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GRADED PRIMAL SUBMODULES OF GRADED MODULES

Ahmad Yousefian Darani

Abstract. Let G be an abelian monoid with identity e. Let R be a
G-graded commutative ring, and M a graded R-module. In this paper

we first introduce the concept of graded primal submodules of M and
give some basic results concerning this class of submodules. Then we
characterize the graded primal ideals of the idealization R(+)M .

A grading on a ring and its modules usually aids computations by allowing
one to focus on the homogeneous elements, which are presumably simpler or
more controllable than random elements. However, for this to work one needs
to know that the constructions being studied are graded. One approach to
this issue is to redefine the constructions entirely in terms of the category of
graded modules and thus avoid any consideration of non-graded modules or
non-homogeneous elements; Sharp gives such a treatment of attached primes
in [12]. Unfortunately, while such an approach helps to understand the graded
modules themselves, it will only help to understand the original construction
if the graded version of the concept happens to coincide with the original one.
Therefore, notably, the study of graded modules is very important.

Throughout this paper all rings are considered to be commutative with iden-
tity. The concept of primal ideals has been introduced by Fuchs [8]. Later
Dauns [2] generalized the concept of primal ideals to modules. Let R be a
commutative ring, M an R-module and N a submodule of M . An element
r ∈ R is called prime to N if rm ∈ N (m ∈ M) implies that m ∈ N . N is said
to be primal if the set S(N) of elements of R that are not prime to N forms
an ideal; this ideal is always a prime ideal of R, called the adjoint ideal P of
N . In this case we also say that N is a P -primal submodule. In this paper we
define the concept of graded primal submodule of a graded module M over the
G-graded ring R and then we study this class of submodules.

We first introduce the notations and definitions that we will use throughout.
Let G be an arbitrary commutative monoid with identity e. By a G-graded
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commutative ring we mean a commutative ring R with a non-zero identity to-
gether with a direct sum decomposition (as an additive group) R = ⊕g∈GRg

with the property that RgRh ⊆ Rgh for all g, h ∈ G. We also denote this by
(R,G). Also we write h(R) = ∪g∈GRg. The summands Rg are called homo-
geneous components and elements of these summands are called homogeneous
elements of R. If a ∈ R, then a can be written uniquely as a =

∑
g∈G ag where

ag is the component of a in Rg. In this case Re is a sub-ring of R and 1R ∈ Re.
Let I be an ideal of R. Then I is a graded ideal of (R,G) if I = ⊕g∈G(I ∩Rg).
Let R = ⊕g∈GRg and S = ⊕g∈GSg be G-graded rings and let h ∈ G. A ring
homomorphism φ : R → S is called homogeneous of degree h if φ(Rg) ⊆ Sgh

for every g ∈ G. In the following R = ⊕g∈GRg will a G-graded commutative
ring.

Let I be a graded ideal of (R,G). I is called a graded prime ideal if I ̸= R
and whenever rs ∈ I, we have r ∈ I or s ∈ I, where r, s ∈ h(R). I is called a
graded maximal ideal of (R,G) if I ̸= R and there is no graded ideal J of (R,G)
with I ⊂ J ⊂ R. The graded radical of I is denoted by Gr(I) and consists
of all x ∈ R such that, for each g ∈ G, there exists a positive integer ng with
x
ng
g ∈ I. Note that if r is a homogeneous element of (R,G), then r ∈ Gr(I) if

and only if rn ∈ I for some positive integer n (c.f. [3, 11]).
A G-graded R-module (or simply graded module) is an R-module M such

that M = ⊕g∈GMg where every Mg is an additive subgroup of M , and for
every g, h ∈ G we have RgMh ⊆ Mgh. Since ReMh ⊆ Mh we see that every
Mh is an Re-submodule of M . The elements of h(M) = ∪g∈GMg are called
the homogeneous elements of M . A nonzero element m ∈ Mg is said to be
homogeneous of degree g, and we write deg(m) = g. Every m ∈ M can be
uniquely represented as a sum m =

∑
g∈G mg with mg ∈ Mg and finitely many

nonzero mg. The nonzero elements mg in this sum are called the homogeneous
components of m. An R-submodule N of M is said to be a graded submodule
if for every n ∈ N all its homogeneous components are also in N , i.e., N =∑

g∈G(N∩Mg). For a graded submodule N ofM we may define a graded factor

structure on M/N be defining a grading as follows: (M/N)g = (Mg + N)/N
for g ∈ G. The reader is referred to [10] for undefined terms and notation.

In Section 1, we give some preliminary results on graded primal submodules.
Every graded prime and every graded primary submodule is graded primal.
The graded R-module M is called graded P -module provided that every proper
graded submodule of M can be written as a finite product of graded primal
ideals of R and a graded primal submodule of M . The graded ring R is called
graded P -ring if it is graded P -module as a graded R-module. In Theorem
1.9 we prove that if M is a faithful graded finitely generated multiplication R-
module and if R is a graded P -ring, then M is a graded P -module. Let G be an
abelian group and let R be a G-graded commutative ring, and M a graded R-
module. In Section 2 we discuss on the relationships between the graded primal
submodules of M and the graded primal submodules of the graded RS-module
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MS where S is a multiplicatively closed subset of homogeneous elements of R.
It is shown in Theorem 2.5 that there is a one-to-one correspondence between
the graded P -primal submodules of M and the graded PS-primal submodules
of MS in which P a graded prime ideal of R and S a multiplicatively closed
subset of homogeneous elements of R with P ∩S = ∅. In Section 3 we consider
the Nagata’s principle of idealization R(+)M of the graded R-moduleM . Then
we characterize graded primal submodules of R(+)M .

1. Graded primal submodules

We start with the following definition:

Definition. Let R be a G-graded ring, M a graded R-module and N a graded
submodule of M . Then

(1) An element a ∈ h(R) is called homogeneous prime to N if am ∈ N ,
with m ∈ h(M), implies that m ∈ N .

(2) An element a =
∑

g∈G ag ∈ R is called G-prime to N if at least one
homogeneous component ag of a is homogeneous prime to N .

Remark 1.1. Let R be a G-graded ring and M a graded R-module. Let N be
a graded submodule of M . By definition, an element a =

∑
g∈G ag ∈ R is not

G-prime to N if, for every g ∈ G, there exists mg′ ∈ h(M)\N with agmg′ ∈ N .
Let G = Z2, R0 = Z, R1 = iZ. Then R = Z[i] = R0 ⊕ R1 is a graded ring.
Consider R as a graded R-module. Then the submodule N = 6R is a graded
submodule of R. As 2, 3 ∈ h(R)\N with 2.3 = 6 ∈ I and 2.(3i) = 6i ∈ I,
2 and 3i are not homogeneous prime to N . Thus 2 + 3i is not G-prime to
N . Furthermore, if there is x = a + ib ∈ R with (2 + 3i)(a + ib) ∈ N , then
2a − 3b and 2b + 3a both belong to 6Z. This implies that a, b ∈ 6Z, that is,
x = a + ib ∈ N . Therefore, a is prime to N while it is not G-prime to N .
This example shows that the concepts “prime to N” and “G-prime to N” are
different.

Remark 1.2. Let R be aG-graded commutative ring andN a graded submodule
of a graded R-module M . Denote by g(N) the set of all homogeneous elements
of R that are not homogeneous prime to N and by G(N) the set of all elements
of R that are not G-prime to N . Then:

(1) g(N) ⊆ G(N), and each element of G(N) is a sum of elements in g(N).
(2) G(N) need not be a graded ideal of R.
(3) If a ∈ h(R) is not homogeneous prime to N , then a is not prime to N ;

hence g(N) ⊆ S(N).

Lemma 1.3. Let R be a G-graded ring and M a graded R-module. If N is a
proper graded submodule of M , then

(1) (N :R M) ⊆ G(N).
(2) G((N :R M)) ⊆ G(N).
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Proof. (1) Pick an element a ∈ h(R) such that a ∈ (N :R M). Since N is a
proper submodule of M , (N :R M) is a proper ideal of R. So 1R ∈ h(R)\(N :R
M). Now a = a.1R ∈ (N :R M) implies that a is not homogeneous prime to
N . Hence, by Remark 1.2, a ∈ g(N) ⊆ G(N); and hence (N :R M) ⊆ G(N).

(2) Let a ∈ h(R) ∩ G((N :R M)). Then, there exists b ∈ h(R)\(N :R M)
with ab ∈ (N :R M). As b /∈ (N :R M), there exists m ∈ h(M) with bm /∈ N .
Now it follows from abm ∈ N with bm ∈ h(M)−N that a is not homogeneous
prime to N . Hence a ∈ g(N) ⊆ G(N) by Remark 1.2. This implies that
G((N :R M)) ⊆ G(N). □
Theorem 1.4. Let R be a G-graded commutative ring, M a graded R-module
and N a graded submodule of M . If G(N) is an ideal of R, then it is a graded
prime ideal of R.

Proof. Suppose that a =
∑

g∈G ag ∈ G(N). Then, by Remark 1.2, ag ∈ g(N) ⊆
G(N) for every g ∈ G. Therefore G(N) is a graded ideal of R. Now suppose
that ab ∈ G(N) for some a, b ∈ h(R) but a /∈ G(N). So ab is not homogeneous
prime to N . Hence (ab)m ∈ N for some m ∈ h(M) − N . As a /∈ G(N), a
is homogeneous prime to N . Thus from a(bm) ∈ N we get bm ∈ N . This
implies that b is not homogeneous prime to N , that is, b ∈ g(N) ⊆ G(N).
Consequently G(N) is a G-prime ideal of R. □
Definition. (1) Let R be a G-graded commutative ring, M a graded R-module
and N a graded submodule of M . N is called a graded primal submodule of
M if N ̸= M and the set P = G(N) of all elements of R that are not G-prime
to N forms an ideal of R. By Theorem 1.4, this ideal is always a graded prime
ideal, called the adjoint graded prime ideal of N . In this case we also say that
N is a graded P -primal submodule of M .

(2) M is called graded primal if its zero submodule is graded primal. The
graded ring R is called graded primal if it is graded primal as an R-module.

Definition. Let R be aG-graded commutative ring andM a graded R-module.
An element a =

∑
g∈G ag ∈ R is said to be a graded zero-divisor on M if, for

every g ∈ G, there exists a non-zero element mg′ ∈ h(M) with agmg′ = 0. We
denote by Gz(M) the set of all graded zero-divisors of R on M .

Remark 1.5. Let R be a G-graded commutative ring, P an ideal of R, M
a graded R-module and N a graded submodule of M . On can easily check
that G(N) = Gz(M/N), where M/N is considered as a graded R/(N :R M)-
module. Therefore, N is a graded P -primal submodule of M if and only if
(N :R M) ⊆ P and Gz(M/N) = P/(N :R M).

Let R be a G-graded ring, M a graded R-module and let N be a graded
submodule of M . We say that N is a graded prime submodule of M if N ̸= M ;
and whenever a ∈ h(R) and m ∈ h(M) with am ∈ N , then either m ∈ N
or a ∈ (N :R M). N is called a graded primary submodule of M if N ̸= M ;
and whenever a ∈ h(R) and m ∈ h(M) with am ∈ N , then either m ∈ N or
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ak ∈ (N :R M) for some positive integer k. If N is a graded primary submodule
of M , then P = Gr((N :R M)) is a graded prime ideal of R. In this case we
say that N is graded P -primary (see [4]).

Theorem 1.6. Let R be a G-graded commutative ring and M a graded R-
module. Then

(1) Every graded primary submodule of M is graded primal.
(2) Every graded prime submodule of M is graded primal.

Proof. (1) Let Q be a graded P -primary submodule of M . We claim that
P = G(Q). Assume that a ∈ G(Q). Then, for every homogeneous component
ag of a, there exists m ∈ h(M)\Q with ag ∈ Q. As Q is graded P -primary,
we have ag ∈ Gr((Q :R M)) = P , so a ∈ P . Hence G(Q) ⊆ P . Conversely,
assume that b =

∑
g∈G bg ∈ P = Gr((Q :R M)). If b ∈ (Q :R M), then

b ∈ G(Q) by Lemma 1.3. So assume that b ∈ Gr(Q)\(Q :R M). Let g ∈ G.
If bg ∈ (Q :R M), then bg ∈ g(Q). If bg /∈ (Q :R M), there exists a smallest
positive integer n > 1 for which bng ∈ (Q :R M). In this case bgb

n−1
g ∈ (Q :R M)

with bn−1
g ∈ h(R)\(Q :R M) implies that bg ∈ g((Q :R M)). Therefore b ∈

G((Q :R M)) ⊆ G(Q) by Lemma 1.3, that is, P ⊆ G(Q). Therefore G(Q) = P ,
and hence Q is graded P -primal.

(2) It follows from (1) since every graded prime submodule is graded primary.
□

Let R be a G-graded commutative ring. A graded R-module M is called a
graded multiplication module provided that for each graded submoduleN ofM ,
N = IM for some graded ideal I of R [6]. It is easy to show that ifN is a graded
submodule of a graded multiplication module M , then N = (N :R M)M . A
graded R-module M is called graded finitely generated if M =

∑n
i=1 Rxgi

where xgi ∈ h(M) (1 ≤ i ≤ n).

Remark 1.7 ([5, Lemma 3.10] and [13, Theorem 10]). If M is a graded finitely
generated multiplication module over a G-graded ring R and I is a graded ideal
of R containing (0 :R M), then (IM :R M) = I.

Proposition 1.8. Let M be a graded finitely generated multiplication module
over a G-graded commutative ring R. If I is a graded P -primal ideal of R
containing (0 :R M), then IM is a graded P -primal submodule of M .

Proof. Clearly P = G(I) = G(IM :R M)) ⊆ G(IM) by Lemma 1.3 and [5,
Lemma 3.10]. Now assume that a =

∑
g∈G ag ∈ R is notG-prime to IM . Then,

for every g ∈ G, there exists mg′ ∈ h(M)\IM with agmg′ ∈ IM . Then we
have RagRmg ⊆ IM . Since M is graded multiplication, there exists a graded
ideal J of R with Rmg′ = JM . Then from (RagJ)M = (Rag)(Rmg′) ⊆ IM
we get RagJ ⊆ (IM :R M) = I by Remark 1.7. If J ⊆ I, then mg′ ∈ Rmg′ =
JM ⊆ IM a contradiction. So there exists a homogeneous element bγ ∈ J\I.
In this case agbγ ∈ RagJ ⊆ I implies that ag is not homogeneous prime to I.
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Therefore a is not G-prime to I, that is, a ∈ P . Hence G(IM) ⊆ P . Therefore
P = G(IM) and so IM is graded P -primal. □

Definition. Let R be a G-graded commutative ring, and M a graded R-
module.

(1) We say that R is a graded P -ring (or simply gr-P -ring) if every proper
graded ideal of R is a finite product of graded primal ideals of R.

(2) M is called a graded P -module (or simply gr-P -module) if every graded
proper submodule N of M has a graded primal factorization N = I1I2 · · · IkN∗

where I1, I2, . . . , Ik are graded primal ideals of R and N∗ is a graded primal
submodule of M .

Theorem 1.9. Let R be a G-graded commutative ring and M a faithful graded
finitely generated multiplication R-module. If R is a gr-P -ring, then M is a
gr-P -module.

Proof. Assume that R is a gr-P -ring and N is a proper graded submodule of
M . Then N = IM for some graded ideal I of R. As R is a gr-P -ring, I
has a factorization I = I1I2 · · · Ik where Ii is a graded Pi-primal ideal of R
(1 ≤ i ≤ k). In this case N = IM = (I1I2 · · · Ik−1)(IkM). By Proposition 1.8,
IkM is a graded primal submodule of M . So the result follows. □

2. Graded primal submodules of MS

Throughout this section G will be a group. Let S be a multiplicatively closed
subset of homogeneous elements of R and denote by RS the ring of fractions
S−1R. For a/s ∈ RS , a homogeneous, we set deg(a/s) = deg(a)(deg(s))−1.
We further define a grading on RS by setting

(RS)i = {a/s ∈ RS : a is homogeneous and deg(a/s) = i}.

It is easy to see that RS is a graded ring. Also, for every graded ideal I of R,
IS = S−1I is a graded ideal of RS .

Now let M =
∑

g∈G Mg be a graded R-module and consider the module of

fractions S−1M and denote it by MS . For every m/s ∈ MS , with m homoge-
neous, define deg(m/s) = deg(m)(deg(s))−1. Define a natural grading on MS

by setting

(MS)i = {m/s ∈ MS : m is homogeneous and deg(m/s) = i}.

Then MS is a graded RS-module.
The aim of this section is the studying of the relations between the graded

primal submodules of M and the graded primal submodules of MS .

Lemma 2.1. Let R be a G-graded commutative ring and M a graded R-module.
Let S be a multiplicatively closed subset of homogeneous elements of R and let
N be a graded P -primal submodule of M with P ∩ S = ∅. If m/s ∈ NS, then
m ∈ N .
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Proof. Suppose thatm/s ∈ NS . Without loss of generality we may assume that
m/s ∈ h(MS). Then, there exist n ∈ h(N) and t ∈ S such that m/s = n/t.
So utm = usn ∈ N for some u ∈ S. If m /∈ N , then utm ∈ N implies that
ut is not homogeneous prime to N , that is, ut ∈ g(N) ∩ S ⊆ P ∩ S which is a
contradiction. □
Proposition 2.2. Let R be a G-graded commutative ring and M a graded R-
module. Let S be a multiplicatively closed subset of homogeneous elements of
R and let N be a graded P -primal submodule of M with P ∩ S = ∅. If K is a
graded submodule of M , then (N :R K)S = (NS :RS KS).

Proof. Clearly (N :R K)S ⊆ (NS :RS
KS). For the reverse containment as-

sume that r/s ∈ (NS :RS KS). Then, for every m ∈ K, we have rm/s =
(r/s)(m/1) ∈ NS . So, by Lemma 2.1, rm ∈ N . Therefore r ∈ (N :R K) and
hence r/s ∈ (N :R K)S and the result follows. □

Let R be a G-graded commutative ring, M a graded R-module and S a
multiplicatively closed subset of homogeneous elements in R. Consider the
canonical homomorphism f : M → MS which is defined by m 7→ m/1. Then f
is a homogeneous homomorphism of degree e. If N is a graded submodule of
MS , define N ∩M = f−1(N ). Then we have the following proposition:

Proposition 2.3. Let R be a G-graded commutative ring and M a graded
R-module. Let N be a graded P -primal submodule of M , and let S be a multi-
plicatively closed subset of homogeneous elements of R with P∩S = ∅. Then NS

is a graded primal ideal of MS with adjoint ideal PS. Furthermore N = NS∩M .

Proof. Clearly PS is a graded prime ideal of RS . For every homogeneous el-
ement a/s ∈ PS we have a ∈ P . Hence a is not homogeneous prime to N .
Then, there exists m ∈ h(M)\N such that am ∈ N . As m ∈ h(M)\N we
get m/1 ∈ h(MS)\NS by Lemma 2.1. Hence (a/s)(m/1) = (am)/s ∈ NS im-
plies that a/s ∈ g(NS). This implies that PS ⊆ G(NS). Conversely, assume
that r/s ∈ g(NS). Then, there exists n/t ∈ h(MS)\NS with (r/s)(n/t) ∈ NS .
Therefore rn ∈ N with n ∈ h(M)\N by Lemma 2.1. This shows that r ∈
g(N) ⊆ G(N) = P . Thus r/s ∈ PS , that is, G(NS) ⊆ PS . We have already
shown that PS consists exactly of elements of RS that are not G-prime to NS .
So NS is a graded PS-primal submodule of MS .

For the last part, it is obvious that N ⊆ NS∩M . To show that N = NS∩M ,
it suffices to show that NS ∩M ⊆ N . Let m ∈ NS ∩M . Then, from m/1 ∈ NS

we get m ∈ N by Lemma 2.1. □
Proposition 2.4. Let R be a G-graded commutative ring and M a graded R-
module. Let S be a multiplicatively closed subset of homogeneous elements of
R and let N be a graded q-primal submodule of MS, where q ⊆ RS is a graded
prime ideal. Then N∩M is a graded (q∩E)-primal submodule of M . Moreover
(N ∩M)S = N .
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Proof. We know that q ∩ R is a graded prime ideal of R. It is enough to
show that G(N ∩ M) = q ∩ R. For every homogeneous element a ∈ q ∩ R,
a/1 ∈ q = G(N ). So, there is m/t ∈ h(MS)\N with (a/1)(m/t) ∈ N . Hence
(am)/1 = (tam)/t ∈ N implies that am ∈ N ∩M with m ∈ h(M)\(N ∩M).
Hence a ∈ g(N ∩ M) ⊆ G(N ∩ M). This implies that q ∩ R ⊆ G(N ∩ M).
For the other containment, let r ∈ g(N ∩ M). In this case there exists m ∈
h(M)\(N ∩M) with rm ∈ N ∩M . Hence m/1 ∈ h(MS)\N with (r/1)(m/1) =
(rm)/1 ∈ N . This implies that r/1 ∈ g(N ) and so r/1 ∈ G(N ) = q. Therefore
r ∈ q∩R. This implies that G(N ∩M) ⊆ q∩R. Therefore G(N ∩M) = q∩R.

Now we show that (N ∩ M)S = N . Clearly N ⊆ (N ∩ M)S . On the
other hand, for every m/s ∈ (N ∩ M)S we have m ∈ N ∩ M by Lemma
2.1 and so m/1 ∈ N . Let m =

∑
g∈G mg. As N is graded we must have

mg/1 ∈ N for every g ∈ G. Now from (mg/s)(s/1) = mg/1 ∈ N with s/1 /∈ q
we get mg/s ∈ N . Therefore m/s ∈ N shows that (N ∩ M)S ⊆ N . Thus
N = (N ∩M)S . □

Theorem 2.5. Let R be a G-graded commutative ring and M a graded R-
module. Let P be a graded prime ideal of R and S a multiplicatively closed
subset of homogeneous elements of R with P ∩ S = ∅. Then there exists a
one-to-one correspondence between the graded P -primal submodules of M and
the graded PS-primal submodules of MS.

Proof. This follows from Propositions 2.3 and 2.4. □

3. The method of idealization

Let R be a commutative ring, and let M be a unitary R-module. Then
R(+)M = R⊕M (direct sum) with coordinate-wise addition and multiplication
given by (r1,m1)(r2,m2) = (r1r2, r1m2 + r2m1) is a commutative ring with 1
(even an R-algebra) called the idealization of M or the trivial extension of R
by M . Note that R naturally embeds into R(+)M by r → (r, 0), if N is a
submodule of M , then 0(+)N is an ideal of R(+)M , 0(+)M is a nilpotent
ideal of R(+)M of index 2, and that (R(+)M)/(0(+)M) ≈ R. Moreover an
ideal J of R(M) is a prime ideal if and only if J = P ⊕M for some prime ideal
P of R. For any undefined terms here the reader may consult [9, Sec, 25] and
[1].

Let R = ⊕g∈GRg be a G-graded commutative ring and M = ⊕g∈GMg a
gradedR-module. ThenR(+)M = ⊕g∈G(Rg⊕Mg) and (Rg⊕Mg)(Rg′⊕Mg′) =
RgRg′ ⊕ (RgMg′ + Rg′Mg) ⊆ Rgg′ ⊕Mgg′ . Hence R(+)M is a G-graded ring
with (R(+)M)g = Rg⊕Mg. Consequently, h(R(+)M) = {(r,m)|r ∈ h(R),m ∈
h(M)}.

Proposition 3.1. Let R be a G-graded commutative ring and M a G-graded
R-module. The ideal J of R(+)M is graded prime if and only if J = P (+)M
where P is a graded prime ideal of R.
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Proof. Assume first that P is a graded prime ideal of R. Let (a,m), (b,m′) ∈
h(R(+)M) be such that (a,m)(b,m′) ∈ P (+)M . Then a, b ∈ h(R) with ab ∈ P
gives a ∈ P or b ∈ P . This implies that either (a,m) ∈ P (+)M or (b,m′) ∈
P (+)M . So P (+)M is a graded prime ideal of R(+)M . Conversely, assume
that J is a graded prime ideal of R(+)M . Then J = P (+)N for some graded
ideal P of R and some graded submodule N of M with PM ⊆ N . Suppose
that x, y ∈ h(R) are such that xy ∈ P . In this case (x, 0), (y, 0) ∈ h(R(+)M)
and (x, 0)(y, 0) = (xy, 0) ∈ P (+)M . It follows that either (x, 0) ∈ P (+)M or
(y, 0) ∈ P (+)M . So either x ∈ P or y ∈ P , that is, P is a graded prime ideal
of R. Now assume that N ̸= M and choose m ∈ h(M)\N and a ∈ P ∩ h(R).
Then (a,m) ∈ h(R(+)M) and am ∈ PM ⊆ N . Now (a,m)2 = (a2, am+am) ∈
P (+)N = J but (a,m) /∈ P (+)N = J which contradicts the hypothesis that
J is a graded prime ideal. Consequently, N = M and so J = P (+)M , as
required. □
Theorem 3.2. Let R be a G-graded commutative ring, M a G-graded R-
module and I a graded ideal of R. Then I is a graded primal ideal of R if and
only if I(+)M is a graded primal ideal of R(+)M .

Proof. For every (a,m) ∈ g(I(+)M), there exists (b,m′)∈h(R(+)M)\(I(+)M)
such that (a,m)(b,m′) ∈ I(+)M . In this case ab ∈ I with b ∈ h(R)\I, gives a ∈
g(I). Since every element of G(I(+)M) is a sum of homogeneous elements of
the form (a,m), a ∈ h(R), m ∈ h(M), it follows that G(I(+)M) ⊆ G(I)(+)M .
Conversely, assume that (a,m) is a homogeneous element of R(+)M with a ∈
g(I). Then ab ∈ I for some b ∈ h(R) \ I. Now (a,m)(b, 0) = (ab, bm) ∈ I(+)M
with (b, 0) ∈ h(R(+)M) \ I(+)M shows that (a,m) ∈ g(I(+)M). As a con-
sequence, G(I)(+)M ⊆ G(I(+)M). Consequently, G(I(+)M) = G(I)(+)M .
Now the result follows easily. □
Theorem 3.3. Let R be a G-graded commutative ring. Then the set of graded
zero-divisors of R is a union of graded prime ideals of R.

Proof. Let Σ be the set of all graded ideals of R in which every element is a
graded zero-divisor, and partially order Σ be the set theoretic inclusion. Then,
by Zorn’s Lemma, Σ has a maximal member P say. We show that P is a
graded prime ideal of R. Clearly P ̸= R. If P is not grade prime, there are
a, b ∈ h(R)\P with ab ∈ P . By maximality of P , there exists an element
c ∈ P +Ra which is not a graded zero-divisor. In this case bc ∈ bP +Rab ⊆ P .
We claim that P+Rb ⊆ Gz(R). Assume that x =

∑
g∈G xg ∈ P+Rb. If x = 0,

then x ∈ Gz(R). So assume that x ̸= 0. Since c is not a graded zero-divisor,
there exists h ∈ G such that chw ̸= 0 for every nonzero w ∈ h(R). Then we
have chx ∈ chP+Rbch ⊆ P with chx ̸= 0. As P consists of graded zero-divisors,
for every g ∈ G, there exists a nonzero yg′ ∈ h(R) with chxgyg′ = 0. It follows
that xgyg′ = 0. This implies that x ∈ Gz(R). Therefore all elements of P +Rb
are graded zero-divisors which contradicts the maximality of P . Therefore P
must be a graded prime ideal of R.
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Now let r =
∑

g∈G rg ∈ R be a graded zero-divisor. Let Ω be the subset
of Σ consisting of those graded ideals of R which contain r. Then a similar
argument as above shows that Ω has a maximal member which is a graded
prime ideal of R. Thus Gz(R) is the union of all graded prime ideals of R. □

Let R be a G-graded commutative ring. The set of all gr-prime ideals of R
is called the graded (prime) spectrum of R and is denoted by Specg(R). We
write radg(R) for ∩{P |P ∈ Specg(R)}, and call it the gr-prime radical of R.
An element a =

∑
g ∈ G is called graded nilpotent if, for every g ∈ G, there

exists a positive integer ng with a
ng
g = 0 [11]. Then Gr(0) is the set of all

graded nilpotent elements of R. It is well known that radg(R) = Gr(0). As a
consequence we get Gr(0) ⊆ Gz(R).

Theorem 3.4. Let R be a G-graded commutative ring and M a graded R-
module. Then

(1) {(r,m)|r ∈ Gz(R) ∪Gz(M),m ∈ M} ⊆ Gz(R(+)M).
(2) If Gz(R) ⊆ Gz(M) or Gz(M) ⊆ Gz(R), then Gz(R(+)M) = {(r,m)|

r ∈ Gz(R) ∪Gz(M),m ∈ M}.

Proof. (1) Assume that r =
∑

g∈G rg ∈ Gz(R) ∪ Gz(M). If r ∈ Gz(R), then,

for every g ∈ G, there exists a nonzero sg′ ∈ h(R) with rgsg′ = 0. In this
case, (sg′ , 0) ∈ h(R(+)M) and (rg, 0)(sg′ , 0) = (0, 0). This implies that (r, 0) ∈
Gz(R(+)M). If r ∈ Gz(M), then, for every g ∈ G, there exists mg′ ∈ h(M)
with rgmg′ = 0. Then from (0,mg′) ∈ h(R(+)M) and (rg, 0)(0,mg′) = (0, 0)
we get (r, 0) ∈ Gz(R(+)M). Now assume that m =

∑
g∈G mg ∈ M is an

arbitrary element. As, for every g ∈ G, (0,mg)
2 = (0, 0) we get (0,m) ∈

radg(R(+)M). Now we have (r,m) = (r, 0) + (0,m) ∈ Gz(R(+)M) (Note
that this follows since Gz(R(+)M) is a union of graded prime ideals and
radg(R(+)M) is contained in each graded prime ideals).

(2) Assume that (r,m) =
∑

g∈G(rg,mg) ∈ Gz(R(+)M). Then, for every g ∈
G, there exists a nonzero element (sg, ng) ∈ h(R(+)M) with (rg,mg)(sg, ng) =
(0, 0). If sg ̸= 0, then rg ∈ Gz(R) and if sg = 0, then rg ∈ Gz(M). If
Gz(R) ⊆ Gz(M), then rg ∈ Gz(M) for every g ∈ G. Thus (r,m) ∈ {(r,m)|r ∈
Gz(R)∪Gz(M)} and ifGz(M) ⊆ Gz(R), then rg ∈ Gz(R) for every g ∈ G, that
is, (r,m) ∈ {(r,m)|r ∈ Gz(R) ∪Gz(M)}. Therefore Gz(R(+)M ⊆ {(r,m)|r ∈
Gz(R) ∪Gz(M)}. So we have the equality. □
Definition. Let R be a commutative graded ring. We say that R has a few
graded zero-divisors if the set Gz(R) of graded zero-divisors of R is a finite
union of graded prime ideals.

Theorem 3.5. Let R be a G-graded commutative ring and M a graded R-
module such that R(+)M has a few graded zero-divisors and either Gz(R) ⊆
Gz(M) or Gz(M) ⊆ Gz(R). Let I be a graded ideal of R and N a graded
submodule of M . Then I(+)N is a graded primal ideal of R(+)M if and only
if either
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(a) N = M and I is a graded primal ideal of R or
(b) N ̸= M , IM ⊆ N , and I and N are graded P -primal where P = G(I).

In either case, I(+)N is graded P (+)M -primal.

Proof. Assume that N = M . Then, by Theorem 3.2, I(+)M is a graded primal
ideal of R(+)M with the adjoint ideal P (+)M if and only if I is a graded primal
ideal of R with the adjoint ideal P . So assume that N ̸= M . For I(+)N to be
an ideal of R(+)M , we must have IM ⊆ N . By passing to (R(+)M)/(I(+)M),
we can assume that I = 0 and N = 0. So what we required is to show that
R(+)M is a graded primal ring if and only if both R is a graded P -primal ring
and M is a graded P -primal R-module where P = G(0). Now, by Theorem 1.5,
R(+)M is a graded primal ring if and only if Gz(R(+)M) is a graded prime
ideal of R(+)M , or equivalently, by Theorem 3.4, (Gz(R)∪Gz(M))(+)M is a
graded prime ideal of R(+)M , if and only if Gz(R)∪Gz(M) is a graded prime
ideal of R by Proposition 3.1. Since Gz(R) and Gz(M) are each a union of
graded prime ideals of R, R(+)M has a few graded zero-divisors, and since
Gz(R)∪Gz(M) is a graded prime ideal, Gz(R)∪Gz(M) is a graded ideal of R
if and only if Gz(R) = Gz(M) = P for some graded prime ideal P of R, that
is, both R and M are graded P -primal. □
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