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The k—Fermat’s Integer Factorization Algorithm
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Abstract It is very difficult problem to factorize composite number. Integer factorization algorithms, for the
most part, find (a,b) that is congruence of squares (o> =b" (modn)) with using factoring(factor base, B) and get
the result, p= GCD(a—b,n),q= GCD(a+b,n) with taking the greatest common divisor of Euclid based on the
formula o> —& =(a—b)(a+b). The efficiency of these algorithms hangs on finding (a,b). Fermat's algorithm that
is base of congruence of squares finds o’ —0 =n. This paper proposes the method to find
a> = =kn, (k=1,2,---). 1t is supposed b, =0 or 5 to be surely, and b is a double number. First, the proposed
method decides & by getting kn that satisfies b, =0 and b, =5 about n,n,. Second, it decides a,a, that satisfies
a®> =V =kn. Third, it figures out (a,b) from @ —b¥ =kn about aya, as deciding Vin<a<(k+1)n that is in
kn<a® <(k+1)n. The proposed algorithm is much more effective in comparison with the conventional Fermat
algorithm.
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Vn < adlA 14 277184 o F FEt) dolE A

21 HE &S

Table 1. Congruence of Squares

n<(1,<maxl(\/77) o N
n \/77 5 ( d ) _ bz D‘r] a — b
@ m‘() Z) - HAEEs ) (kn)
a,

(5676, 3743) n

18,206,927 4266.96 (7609, 1810) _[4267&999] 3n
(9542,0123) 1N I 5n

(2454,0097) n

(4811,2260) 3n

(4908,0194) _ 4n

6,012, 707" 2452.08 (7265,2163) [2403’1999] 8n
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84,923 9146 (668,147) 70870 470 5n
(847,195) 8n

(57,40) n

1,649 40.61 (74,23) 595#;99;)7}1 3n
(91,06) © 5n
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Table 2. Common Point of Congruence of
Squares
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B, FAF n=pq9 n, ={1,3,7,9}°] ©rt. we}A
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Tated n, ={1,3,7,9}°] H& B$E

37 2t} & 3004 ny = {1,9}+= 59

H|4=Q1 0 532 57} a, 3 b, ol EAFATE 0, = {3,7}>
ol B9 3n=9=%

= =
n=9% A& F Jom, n, =72 A5, 3n=21
2 =18 ALY F 3tk
HE3a—b=n
Table 3. aj — b} =n,
bl
nl
1 2131415161 7]18]19]0
110 |7 |2|5]|6[5]12]|]7]0]1
2] 3 0]5]8[9]|8|5]0]3]4
3| 8 510[3[4]3]0]5]8]9
41 5 21710110 7]2]|5]|6
“ 5| 4 1]/6[9(0]9]6|1]4]|5
Hels|[2lzfo]l1fo]7][2]5]6
71 8 510[3[4]3]0]5]8]9
8| 3 0]5[8[9]8]5]1]0]3]4
91 o071 256|521 7|0]1
0] 9 6 |1|4[5]4]1]6]9]0
Ty ay by
1 1,465,690 2,35, 780
3 2,317 8 1,46 9
7 1,46 9 2,378
9 2,35 780 1,456 090
5o] =9l bl 1 Al (b) & 0% 5otk
b, =001 (aya,)*=nyny, b =5°1"1  (a,a,)*

- 159 -



- (61)2
s
_Q_fq,

nyn, O1th aya, =[01,99] HA nyn, &
T 4%} Atk o7)A = e Eenks 185t
, = [0,9]0lth & 49] AHE kng non 02

AT ® 59 2

2]

2 4l
=

ko
rir

% 7

i)
=

H 4, nyn, = (a?(zl)2 — (b1)
Table 4. ny,n, = (aya,)* — (b, )?

T a’— b Nyny
[ by=0 b,=5 b,=0 by=5
01 01 76 01 76
03 09 84 09 84
07 49 24 49 24
09 81 56 81 56
11 121 % 21 %
13 169 144 69 4
17 289 264 89 64
19 361 336 61 36
21 441 416 41 16
23 529 504 29 o4
27 729 704 29 V)
29 841 816 41 16
31 %1 936 61 36
33 1,089 1,064 89 64
37 1,369 1,344 69 H“
39 1521 1,496 21 %
41 1,681 1,656 81 56
43 1,849 1,824 49 24
47 2,209 2,184 09 84
49 2,401 2,376 01 6
T a’— b Ny
Q90 by =0 by=5 by =0 by =5
51 2,601 2516 01 6
53 2,809 2,784 09 4
57 3,249 3224 49 24
59 3481 3456 81 56
61 3,721 3,696 21 %
63 3969 3944 69 H“
67 4,489 4464 89 64
69 4,761 4,736 61 36
71 5041 5,016 41 16
73 5329 5,304 29 o4
7 5929 5904 29 o4
79 6,241 6,216 41 16
81 6,561 6,536 61 36
83 6,389 6,864 89 64
87 7,569 7,544 69 44
89 7921 7,896 21 %
91 8,281 8,206 81 5%
9B 8649 8624 49 24
97 9,409 9,384 09 4
N9 9,801 9,776 01 6

B 5. nn, 20l M2 o E= b, 3 E

Table 5. Allocation of a,a; or bb, by nyn,

(aya, )* = (b)) =nyn,
Vin<a< V(k+1)n

((L_,(J,l )22 — (b2b1 )? = nyny

winl(Vn) <b< v/

Ny
2"
aya, byb,

b, =0 b =5 a, =0 a, =5

(=}
=

01, 49, 51, 99 - - 18 32, 68, 82

3

03, 47, 53, 97 - - 04, 46, 4, %6
- 06, 44, 56, 94|17, 33, 67, 83 -

—_
—_

=
©

- 12, 38 62, 83|09, 41, 59, 91 -
11, 39, 61, 89 - - 02, 48, 52, B

DN
=

&3

23, 21,73, 77 - - 14, 36, 64, 86

W
=

- 16, 34, 66, 84|13, 37, 63, &7 -

[o8)
O

- 08, 42, 53, 92|19, 31, 69, &1 -

e
=

21, 29, 71, 19 - - 22, 28, 12, 18

B

07, 43, 57, 93 - - 24, 26, 14, 16

1

()
=

- 24, 26, 14, 76|07, 43, 57, 93 -
- 22, 28, 12, 18|21, 29, 71, 19 -

[ox}
<

@2}
=

19, 31, 69, 81 - - 08, 42, 58, 92

(e}
<=}

13, 37, 63, 87 - - 16, 34, 66, 4

]
—

- 14, 36, 64, 86|23, 27, 73, T7 -

-
Ne}

- 02, 48, 52, 98|11, 39, 61, 89 -

e}
=

09, 41, 59, 91 - - 12, 38 62, 8

17, 33, 67, 83 - - 06, 44, 6, H
- 04, 46, 4, 96|03, 47, 53, 97 -

828

- 18, 32, 68, 82|01, 49, 51, 9 -

02, 48, 52, 98|23, 27, 73, 77|14, 36, 64, 86|11, 39, 61, 89

04, 46, A4, 96|21, 29, 71, 79|22, 28, 72, 78|03, 47, 53, 97

18 32, 68, 82|07, 43, 57, 93|24, 26, 74, 76|01, 49, 51 99
05, 15, -+, 95 - - 10, 20, ---, 90

06, 44, 56, 94(19, 31, 69, 81|08, 42, 58, 92|17, 33, 67, 83

12, 38, 62, 8813, 37, 63, 87|16, 34, 66, 84|09, 41, 59, 91

SR BB RE R

16, 34, 66, 84|09, 41, 59, 91|12, 29, 71, 79|13, 37, 63, 87

08, 42, 53, 92|17, 33, 67, 83|06, 44, 56, 9419, 31, 69, &1

- 10, 20, -+, 90|05, 15, -+, % -

24, 26, 74, 76|01, 49, 51, 99|18, 32, 68 82|07, 43, 57, 93

22, 28, 72, 78|03, 47, 53, 97|04, 46, 54, 96|21, 29, 71, 19

KR ||

14, 36, 64, 8611, 39, 61, 89|02, 48, 52, 98|23, 27, 73, 77

(1) k2t a0, ZF

if n, = {119} then k=12 A, & 5lA n,n, kel
g&3E b =0 Ex b =59 aa, A

else if n, = {37} then /* X 59l n,n, o] HIEA]

if nyny =ixj, (1=3,7,9,j=1,2,---,9) then
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k=391 3nol th&dh= b, =09 aye, A9
else if nyn, #ixj then b, =59 AF8= ayq
e 7 o2k AR,
if b, =0 then o, i,j o2 A,

(2) o« Helt =712t 2F

Jin<a< VEEDn ol W8l 1a) = {@},z(b):

2
Wa) =17} M=% a,,, 9 1) AT ) &S +1, g
A 0.2, aya, = (Dol A 3+ ko2 AA3T) 7} g
7 xxaya ol dig +100 S, 1071 S22kl i3] ayq, ©]
59 A, iy, =07,11,13,179) FS, A5 AS
iyi; = 08,12,14,189] ¥& 2o} 27| 3k (q,,,) &= AA

gt

(3) a2t » #H

2717k a0 W a=aq,;, +iy8,00 2" X5 Xk, (5> 2,
E=101:2:997)° | & —t*=knS 3= o b
£ "Agith Wk ob7b EAISHA] oW 3 5elA
5% 5ol el o, =[0,9]5 271 &
SOz gasi, duksid 11, 12, 13,
14, 1739 189] 2 27 x5 Xiy, el o=,
1100 =22 x 5% x110] H} ek ¢ b7} EA54#] gow
DE T3tk
= (b2b1 )2 +nyn,

(4) (aqal) (b b ) =NyNy, (a2a1 )2

o b & TR o] A L 1(Ve)<b<vVn o H

A5 Zkom, bb ol el (bbyb,)* +nyngn, = (aya,)%
b, =[0,9] o] 59 Fo] AF7L == g 2] #HoR
ARk ol 71 gl &l (V) <b< Vn
Helol A minl(vVn) ol 1(b) =SS 12 8k, +1,000
THoR Zheth

(5) pQP ¢ 2™
@ =8 =(a—b)(a+b) T2 A FIE= gy
FOF p= G’CD(a b,n), q= GCD(a+bn)S T-3}.

V. &2

il

2 A 24

% 19] 470 dlel8 ¢} pGNFS'? dlo]ef o] Ajete o
1S #83te] Bak pGNFS!= n =2,352,854,039
S p=420137 ¢=56,003%, n=8229944, 909,131,
449612 p=2352, 840413} ¢=34978%6121% n =
982,301,348 481,613,682,763,34 9,336,546,115,836,409%
p =20,989,897,656,489,026,8098} ¢ =46,79 8,767,890,987,
64,4012 Aol4=E3) 3}t

n= 18,206,927 A%, n, =7,n,n, =27=3x9
24,j=13,9}, 3n=81% k=32% ZAHA. b, =0
9 aya, ==109,41,59,91} FolA i,j=1{3,9}5 *
gHete 09,59} 429k kn<d® < (k+1)n,vV3n
< a< V4n £7309.5873 < a < 8553.9151 0], [(n)
=8,l(a) =4,1(b) =322 q,,, 2 1(b)A=] Fto] 3¢l
A 42 F74E o] 74000] ©rk L3 a,a,- 09, 590]
27409, 74592 A H . 7} kel dis) +1009] SR
2 10709 7=l U3l 7,11,13,17<] Fo] HE A ¥
A gL xx09%= 7609(7), 7909(11), 7709(13), 8109(17) =,
Xx59%= 7959(7), 8459 (11), 8359(13) & a;,;,©] AAH T}

(d

init
7, B a=a,,,;, +iyi,00x 2" X5/ <k, (j > 2,
k=101:2:997) % &4 A3} xx099] 79 # a;,;, <]
a=7609, b=1810 0% &7e|& 13| s8¥r) 27
p= GCD(7609—1810,18206927) = 1933, ¢= GCD
(76094 1810,18206927) = 9419 0]t}
n=6,012,7079 A%, n, =7,nm, =07=7x1
24,j={1,7},3n=11% k=3°% ZAAH} b
9] a,a, =111,39,61,89} ol A 4,j={1,7} & *&3}
£ aya;, ={11,61}0] &€t kn<ad® <(k+1)n
el V3n <a< VAn & 4247.1309 < a < 4904.1643
ol a, .. & l(a) =4,1(b) =302 42470] 43002
aya, =112 43112 AR} 25 4311 < o < 4811

o Al 43117} 4361 < ti3l —37% +100S 3FAA 1071
NS Helste] 7,11,13,17172 F< A48 4711(7),
411 (11), 4511(13), 4811(17)=} 4361(7)°] @, 22 2

AAh 7 a,,, 5 Wel a=a,,, +i,yi,00 < 2"
X 5% ki 4311 < a < 48119 EA)81%] gong &
A AL 57 ake] 23t} ol 7] A @ —b=3n< v
Eobe ghe xx119] 179 # q;,,¢ a = 4811, b=

- 161 -



k—m=zot A

QIrEs YmalF

22605 Aal dagEe] FRHUL p=GCD
(4811 —2260,6012707) =2551, g¢= GCD(4811+
2260,6012707) =23572 Atk

n=284,9239 A, n, =3,nmm =23 =ixXjE
b, =59 el kne ToPd 8n =812 k=8% Z
¥k w}aw aya, ={03,47,53,97} oItk kn<d?
< (k+1)n% v/8n <a< v/9n 2824.2475 874.265
19, 1 ( ) 3,1(b) =22 q,,,° 2WA A& 12
PH 847 HW, aya, =4TE 847 < a < 84T
a=_847¢] /o] EAFTE F, =847, b=195%&
13] Wl da dagFe] FREJY p= GCD
(847 —195,84923) =163, = GCD(847+ 195,84,
923) =5210°]t}.

n=1,649° 7AF, n =9, nm =49=TXT7=

=199, a,a, ={07,43,57,93} FNA i,j={7}&
38 a,e, =107,57} 2 ZAAFC 40.6079
<a<574282904 I(a) =2,1(b) =1% a,,, 9 1H
A AelE 12 S 410] M, gy =070 2=
47 < a < 57°] F}h °l% F aya, =1{07,43,57,93}
S Xgele = 573 DlRte] EAlgth &, a =57,
b=40% 13 <dx dugFol FERHUTH
p= GCD(57—40,1649) =17, ¢= GCD(57+ 40,
1649) =970]t}h

n=2,352,854,039 thall, n, =9,n,n, =39 =i
XJE k=101, aya; < by =59 EABE aga, =
{08,42,58,92} oIt} kn<a® <(k+1)nd Vn<a

2n 2 48506.2268 <a<68598.1638°1*11, 1(n)

=10,1(a) =5,1(b) =42 a2 1(b) ALFE +1
2 3bE 4900001™, a,a, ={08,42,58,92} 2 49, 008,
49042, 49058, 490927} Z7] ko] Htt. 7+ 271 Fhell o
3 +1009] S/ o= 10704 e A3k aya,©]
Aol B,

]

F

8,12,14,18¢] ¥& ZoW xx08&
49,008(8), 49,008(12), 49,308(14), 49,608(18), xx42%= 49,
242(12), 49042(14), 49842(18), xx582 49,058(8),
49,158(12), 49,658(14), 49,158(18), xx92% 49,092(8),
49,092(12), 49,392(14), 49392 (18)% a;,;, & VETh a,b
= 490082 89 ¥ a;,;,%) a=49008,b= 69955 o]
duElFe 185 Sk S, p= GCD(49008
— 6995, 2352854039) = 42013, ¢ = GCD(49008 + 69

95,2352854039) = 56003 ©|t}.
n=8,229,944,909,131,434,961 ©al, n, =1,

nyn; =610 X jZ k=1°]H a,a, = {19,31,69,81}
BT AEEAT Vi <a< V20 S 2868788055.8054
< a < 4057078976.0939°1™, 1(n)=19,1(a) =10,
1(b)=9=a,,, < 1(b) AFE +1= 3P4 2900000019,
2,900,000,031, 2,900,000,069, 2,900,000,0812] 4717} %71
ol |tk ol A 7,11,13,179] F& AA3hd xx19
o diEldE 2900,000,019(7),  2900,000,719(11),
2,900,00051 9(13), xx31°l thaliAE 2900,000,131(7),
2,900,000,631(11), 2,900, 000,831(13), xx69ll thalA =
2,900,000,369(7), 2,900,000,169(11), xx8lel thalxE=
2,900,000,481(7), 2,900,000,081(11), 2,900,000,18 1(13),
2,900,000981(17)0] 271 gko2 A=At 12709 7t
Z7] gl il a=a;,;, +is8,00 X 2" X 5/ X k(] >
2,k=101:2:997)l thall &4 Az} xx812] 11¢] #
361 W A <1 2,900,000,081 41100 2 x 5% x 461
=2,900,000,081 + 1100 x 23,050 = 2,925,355,081
AN @’ —b* =ng W3 daelF 3613E 3
sF4th o] A%, a=2,925,355,081, b= 572,501,040
ojtt.

n =982,301,348,481,613,682,763,349,336,546,
115836,4001 w3l n, =9,nyn, =09=9x1,3x3
o2 4,j=1{1,3,9}, k=1°|t}. aya,=1{03,47,53,97}
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