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HYPERCYCLICITY OF WEIGHTED COMPOSITION

OPERATORS ON THE UNIT BALL OF CN

Ren-Yu Chen and Ze-Hua Zhou

Abstract. This paper discusses the hypercyclicity of weighted composi-
tion operators acting on the space of holomorphic functions on the open
unit ball BN of CN . Several analytic properties of linear fractional self-

maps of BN are given. According to these properties, a few necessary
conditions for a weighted composition operator to be hypercyclic in the
space of holomorphic functions are proved. Besides, the hypercyclicity of

adjoint of weighted composition operators are studied in this paper.

1. Introduction

Let BN be the open unit ball in CN . Each holomorphic self-map φ on BN
is associated with a linear operator Cφ, the composition operator with symbol
φ, which is given by the rule Cφ (f) = f ◦ φ for every f ∈ H (BN ). Here
H (BN ) denotes the space consisting of all holomorphic functions on BN . The
multiplication operatorMψ induced by ψ ∈ H (BN ) is defined byMψ(f) = ψ·f .
The weighted composition operator Wψ,φ with symbols φ and ψ is defined to
be the linear operator on H(BN ) with Wψ,φ = MψCφ. It should be noted
that H(BN ) is an F-space when endowed with the metric where a sequence
{fn} in H (BN ) converges to f ∈ H (BN ) if and only if fn → f in the sense of
compact-open topology.

According to the definition of [22], for any w ∈ ∂BN and any positive number
α, Lipα(w) corresponds to the class of holomorphic functions ψ with domain
BN such that there is some neighborhood G for w and a positive constant M
with

|ψ(z)− ψ(w)| ≤M |z − w|α for z ∈ G ∩BN .
Let X be an F-space and T be a bounded linear operator on X. For x ∈

X, let Orb (T, x) = {Tnx : n ∈ N} be an orbit of T . Then T is said to be
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hypercyclic if the orbit Orb(T, x) is dense in X for some x ∈ X. In this
case, x is called a hypercyclic vector for T . The hypercyclicity of composition
operators in one complex variable has been discussed by Bourdon and Shapiro
in [3, 4]. For composition operators with linear fractional symbols on H2(BN ),
some results have been obtained in [1, 2, 7, 16]. And for weighted composition
operators in one dimensional case, B. Yousefi and H. Rezaei [22] showed that the
hypercyclicity of Wψ,φ depended on how freely ψ(z) was allowed to approach
the unit circle as z → w, where w was the Denjoy-Wolff point of φ. Some other
types of hypercyclic operators can be found in [6, 11, 12, 14, 15, 19, 21].

In this paper, {φn} denotes the iteration sequence of φ. B. Yousefi and
H. Rezaei [22] pointed out that if φ is a self-map of the unit disk of C,∑∞
n=1 (1− |φn (z)|)α converges uniformly on compact subset of the unit disk

whenever φ is hyperbolic and α > 0 or φ is a parabolic automorphism and
α > 1

2 . In higher dimensional cases, the situation is much more complicated.

We will show that the series
∑∞
n=1(1−|φn(z)|2)α converges if one of the follow-

ing cases holds: φ is a hyperbolic self-map of BN and α > 0; φ is a parabolic
liner fractional map with at least one invariant slice and α > 1; φ is a parabolic
linear fractional map and the restriction of φ on one of its invariant slices is an
automorphism and α > 1/2; φ is a parabolic automorphism without invariant
slices and α > 1/4. As a consequence, under the additional hypotheses that
ψ ∈ Lip2α (w) and ψ never vanishes in BN , an eigenvalue and the correspond-
ing eigenvector forWψ,φ are calculated. Moreover, due to Theorem 4.1,Wψ,φ is
hypercyclic if Cφ is hypercyclic on H(BN ), where φ and ψ meet the conditions
above, ψ(w) = 1, where w is the Denjoy-Wolff point of φ. Several examples of
hyperbolic weighted composition operators on H(BN ) are shown in Corollary
4.6 and Corollary 4.7. In the final part of this paper, the adjoint of weighted
composition operator will be studied, and some special conditions will be given
for such an operator to be hypercyclic.

2. Preliminary results

First of all, an analogue of the Denjoy-Wolff Theorem in one complex vari-
able is presented as the following (MacCluer [18]):

Theorem 2.1 (Denjoy-Wolff Theorem in BN ). If φ is a holomorphic self-
map of the open unit ball BN without interior fixed point, there will be a point
w ∈ ∂BN so that the iterate {φn} of φ converges to w uniformly on compact
subsets of BN .

The boundary point w will be called the Denjoy-Wolff point of φ. In addi-
tion, the following inequality can be derived from Theorem 1.3 of [18]:

0 < lim inf
z→w

1− |φ(z)|2

1− |z|2
= δ ≤ 1.

The real number δ is referred to as the boundary dilation coefficient of φ. The
following is a special case of Julia’s Theorem on the ball (cf. [18] and [20]):
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Theorem 2.2. Let φ be an analytic map of the unit ball into itself with Denjoy-
Wolff point w ∈ ∂BN and boundary dilatation coefficient δ. Then

|1− ⟨φ(z), w⟩|2

1− |φ(z)|2
≤ δ

|1− ⟨z, w⟩|2

1− |z|2

for every z ∈ BN .

Definition 2.3. A holomorphic self-map φ of BN will be called elliptic if φ
fixes some point of BN ; parabolic if φ has no interior fixed point and boundary
dilatation coefficient δ = 1; and hyperbolic if φ has no interior fixed point and
boundary dilatation coefficient δ < 1.

In [10], Cowen and MacCluer defined and studied a class of linear fractional
maps of BN into itself which generalize the automorphism of BN .

Definition 2.4. A map φ will be called a linear fractional map if

φ(z) = (Az +B)(⟨z, C⟩+D)−1,

where A is an N ×N matrix, B and C are (column) vectors in CN , and D is
a complex number.

If φ(BN ) ⊂ BN , φ is said to be a linear fractional self-map of BN and signed
as φ ∈ LFM(BN , BN ). In this case, φ is actually holomorphic on BN only if
the inequality

|D| ≥ |C|

holds.

Definition 2.5. A slice S of BN is a non-empty subset of BN of the form
S = BN

∩
V , where V is an one dimensional affine subspace of CN . We say

that a slice S of BN passes through some point z ∈ BN if z ∈ S̄. Likewise, a
vector v ∈ CN \ {0} is a direction vector of S if

v ∈ VS := span{s− s′ : s, s′ ∈ S}.

This one-dimensional vector space VS is termed the direction subspace of S.

A finite collection {S1, . . . , Sp} of slices of BN is said to be independent if the
family of the corresponding one-dimensional direction subspaces {VS1 , . . . , VSp}
spans a p-dimensional subspace of CN . A slice S is invariant (as a set) for
φ ∈ LFM(BN , BN ) if φ(S) ⊂ S.

Let φ ∈ LFM(BN , BN ), #inv(φ) correspond to the dimension of the space
spanned by the direction subspaces VS of all invariant slices S ⊂ BN of φ.
Obviously, #inv(φ) = 0 if and only if φ has no invariant slice; #inv(φ) = 1 if
and only if φ has only one invariant slice (Further results about linear fractional
maps and invariant slices could be found in [5]).
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3. Properties of linear fractional self-map of BN

Theorem 3.1. Let φ be a hyperbolic self-map of BN and α > 0. Then∑∞
n=1(1− |φn(z)|)α converges uniformly on compact subsets of BN .

Proof. Let w be the Denjoy-Wolff fixed point of φ and δ ∈ (0, 1) be the corre-
sponding boundary dilation coefficient. Resulting from Theorem 2.2,

|1− ⟨φ(z), w⟩|2

1− |φ(z)|2
≤ δ

|1− ⟨z, w⟩|2

1− |z|2

for all z ∈ BN . As a consequence,

|1− ⟨φn(z), w⟩|2

1− |φn(z)|2
≤ δ2

|1− ⟨φn−1(z), w⟩|2

1− |φn−1(z)|2
≤ · · · ≤ δn

|1− ⟨z, w⟩|2

1− |z|2

for every z ∈ BN and every nonnegative integer n. If K is a compact subset

of BN , there is a constant M > 0 such that |1−⟨z,w⟩|2
1−|z|2 < M for all z in K.

Therefore,

1− |φn(z)|2 ≤ 2(1− |φn(z)|) ≤ 2|1− ⟨φn(z), w⟩|

≤ 2
|1− ⟨φn(z), w⟩|2

|1− ⟨φn(z), w⟩|
≤ 4

|1− ⟨φn(z), w⟩|2

1− |φn(z)|2

≤ 4δn
|1− ⟨z, w⟩|2

1− |z|2
≤ 4Mδn

and consequently (1 − |φn(z)|)α ≤ (4M)αδαn. Thus
∑∞
i=1(1 − |φi(z)|)α con-

verges uniformly on compact subsets of BN . □

Theorem 3.2. Let φ be a parabolic linear fractional self-map of BN with at
least one invariant slice. If the restriction of φ to one of its invariant slices is
an automorphism, then

∑∞
n=1(1 − |φn(z)|)α converges uniformly on compact

subsets of BN if and only if α > 1/2. Otherwise,
∑∞
n=1(1−|φn(z)|)α converges

uniformly on compact subsets if and only if α > 1.

Proof. Without loss of generality, we may conjugate φ by a rotation of CN and
assume that the Denjoy-Wolff point w = (1, 0, . . . , 0). It will be convenient to
move the problem to the Siegel right half-space:

HN =
{
(u1, u

′) ∈ C× CN−1 : Reu1 ≥ |u′|2
}

which is biholomorphically equivalent to BN via the generalized Cayley trans-
form

σ(z1, z
′) =

(
1 + z1
1− z1

,
z′

1− z1

)
.

The inverse of σ is given by

σ−1(u1, u
′) =

(
u1 − 1

1 + u1
,

2u′

1 + u1

)
.
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Easy calculations show that for any z = (z1, z
′) ∈ BN and (u1, u

′) = σ(z),

(3.1) 1− |z|2 =
4

|u1 + 1|2
(Reu1 − |u′|2).

Owing to Lemma 4.1 in [5], φ is conjugate to a map φ̃ : HN → HN of the form

(3.2) φ̃(u1, u
′) = (u1 + c+ ⟨u′, b⟩, Au′ + d)

for suitable scalar c ∈ C, vectors b, d ∈ CN−1 and (N − 1) × (N − 1) matrix
A with ∥A∥ ≤ 1 where ∥A∥ is the spectrum norm of A. Of course these
parameters satisfy a number of relations, determined by the condition that φ̃
maps HN into itself.

A self-map η of HN defined by

η(u1, u
′) = (u1 + 2⟨u′, k2⟩+ k1, u

′ + k2), (u1, u
′) ∈ HN

with (k1, k2) ∈ ∂HN is said to be a Heisenberg translation. According to
Proposition 4.3 of [5], η ∈Aut(HN ). Let

˜̃φ = η−1 ◦ φ̃ ◦ η.
Straightforward computations show that

˜̃φ(u1, u
′) = (u1 + ⟨u′, b+ 2k2 − 2A∗k2⟩+ c̃, Au′ +Ak2 + d− k2)

= (u1 + ⟨u′, b̃⟩+ c̃, Au′ + d̃)

for some c̃ ∈ C and b̃ = b+ 2k2 − 2A∗k2, d̃ = Ak2 + d− k2.
If φ ∈ LFM(BN , BN ) and #inv(φ) ≥ 1, by the proof of Proposition 4.4 in [5],

there is u′0 ∈ CN−1 such that φ̃({(u1, u′0)|Re(u1) ≥ |u′0|2}) ⊂ {(u1, u′0)|Re(u1)
≥ |u′0|2}. Therefore Au′0 + d = u′0. Let k2 = u′0 and k1 = |k2|2, then

(3.3) ˜̃φ(u1, u
′) = (u1 + ⟨u′, b̃⟩+ c̃, Au′)

for some b̃ ∈ CN−1 and c̃ ∈ C. If c̃ = 0, then ˜̃φ fixes points of the form (u1, O
′)

for all u1 with Reu1 > 0, which implies that φ has an interior fixed point and
this is impossible since φ is non-elliptic. Therefore c̃ ̸= 0 and

˜̃φn(u1, u
′) = (u1 + ⟨u′,

n−1∑
k=0

(A∗)k b̃⟩+ nc̃, Anu′).

If φ ∈ LFM(BN , BN ) and has only one invariant slice, that is #inv(φ) = 1,
then based on Proposition 4.4 of [5], 1 is not an eigenvalue of A and EN−1−A∗

is invertible. Due to the following expression

n−1∑
k=0

(A∗)k = (EN−1 −A∗)−1(EN−1 − (A∗)n),

we obtain

|⟨u′,
n−1∑
k=0

(A∗)k b̃⟩| ≤ |u′|
∥∥(EN−1 −A∗)−1(EN−1 − (A∗)n)

∥∥ |b̃|
≤ 2|u′|

∥∥(EN−1 −A∗)−1
∥∥ |b̃|.
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According to φ = σ−1 ◦η ◦ ˜̃φ◦η−1 ◦σ and (3.1), for every (z1, z
′) ∈ BN , and

(u1, u
′) = η−1(σ(z1, z

′)),

1− |φn(z1, z′)|2

= 1− |σ−1 ◦ η ◦ ˜̃φn ◦ η−1 ◦ σ(z1, z′)|2

= 1− |σ−1 ◦ η ◦ ˜̃φn(u1, u
′)|2

= 1− |σ−1(u1 + ⟨u′,
n−1∑
k=0

(A∗)k b̃⟩+ nc̃+ 2⟨Anu′, k2⟩+ k1, A
nu′ + k2)|2

=

4(Re(u1 + ⟨u′,
n−1∑
k=0

(A∗)k b̃⟩+ nc̃+ 2⟨Anu′, k2⟩+ k1)− |Anu′ + k2|2)

|u1 + ⟨u′,
n−1∑
k=0

(A∗)k b̃⟩+ nc̃+ 2⟨Anu′, k2⟩+ k1|2
.

Due to Proposition 4.3 of [5], the restriction of φ on its unique invariant slice
is an automorphism if and only if Re c̃ = 0. Consequently, if the restriction of
φ on its invariant slice is not an automorphism, and K is any compact subset
of BN , for sufficiently large n, there exist some positive constants M and M ′

such that
M ′

nα
< (1− |φn(z1, z′)|2)α <

M

nα
(z ∈ K).

Because of this,
∑∞
n=1(1−|φn(z1, z′)|2)α converges uniformly on compact sub-

sets of BN if and only if α > 1.
On the other hand, suppose that the restriction of φ on its unique invariant

slice is an automorphism, since c̃ ̸= 0, for fixed compact subset K of BN and
sufficiently large n, there exist positive constantsM andM ′ such that for every
z ∈ K,

M ′

n2α
< (1− |φn(z1, z′)|2)α <

M

n2α
.

Hence
∑∞
n=1(1−|φn(z1, z′)|2)α converges uniformly on compact subsets of BN

if and only if α > 1
2 .

If φ ∈ LFM(BN , BN ) and q + 1 := #inv(φ) > 1, resulting from (3.3), φ is

conjugate to ˜̃φ where

˜̃φ(u1, u
′) = (u1 + ⟨u′, b̃⟩+ c̃, Au′).

There is a unitary matrix U such that (cf. Lemma 4.4 in [5])

Ã := U∗AU =

[
Eq O
O B

]
,

where B ∈ CN−1−q ×CN−1−q with |B| ≤ 1 and 1 is not a eigenvalue of B. Let

Ũ(u1, u
′) = (u1, Uu

′) and

φ1(u1, u
′) = Ũ−1 ◦ ˜̃φ ◦ Ũ(u1, u

′)

= (u1 + ⟨u′∗b̃⟩+ c̃, Ãu′).
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Write U∗b̃ = (b̃′′, b̃′′′) ∈ Cq × CN−1−q then

φ1(u1, u
′) = (u1 + ⟨u′′, b̃′′⟩+ ⟨u′′′, b̃′′′⟩+ c, u′′, Bu′′′)

with (u1, u
′) = (u1, u

′′, u′′′) ∈ C×Cq×CN−1−q∩HN . According to Proposition

4.2 of [5], since φ1 is a self map of HN , b̃ belongs to the space spanned by

columns of EN−1 − Ã∗Ã. Hence b̃′′ = 0 and

φ1
n(u1, u

′′, u′′′) = (u1 + ⟨u′′′,
n−1∑
k=0

(B∗)nb̃′′′⟩+ nc̃, u′′, Bnu′′′).

The rest discussion of the present lemma follows by the same discussion as
the case of #inv(φ) = 1. □

Theorem 3.3. Let φ be a parabolic automorphism with #inv(φ) = 0. Then∑∞
n=1(1− |φn(z)|)α converges uniformly on compact subsets of BN if and only

if α > 1
4 .

Proof. Without loss of generality, we may assume that the Denjoy-Wolff point
w = (1, 0, . . . , 0). According to (3.2), φ is conjugated to

φ̃(u1, u
′) = (u1 + ⟨u′, b⟩+ c, Au′ + d).

Since φ̃ is an automorphism of HN , A is a unitary matrix and b = 2A∗d.
Owing to Proposition 4.4 of [5], 1 is an eigenvalue of A. Moreover, resulting
from the spectral theorem, there is a unitary matrix V of order n−1 such that
V ∗AV = Θ, where

Θ =

[
Eq O
O Λ

]
with Eq the identity matrix of order q and Λ a diagonal unitary matrix of order
N − q − 1 with diagonal elements of the form eit(t ̸= 0).

Set Ṽ (u1, u
′) := (u1, V u

′) and

φ2(u1, u
′) := Ṽ −1 ◦ φ̃ ◦ Ṽ (u1, u

′)
= (u1 + ⟨u′, V ∗b⟩+ c,Θu′ + V ∗d).

Let V ∗d = (d′′, d′′′) ∈ Cq × CN−1−q, then

V ∗b = 2V ∗A∗V V ∗d = 2

[
Eq O
O Λ∗

]
V ∗d = (2d′′, 2Λ∗d′′′).

Therefore

φ2(u1, u
′) = (u1 + 2⟨u′′, d′′⟩+ 2⟨u′′′,Λ∗d′′′⟩+ c, u′′ + d′′,Λu′′′ + d′′′)

with (u1, u
′) = (u1, u

′′, u′′′) ∈ C × Cq × CN−1−q ∩ HN . Owing to conjugating
with the Heisenberg translation

η1(u1, u
′′, u′′′) = (u1 + 2⟨u′′′, k2⟩+ k1, w

′′, w′′′ + k2),
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where (k1, O, k2) ∈ ∂HN and k2 = (Em−1−q − Λ)−1d′′′, we obtain a new auto-
morphism

φ3(u1, u
′′, u′′′) = (z + 2⟨u′′, d′′⟩+ c̃, u′′ + d′′,Λu′′′)

for some c̃ ∈ C with Re(c̃) = |d′′|2. With respect to Proposition 4.4 of [5], φ3

has no invariant slice if and only if d′′ ̸= O. Direct computations obtain that

φ3
n(u1, u

′′, u′′′) = (z + 2n ⟨u′′, d′′⟩+ (n2 − n) |d′′|2 + nc̃, u′′ + nd′′,Λnu′′′).

Let (u1, u
′′, u′′′) = η−1

1 ◦ Ṽ −1 ◦ σ(z1, z′) for (z1, z′) ∈ BN , notice that

φ = σ−1 ◦ Ṽ ◦ η1 ◦ φ3 ◦ η−1
1 ◦ Ṽ −1 ◦ σ,

we get

1− |φn(z1, z′)|2 = 1− |σ−1 ◦ Ṽ ◦ η1 ◦ φ3
n(u1, u

′′, u′′′)|2

= 1− |σ−1 ◦ Ṽ ◦ η1(z + 2n ⟨u′′, d′′⟩+ (n2 − n) |d′′|2

+ nc̃, u′′ + nd′′,Λnu′′′)|2

=
4(ℜ(u1 + 2⟨Λnu′′′, k2⟩+ k1)− |u′′|2 − |Λnw′′′ + k2|2)

|1 + u1 + 2n ⟨u′′, d′′⟩+ (n2 − n) |d′′|2 + nc̃+ 2⟨Λnu′′′, k2⟩+ k1|2
.

If K is any compact subset of BN , for sufficiently large n, there exist some
positive constants M and M ′ such that

M ′

n4α
≤ (1− |φn(z1, z′)|2)α ≤ M

n4α

and consequently
∑∞
n=1(1 − |φn(z1, z′)|2)α converges uniformly on compact

subsets of BN if and only if α > 1
4 . □

Proposition 3.4. Let φ be a linear fractional self-map of the open unit ball
BN with unique fixed point w in BN . Then φn converges to w on every compact
subset of BN if and only if ρ (dφw) < 1, where dφw is the Jacobian matrix of
φ at w.

Proof. Since the spectral radius of a matrix is invariant under conjugations, we
may assume that w = O. In this case, φ can be given by

φ (z) =
Az

⟨z, C⟩+ 1
.

Direct calculations show that dφO = A and

φn (z) =
An (z)⟨(∑n−1

i=0 A
i
)
z, C

⟩
+ 1

.

Let ρ (A) < 1. Then A−E and consequently AH −E are invertible. There-
fore, there is a unique vector in CN such that C =

(
AH − E

)
V . There also
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exists a unitary matrix U ∈ CN×N such that UHV = δe1, where δ = |V | and
e1 = (1, 0, . . . , 0)

T
. Let φ̂ (z) = UH ◦ φ ◦ U (z) and Â = UHAU , then

φ̂ (z) =
UHAUz

⟨Uz,C⟩+ 1
=

UHAUz

⟨Uz, (AH − E)V ⟩+ 1

=
UHAUz

⟨z, UH (AH − E)V ⟩+ 1
=

UHAUz

⟨z, (UHAHU − E)UHV ⟩+ 1

=
Âz

δ
⟨
z,
(
ÂH − E

)
e1

⟩
+ 1

.

As a consequence,

φ̂n (z) =
Ânz

δ

⟨
z,

((
Ân

)H
− E

)
e1

⟩
+ 1

.

Because φ̂n is a linear fractional self-map of BN for every n ∈ N,∣∣∣∣δ((Ân)H − E

)
e1

∣∣∣∣ ≤ 1.

Since ρ (A) = ρ
(
Â
)
, letting n goes to infinity, we get δ ∈ [0, 1]. Let

σ (z) :=
z

−δz1 + 1
, z = (z1, z

′) ∈ C× CN−1 ∩BN .

The linear fractional map σ is clearly holomorphic and injective on BN , since
δ ≤ 1. Direct computations show that

σ ◦ φ̂ (z) = Âσ (z)

for all z ∈ BN . As a result, φ̂n and consequently φn converge uniformly on
compact subsets of BN .

On the other hand, let φn converge to O on every compact subset of BN .
Write

φn =
(
φ1
n, φ

2
n, . . . , φ

N
n

)
,

and

An =
(
anij

)
.

Then

anij =
∂φin
∂zj

(O) ,

and by Cauchy inequality, ∣∣anij∣∣ ≤ 2 sup
|z|= 1

2

∣∣φin∣∣ .
Therefore

lim
n→∞

∣∣anij∣∣ = 0.
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As a result,
lim
n→∞

An = O

which means that
ρ (A) < 1. □

4. Weighted composition operators on H(BN)

The next theorem presents a necessary condition for when a weighted com-
position operator is hypercyclic.

Theorem 4.1. Let φ be a self-map of BN without interior fixed points. Let w
be the Denjoy-Wolff point of φ. Let ψ ∈ Lip2α(w) for some real number α, and
ψ never vanishes on BN and |ψ(w)| = 1. If the composition operator Cφ is
hypercyclic on H(BN ), thenWψ,φ is hypercyclic whenever φ is a hyperbolic self-
map with α > 0 or φ is a parabolic linear fractional self-map with at least one
invariant slice and α > 1

2 or φ is a parabolic automorphism without invariant

slice and α > 1
4 .

The following lemmas and propositions are needed to prove the above the-
orem. Most of them are direct extensions of results in [22].

Theorem 4.2. If Wψ,φ is hyperbolic on H(BN ), then
(i) φ has no fixed point in BN and ψ(z) ̸= 0 for every z ∈ BN ;
(ii) φ is univalent.

The proof is omitted. The readers are referred to Proposition 2.1 in [22] for
details.

Proposition 2.3 of [22] showed that the unimodular scalar multiple of a
hypercyclic composition operator is also hypercyclic. According to the following
lemma, this is true in the present case.

Lemma 4.3. Let X be the set of polynomials vanishing at the boundary point
w. Then X is a dense subset of H(BN ).

Proof. It is well known that the set of polynomials vanishing in the same bound-
ary point is dense in H2(U), which is the Hardy space of the unit disc of C.
The same result will be shown to hold in H2(BN ).

Without loss of generality, let w = (1, 0, . . . , 0). Let Y denote the set of
polynomials of one variable vanishing at 1. Therefore Y is a dense subset of
H2(U). Since f ≡ 1 belongs to H2(U), there is a sequence {fk, k = 1, 2, . . .}
of Y tending to f in H2(U). For every polynomial g ∈ H2(BN ) and every
z = (z1, z

′) ∈ C×Cn−1, let gk(z) = g(z) · fk(z1)(k = 1, 2, . . .). It is easy to see
that gk ∈ X for every k. And

∥g − gk∥H2(BN ) = ∥g(1− fk)∥H2(BN ) ≤ C ∥g∥H2(BN ) ∥1− fk∥H2(U)

for some non-zero constant C. As a result, X is a dense subset of the set of
polynomials in H2(BN ). Due to Corollary 4.26 of [24], the set of polynomials
is dense in H2(BN ), we conclude that X is dense in H2(BN ).
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Since convergence in the Hardy spaceH2(BN ) implies convergence inH(BN )
(cf. Theorem 4.17 in [24]), with both spaces containing the polynomials as a
dense subset, the proof is completed. □

Proposition 4.4. Let Cφ be hypercyclic on H(BN ). Then λCφ is hypercyclic
for every complex number λ with |λ| = 1.

Proof. Since Cφ is hypercyclic, φ has no fixed point inBN and there is w ∈ ∂BN
such that φk(z) → w for every z ∈ BN . LetX be the set stated in the preceding
lemma. For every f ∈ X, Cnφ(f) = f ◦ φn tends to zero as n → ∞. The
hypercyclicity of λCφ follows similarly from [22, Proposition 2.3]. □

Bounded operators T and S on an F-space X are quasi-similar if there exists
a bounded operator V on X which has dense range and TV = V S. If V is
invertible, T and S are said to be similar. The similarity and quasi-similarity
preserve hypercyclicity. Indeed, if x is a hypercyclic vector for S, V (x) is a
hypercyclic vector for T .

The existence of nonzero eigenvalues of a weighted composition operator
Wψ,φ makes it possible to show that Wψ,φ inherits the hypercyclicity of Cφ
at least in some cases. In fact, if λ is a nonzero eigenvalue of Wψ,φ, there
will be a nonzero holomorphic function g with Wψ,φ(g) = λg. In particular,
Wψ,φMg =Mg(λCφ). If λ is unimodular and g never vanishes in BN , Mg will
be one-to-one and have dense range. As a consequence, Wψ,φ is quasi-similar
to λCφ, which is hypercyclic by Proposition 4.4. ThusWψ,φ is also hypercyclic.

Proposition 4.5. Let φ be a self-map of BN and w be the Denjoy-Wolff point
of φ. Let ψ ∈ Lip2α(w) for some real number α, and ψ(w) ̸= 0. ψ(w) is an
eigenvalue for Wψ,φ, if φ and α satisfy any of the following hypotheses:

(1) φ is a hyperbolic self-map of BN and α > 0;
(2) φ is a parabolic linear fractional self-map of BN with #inv (φ) > 0 and

the constrain of φ to one of its invariant slice is an automorphism and
α > 1/2;

(3) φ is a parabolic linear fractional self-map of BN with #inv (φ) > 0 and
α > 1;

(4) φ is a parabolic automorphism with #inv (φ) = 0 and α > 1/4.

Proof. Our hypotheses show that there exist some constantM and σ > 0, such
that

(4.1) |ψ(z)− ψ(w)| ≤M |z − w|2α

for every z with |z − w| ≤ σ. Let K be a compact subset of BN . Theorem 2.2
provides a constant c > 0 such that

|1− ⟨φn(z), w⟩|2 ≤ c(1− |φn(z)|2)

and therefore

|1− ⟨φn(z), w⟩|2α ≤ cα(1− |φn(z)|2)α
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for every z ∈ K and every n ∈ N. Due to substituting φn(z) instead of z in
inequality (4.1), and |φn(z)− w| = |1− ⟨φn(z), w⟩|, we obtain that

|ψ(φn(z))− ψ(w)| ≤Mcα(1− |φn(z)|2)α

for every n > N . Consequently,∣∣∣∣1− ψ(φn(z))

ψ(w)

∣∣∣∣ ≤ Mcα

|ψ(w)|
(1− |φn(z)|2)α.

As a result of Theorem 3.1, Theorem 3.2 or Theorem 3.3,
∑∞
n=0(1−|φn(z)|2)α

and consequently
∑∞
n=0 |1 − ψ(φn(z))

ψ(w) | converges uniformly on K if φ and α

satisfy one of the hypetheses. Thus
∏∞
n=0

ψ(φn(z))
ψ(w) also converges uniformly on

K. Define

g(z) =
∞∏
n=0

ψ(φn(z))

ψ(w)
.

Thus g is a well defined holomorphic function in BN . Since ψ(w) ̸= 0, there is
a neighborhood U ∈ BN of w such that ψ never vanishes on BN and so does
ψ ◦ φn for every n by Theorem 2.2. For given z′0 ∈ CN−1, let

h(z1) = g(z1, z
′
0)

with (z1, z
′
0) ∈ BN . Due to Theorem 5.9 of [8], h(z1) and consequently g are

nonzero holomorphic functions with respect to z1. Same arguments show that
g is holomorphic with respect to other variables. Therefore, g is holomorphic
on BN .

Since Wψ,φ(g)(z) = ψ(w)g(z), ψ(w) is a eigenvalue for Wψ,φ and g is the
corresponding eigenfunction. □

It must be noted that if ψ never vanishes on BN , according to Theorem 5.9
of [8] and the discussions above, g never vanishes on BN .

Now we return the proof of Theorem 4.1.

Proof of Theorem 4.1. Due to Proposition 4.5, ψ (w) is a eigenvalue of φ. The
result follows from Proposition 4.4. □

Since H2(BN ) is dense in H(BN ), a hypercyclic operator on H2(BN ) is also
hypercyclic on H(BN ).

In [7] Chen et al. proved that the composition operator Cφ is hypercyclic
if φ is an automorphism of BN without interior fixed point. Together with
Theorem 4.1, we get

Corollary 4.6. Let φ be an automorphism of BN without interior fixed point
and Denjoy-Wolff point w. Let ψ ∈ Lip2α (w) for some real number α, never
vanish on BN and |ψ(w)| = 1. Then Wψ,φ is hypercyclic whenever φ is hyper-
bolic with α > 0 or φ is parabolic with at least one invariant slice and α > 1

2

or φ is parabolic without invariant slice and α > 1
4 .
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Bisi and Bracci [2] pointed out that Cφ is hypercyclic if and only if its
differential is injective at some point when φ is not an automorphism and has
exactly two boundary fixed points. If a linear fractional map has more than 2
fixed points, then it has at least one invariant slice. Together with Theorem
4.1 again, the following corollary holds.

Corollary 4.7. Let φ ∈ LFM(BN , BN ) with Denjoy-Wolff point w in ∂BN
which is not an automorphism. ψ ∈ Lip2α (w) never vanishes on BN with
α > 1 and |ψ(w)| = 1. If φ has exactly two boundary fixed points and its
differential is injective at some point, then Wψ,φ is hypercyclic on H(BN ).

The ideals above may be adapted to prove an eigenvalue result for Wψ,φ

acting on H (BN ).

Proposition 4.8. Let φ be an linear fractional self-map of BN with a fixed
point w ∈ BN and ρ(dφw) < 1. If ψ (w) ̸= 0, then ψ (w) is an eigenvalue for
the operator Wψ,φ acting on H (BN ).

Proof. Without loss of generality, we may assume that w = O. Since ρ(dφw) <
1, there is a matrix norm ∥·∥α on CN×N such that ∥dφw∥α < δ < 1. Let
|·|α : CN → R be a norm compatible to

(
CN×N , ∥·∥α

)
. |dφw (z)|α < δ |z|α

when z is sufficiently near to zero. If K is a compact subset of BN , accord-
ing to Proposition 3.4, φn (z) → 0 (n→ ∞) uniformly on K. As a result,
|φn+k (z)|α < δk |φn (z)|α for sufficiently large n, every k ∈ N, and every
z ∈ K. This implies that

∑∞
i=0 |φn (z)|α converges uniformly on compact

subsets of BN . Since any norm defined on CN is equivalent,
∑∞
i=1 |φn (z)| con-

verges uniformly on compact subsets of BN . Since ψ is bounded, an application
of Schwarz’s lemma in BN (cf. [20]) shows that there exists a constant M > 0
such that |ψ (O)− ψ (z)| < M |z| for every z ∈ BN . But ψ (O) ̸= 0, thus∣∣∣∣1− 1

ψ (O)
ψ (z)

∣∣∣∣ < M

|ψ (O)|
|z| (z ∈ BN ) .

By substituting φn (z) instead of z in the above inequality, we get that

∞∑
i=1

∣∣∣∣1− 1

ψ (O)
ψ (φi (z))

∣∣∣∣
and consequently g (z) =

∏∞
i=0

1
ψ(O)ψ (φi (z)) converges uniformly on compact

subsets of BN and g is a nonzero holomorphic function on BN . Besides, ψ · g ◦
φ = ψ (O) g. The rest of this proof follows from [22], we omit it here. □

5. Adjoints of weighted composition operators on Hilbert spaces of
analytic functions

Throughout this section let H be a Hilbert space of holomorphic functions
on the open unit ball BN such that for every z ∈ BN , the evaluation function
ez : H → C defined by ez (f) = f (z) is bounded on H. According to the Riesz
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Representation theorem, there is a vector kz ∈ H such that f (z) = ⟨f, kz⟩ for
every z in BN . In this section H is assumed to contain the constant functions
and M (H) = H∞ (BN ). Moreover, we suppose that φ is a holomorphic self-
map of BN such that Cφ acts boundedly on H, and ψ is a multiplier of H. For
each f ∈ H and z ∈ BN , we have

W ∗
ψ,φkz = C∗

φM
∗
ψkz = ψ (z)kφ(z).

The next two theorems present some conditions for when W ∗
ψ,φ is not hy-

percyclic. The proofs follow the idea of [22] and Propositions 4.5 and 4.8. We
omit them here.

Theorem 5.1. Let φ be a linear fractional self-map of BN with unique fixed
point w ∈ BN and ρ (dφw)< 1. If there is some n > 0 such that supz∈BN

|φn (z)|
< 1 and ψ (w) ̸= 0, then ψ (w) is an eigenvalue for the operator Wψ,φ acting
on H. Hence, W ∗

ψ,φ is not hypercyclic.

Theorem 5.2. Let w be the Denjoy-Wolff fixed point of φ, ψ ∈ Lip2α (w) for
some real number α, and ψ (w) ̸= 0. In addition, let supz∈BN

|ψ (z)| ≤ |ψ (w)|.
Then ψ (w) is an eigenvalue for the operator Wψ,φ acting on H whenever φ is
hyperbolic and α > 0 or φ is a parabolic automorphism without invariant slice
and α > 1

4 . And as a result, W ∗
ψ,φ is not hypercyclic.

One nice condition for hypercyclicity is the Hypercyclicity Criterion which
was developed independently by Kitai [17] and Gethner and Shapiro [13]. This
criterion has been used to show that certain class of operators are hypercyclic.
Some reformulations of this criterion were given in [23]. We use this criterion
for indicating the hypercyclicity of the adjoint of Wψ,φ.

Hypercyclicity Criterion. Suppose thatX is a separable Banach space and
that T is a continuous linear mapping on X. If there exist two dense subsets
Y and Z in X and a sequence {nk} such that:

1. Tnky → 0 for every y ∈ Y ;
2. there exist functions Snk

: Z → X such that for every z ∈ Z, Snk
z → 0

and TnkSnk
z → z, then T is hypercyclic.

Theorem 5.3. Let φ be an automorphism with interior fixed point w and
ψ ∈ H (BN ) satisfies

|ψ (w)| < 1 < lim
|z|→1

inf |ψ (z)| .

Then W ∗
ψ,φ is hypercyclic.

This theorem is a direct extension of Theorem 3.3 of [22]. We will just give
the outline of the proof since it follows the same way.

Proof. Let ηw be the automorphism that maps w to O and ηw ◦ ηw = id. Let

φ̂ (z) = ηw ◦ φ ◦ ηw (z) and ψ̂ = ψ ◦ ηw. Since
Wψ,φ = Cηw ◦Wψ̂,φ̂ ◦ C−1

ηw ,
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it is enough to prove that W ∗
ψ̂,φ̂

is hypercyclic. Since
∣∣η−1 (z)

∣∣ → 1 when

|z| → 1−,

lim
|z|→1−

inf |ψ (z)| ≤ lim
|z|→1−

inf
∣∣∣ψ̂ (z)

∣∣∣ .
Thus ∣∣∣ψ̂ (O)

∣∣∣ < 1 < lim
|z|→1−

inf
∣∣∣ψ̂ (z)

∣∣∣ .
Therefore there exist some constants λ1, λ2 and positive numbers δ1 < 1 and

δ2 < 1 such that
∣∣∣ψ̂ (z)

∣∣∣ < λ1 < 1 when |z| < δ1, and
∣∣∣ψ̂ (z)

∣∣∣ > λ2 > 1 when

|z| > 1− δ2. Set
H1 = span {kz : |z| < δ1}

and
H2 = span {kz : |z| > 1− δ2} .

Thus H1 and H2 are dense subsets of H (see Proposition 4.2 in [13]). Put
T =W ∗

ψ,φ. For every z ∈ BN ,

Tn (kz) =

n−1∏
j=1

ψ̂ (φ̂j (z))

 kφ̂n(z).

If |z| < δ1, then |φ̂n (z)| = |z| < δ1 and for each positive integer n,
∣∣∣ψ̂ (φn (z))

∣∣∣ <
λ1 < 1. And if |z| > 1 − δ2, then |φ̂n (z)| > 1 − δ2. Therefore the sequence
{Tn} converges pointwise to zero on the dense subset H1. Define a sequence
of linear maps Sn : H2 → H2 by

Snkz =

n−1∏
j=1

(
ψ̂
(
φ̂−1
j (z)

))−1

 kφ̂−1
n (z)

for every z ∈ BN . If |z1| > 1 − δ2, then Snkz → 0 as k → ∞. Thus the
sequence {Sn} converges pointwise to zero on the dense subset H2. Besides,
TnSnkz = kz on H2, therefore T satisfies the hypothesis of the hypercyclicity
criterion and T is hypercyclic. □
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