalizer in square-law nonlinear channels.
Simulation results using optical communication system are
discussed in Section III. Section IV concludes the paper.

Color versions of one or more of the figures in this paper are available online.
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FIG. 1. Fiber communication system using NRZ-OOK.

II. SYSTEM MODEL

Consider a typical non-return-to-zero on-off-keyed (NRZ-OOK)
optical communication model in Figure 1.

The bit sequence {b;} with a bit rate T is pulse shaped
by a continuous time pulse p(f) (for example, a raised
cosine pulse with roll-off factor 1),

s(t)= 3 b,plt=KT) M)

k=—co

and transmitted over an optical fiber after laser modulation.
We assume the fiber is a lossless linear channel with CD
and first order PMD distortion. The CD and PMD are generally
non-linear distortions, but often modeled as a linear distortion
by a first order approximation in the optical field domain.
The effect of dispersion can be modeled as a linear filtering
process given by

()= h, (1) ®s,(0) @

where S,(¢), 7.(¢), and h,(?) are the transmitted, received
signals, and the fiber impulse response in optical field domain,
respectively, and ® denotes convolution.

For example, the first-order PMD including CD distortion
can be characterized as the following frequency response [2]
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where L denotes the fiber length, A the wavelength, D the
dispersion parameter at A, and c speed of light, v the
power splitting ratio, telling how the power of the input
light of the fiber is divided onto the two input principle
state of polarization, and 7 denotes the differential group
delay between the two polarizations.

The received optical signals having undergone these
dispersions are demodulated to electronic signal by a square-
law detector. In contrast to the signal detection process in
wireless communication systems, this process is nonlinear.
Hence, the linear convolution relation in optical field
domain is not preserved in the baseband electronic domain.
The received signal in electronic domain is
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FIG. 2. Electronic domain equalization model of optical
OOK systems.

r () =|h, () ®s, () +w, O] +w,(0) )

where w,(f) denotes noise in the optical domain due to
fiber amplifier and w,(¢) denotes the noise in the electronic
domain. In the discrete time domain, by denoting ri:=r.(kT)
with ideal sampling timing phase [8§],

- 2

o= ¢,((n=k)T)b+w,(kT)| +w,(kT) Q)

n=—co

where c¢,(f) denotes the combined impulse response with
the pulse shaping filter p(f) and PMD/CD #4,(f). We assume
that the amplified-spontaneous-emission (ASE) noise from
the erbium-doped fiber amplifiers dominates and the electronic
domain noise can be neglected, i.c w.(f)=0. Then, the whole
process can be modeled as a linear channel followed by a
square law detector as illustrated in Figure 2.

We assume that the transmitted signal x; consists of {0, &, }
to model OOK (o,=1 for the conventional OOK), and discrete
time channel model ¢= [c0,~--,cNM]T represent the optical

domain channel, where []" denotes transpose operator.
Furthermore, wy denotes the zero-mean optical noise with
variance o’ and y; denotes the output of square law
detector. It is assumed that the transmitted signal x; and
noise wy are statistically independent. In the next section
we will derive MMSE equalizer applied to y; under this
channel mode.

1. MMSE EQUALIZER

In contrast to the case in conventional wireless communi-
cation systems, the source signal x; in our channel model
has nonzero mean and the following properties which
make the derivation of MMSE equalizer difficult:

2
(o _
. o 2 k=1
[xk]_ ) ’E[xkxl]_ o (6)
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4

where E[-] denotes the expectation.
Denoting xi = [x;(,---xk,,(l\;ﬂ)]T a vector consisted of the

source signals, the optical received signal before square
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law detector is expressed as

ro=c'x, +w, (M
And the input to the linear equalizer is given by

Y =|rk |2 =|cTXk +w, |2 ®)

Let f=[fy,fy 1" be the linear equalizer of length Ny

The MMSE equalizer coefficients of f is obtained by
minimizing MMSE cost function

E[If"y, —x, ] ©)

where Y, Z[yk,"‘,yk_(Nf,l)]Tand A is decision delay. It is
well known that the MMSE solution of f is given by the
following [7]

f=E[y,y' | E[xy,] (10)

The goal of this paper is to express E[yx ykT] and E[y, yi]
in terms of the channel c=[c0,-~~,cl\:71]T, the signal magni-

tude o,, and the noise variance 2. In order to obtain
T5-1
Elyeye],

we need to calculate E[yx ykr] as shown below.
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We know that E[33]=E[yi53s], EDiviss] =Elvonl.
Because E[yx ykT] is symmetric Toeplitz matrix [7], we
have only to compute one row or column of E[yx ykT].
Note that E[yx ykT]'l is also a symmetric matrix. The
elements of E[yx ykT], E[ykym], are very complicated to
compute since the transmitted signal x; has nonzero mean
and the equalizer input y; is the magnitude square of
received signal 7. Hence, it is impossible to provide a
simple linear solution in contrast to the linear channel
case. E[yiym] is composed of the following four terms:
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Let’s define the first term of E[y; yu), EDchk ’

. 2 2
as a function a(k,m,c,0;,0,):
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The second term is a product of two expectations
ZEDCTxk‘Z]EDWM‘Z}: (zl c, ZZRe(cc) ]
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where 1=[1,--,1]" is the vector of length N. consisting of

N_,
1’s. Note that ¢'1=)] ¢..

i=0
The third term, the noise term, can be expressed as the
square of noise variance.

E|: 2 w, 2:| = {20:
m 4

O-n

The last term becomes the second term, when k& = m.
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Now, we have obtained the element of E[yx ykT],

alkom.e,0r, )+ (o +[e 1) +20! k=m

oo} (19)
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Consequently, we have obtained E[yx ykT] in terms of
the channel c:[cﬂ,---,cmﬂ]r, the signal magnitude o, and

2
T

can be computed by matrix inversion. Finally, we can
obtain the MMSE equalizer tap f by computing E[y, yx]
as shown below.

the noise variance o7, as desired and consequently E[yx ykT]']

2
o +[e1] +c, (1 +1¢") +—”X2”" (20)
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Once equalizer tap coefficients are obtained, the MSE
performance of the linear equalizer can be calculated by
substituting equalizer tap f into the MMSE cost function.

MSE(N,,¢,0,,0,)
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Once optical channel, optical noise variance, and the
signal magnitude are given one can determine the MMSE
equalizer and its MMSE performance. Numerical program
languages such as Matlab are quite helpful to utilize the
above results.
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FIG. 3. Comparison of equalizer taps obtained by calculation
method and adaptive algorithm (Z=100 km, SNR=20 dB).
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IV. SIMULATION RESULT

We consider mainly CD distortion to demonstrate the
analysis on the electronic MMSE linear equalizers for
optical OOK. In the frequency domain, the optical channel
is given as

c(o)=esn|

jDLw* 7 j

4mc @2

where the fiber CD parameter D is set to 17ps/nm/km, L
is the fiber length, ¢ is the speed of light, and A is the
signal wavelength, which is assumed to be 1550nm. By
taking the inverse Fourier transform, the time domain transfer
function can be calculated and expressed as [9]

_ jDLa)ZA2 c . 7
c=F ]{ex‘{ amc J}:\/ /DL SXP(_'] DL tz) @3)

In order to produce a discrete time channel impulse
response, continuous time transfer function is sampled at a
rate of 1/T where T is the symbol period.

Fig. 3~5 compare the MMSE equalizer coefficients of
N;y=21 computed from analytical method and computed by
adaptive algorithm for various degree of CD controlled by
fiber length. The x- axis denotes the equalizer coefficient
index k=1,---21 and the y- axis draws the corresponding
coefficient value fi. The agreement of two equalizer coeffi-
cients indicates the validity of the previous analysis that
the computed linear equalizer is MMSE equalizer in square-
law nonlinear channels.

Fig. 6 shows that the MSE performances of two equali-
zers also agree. This result suggests that the MMSE perfor-
mance of a linear equalizer for CD can be analytically
computed instead of adaptive simulation.
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FIG. 4. Comparison of equalizer taps obtained by calculation
method and adaptive algorithm (Z=150 km, SNR=20 dB).
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FIG. 5. Comparison of equalizer taps obtained by calculation
method and adaptive algorithm (Z=200 km, SNR=20 dB).
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FIG. 6. MSE performance of MMSE equalizer and adaptive
equalizer (SNR=20 dB).
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V. CONCLUSION

We have performed analysis on the MMSE linear
equalizer in square-law nonlinear channels found in optical
OOK system and presented the MSE performance of
equalizer. It has been verified that the analytically driven
equalizer is indeed the MMSE solution by comparing with
simulated equalizers by adaptive algorithms. As a result,
we are able to theoretically bound MMSE performance of
the electronic domain linear equalizer applied to optical
OOK systems.

REFERENCES

1. G. P. Agrawal, Nonlinear Fiber Optics (Academic Press, San
Diego, USA, 2001).

2. J. Wang and J. M. Kahn, “Performance of electrical equali-
zers in optically amplified OOK and DPSK systems,”
IEEE Photon. Technol. Lett. 16, 1397-1399 (2004).

3. A. H. Gnauck, L. J. Cimini, J. Stone, and L. W. Stulz,
“Optical equalization of fiber chromatic dispersion in a
5-Gb/s transmission system,” IEEE Photon. Technol. Lett.
8, 585-587 (1990).

4. P. M. Watts, V. Michailov, S. Savory, P. Bayvel, M. Glick,
M. Lobel, B. Christensen, P. Kirkpatrick, S. Shang, and R.
I. Killey, “Performance of single-mode fiber links using
electronic feed-forward and decision feedback equalizers,”
IEEE Photon. Technol. Lett. 17, 2206-2208 (2005).

5. A. J. Weiss, “On the performance of electrical equalization
in optical fiber transmission systems,” IEEE Photon.
Technol. Lett. 15, 1225-1227 (2003).

6. E. Ibragimov, “Limits of optical dispersion compensation
using linear electrical equalizers,” IEEE Photon. Technol.
Lett. 18, 1427-1429 (2006).

7. 1. G. Proakis, Digital Communication (McGraw-Hill, New
York, USA, 2001).

8. K. S. Kim, J. Lee, W. Chung, and S. C. Kim, “An electronic
domain chromatic dispersion monitoring scheme insensitive
to OSNR using kurtosis,” J. Opt. Soc. Korea 12, 249-254
(2008).

9. M. Khafaji, H. Gustat, F. Ellinger, and C. Scheytt, “General
time domain representation of chromatic dispersion in single-
mode fibers,” IEEE Photon. Technol. Lett. 22, 314-316
(2010).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


