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e-FRAMES AND -RIESZ BASES ON
LOCALLY COMPACT ABELIAN GROUPS

RAJAB ALl KAMYABI GOL AND REIHANEH RAIsI TousI

ABSTRACT. We introduce @-frames in L%(G), as a generalization of a-
frames defined in [8], where G is a locally compact Abelian group and
@ is a topological automorphism on GG. We give a characterization of ¢-
frames with regard to usual frames in L?(G) and show that (-frames share
several useful properties with frames. We define the associated ¢-analysis
and ¢-preframe operators, with which we obtain criteria for a sequence
to be a p-frame or a p-Bessel sequence. We also define ¢-Riesz bases in
L2(G) and establish equivalent conditions for a sequence in L2(G) to be
a p-Riesz basis.

1. Introduction and preliminaries

The theory of frames was introduced by Duffin and Schaeffer [10] in the
early 1950s to deal with problems in nonharmonic Fourier series. There has
been renewed interest in the subject related to its role in wavelet theory and
a lot of new applications. Several kinds of frames have been introduced up
to now; e.g. frames in Hilbert C*-modules (modular frames) [14], frames of
subspaces [7], G-frames [26], p-frames [1], frames for Banach spaces [6], a-
frames [8], and many others for different purposes. In this paper we define
and investigate p-frames in L?(G), using the ¢-bracket product, as a vector
valued inner product on L?(G) introduced in [19], where G is a locally compact
Abelian (which will be abbreviated to “LCA”) group and ¢ is a topological
automorphism on G. One of the nice things about -frames is the fact that
they are useful in studying Gabor systems in the way that there is a close
relationship between these frames and Gabor frames in L*(G). Indeed, our
results relate Gabor frames in L?(G), which have become a paradigm for the
spectral analysis associated with time frequency methods [6], to ¢-frames. Our
construction is related to an extension of Casazza and Lammers’ definition of
a-frames, a > 0, on L?(R) in [8], to the more general setting of L?(G), in a new
and different approach. We characterize p-frames in terms of the usual frames
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in L?(G) (Theorem 2.1 below), which reveals the above mentioned relation, and
we show that -frames have several useful properties in common with frames.
We also define ¢-Riesz bases in L?(G) and establish equivalent conditions for a
sequence to be a p-Riesz basis, through which we establish a relation between
¢-Riesz bases and usual Riesz bases in L?(G).

Let G be a LCA group and G denote the dual group of G. We refer the reader
to the usual text books about locally compact groups [12, 16]. Let the Fourier
transform ": LY(G) — Co(G), f — f, be defined by f(£) = Jo [(@)€(z)da.
The Fourier transform can be extended to a unitary isomorphism from L?(G)
to L2(G) known as the Plancherel transform [12, The Plancherel Theorem].
Let ¢ be a topological automorphism on G. Let L be a uniform lattice in G,
that is, a discrete subgroup of G with compact quotient group G/L. Then
obviously ¢(L) is also a uniform lattice in G. Denote by ¢(L)* the annihilator
of (L) in G, ie., o(L)t = {y € G; v(p(L)) = {1}}, which is a uniform lattice
in G (see [18, 21]). For a uniform lattice L in G, a fundamental domain is a
measurable set Sy, in G such that every x € G can be uniquely written in the
form x = ks, where k € L and s € Si,. The existence of a fundamental domain
for a uniform lattice in an LCA group is guaranteed by [22, Lemma 2].

Choosing the counting measure on L, a relation between the Haar measures
dx on G and di on G/p(L) is given by the following special case of Weil’s
formula [12]:

For f € L'(G), we have 3, ., f(zp(k™1)) € L'(G/¢(L)) and

x)dr = T “YYdi
(L1) /G f()d /G o S ek Y)di,

(k=1)ee(L)

where & = xp(L).
Let f,g € L*(G). The @-bracket product of f, g is defined by

(1.2) [f.9le(8) = D falep(k™"))

kel
for all 2 € G. We define the g-norm of f as || f||,(2) = ([f, f],(2))/2. The
¢-bracket product is in fact a vector valued inner product on L?(G) (see [19,
Proposition 2.4]). In particular, Cauchy Schwartz Inequality holds for it, i.e.,

(1.3) \lf, glel < I fNlollglle

for f, g € L*(G).

A sequence (gn)nen C L*(G) is called p-orthonormal if (g, gm], = 0 for all
n# m € N and ||gn|l, =1 for all n € N. A p-orthonormal sequence (g, )nen
is called a @-orthonormal basis if [f, g,], = 0 a.e. for all n € N, implies f =0
a.e..

[19, Proposition 14] asserts that L?(G) admits a ¢-orthonormal basis.

One of the main tools in our studies is p-factorable operators. For the sake
of completeness, we recall some of our results on p-factorable operators on
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L?(G). For a detailed exposition of the p-bracket product and ¢-factorable
operators confer [19, 20].
For v € G, denote by M, the modulation operator on L?(G), i.e.,

M, f(z) = v(x) f(z)
for all f € L*(G). Let U be a bounded operator from L?(G) to L?*(E), where
E is a subgroup of G or G/p(L). U is called p-factorable if

(1.4) U(M,g) = M,U(g) for all g € L*(G), v € p(L)*.

It is easily verified that if U : L?(G) — L?(G) is a bounded ¢-factorable
operator, then its adjoint U* is also ¢-factorable. Moreover,

(1.5) [U(f):gle = [£,U"(9)ly, ae. forall f,g € L*(G).

We have the following Riesz Representation Theorem ([20, Theorem 2.4]),
which characterizes all ¢-factorable operators from L?(G) to LY(G/¢(L)).

Theorem 1.1. A bounded operator U : L*(G) — L'(G/p(L)) is ¢-factorable
if and only if there exists g € L*(G) such that U(f) = [f,g], a.e. for all
f € L*(G). Moreover |U| = ||g]|-

Let us now define a ¢-frame and a p-Bessel sequence.

Definition 1.2. A sequence (f,,)nen in L2(G) is a said to be a ¢-frame if there
exist 0 < A, B < 0o, such that for every f € L*(G),

(1.6) ANFIZE) < SIE Fule @ < BIFIRG)

neN
for a.e. & € G/p(L). A, B are called p-frame bounds. Those sequences which
satisfy only the upper inequality in (1.6), are called p-Bessel sequences. In this
case B is called p-Bessel bound.

The rest of this paper is organized as follows: In Section 2 we investigate
p-frames and -Bessel sequences in L?(G), where G is a second countable LCA
group and ¢ is a topological isomorphism on G. We characterize p-frames in
terms of frames in L?(G) (Theorem 2.1). We also define ¢-pre-frame and ¢-
analysis operators. Then we study (-frames and -Bessel sequences in terms
of these operators. In Section 3 we introduce ¢-Riesz bases and give equivalent
conditions for a sequence in L?(G) to be a p-Riesz basis (Theorem 3.4).

2. p-Frames in L?(G)

Throughout this paper we always assume that G is a second countable LCA
group, L is a uniform lattice in G and ¢ is a topological isomorphism on G.

In this section we investigate ¢-frames and characterize them with regard
to standard frames in L?(G). We then define the associated p-analysis and
p-preframe operators, with which we obtain criteria for a sequence to be a
p-frame or a p-Bessel sequence.

Here is the characterization of ¢-frames in terms of frames in L?(G).
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Theorem 2.1. Let (fn)nen be a sequence in L*(G). Then the following are
equivalent.

(1) (fn)nen is a p-frame.
(2) (Myfn)nenqepr): is a frame.

Proof. Let (fn)nen be a ¢-frame with bounds A, B and (g, )nen be a ¢-ortho-
normal basis for L?(G). Define U : L*(G) — L*(G) by U(M,g,) = M, f, for
v € (L), n € N. Note that M,g,’s form an orthonormal basis for L?(G),
which guarantees that U is well defined. Then U is p-factorable and so we have

(2.1) [U*f,gn]w =[f, U(gn)]so =[f, fn]tpv

a.e.. Since (gn )nen is a @-orthonormal basis

U FIIZ (&) = D 1[U* £, gnlo ()]

neN

(2:2) = U Fale (@)

neN
< B||f|I5()

for f € L?(G) and a.e. i € G/p(L). Integrating (2.2) over G/¢(L) and using
Weil’s formula, we have ||U* f||3 < B||f||3. That is, U* is bounded. Also U* is
one-to-one. Indeed, if U*f = 0 for some f € L*(G), then [U*f, gn], = 0. So
by (2.1), [f, fnl, = 0, which implies that f = 0, since (fn)nen is a o-frame.
Similarly U *~" is bounded. Hence U* is an isomorphism (note that U* has
dense range). Now by [3, Theorem 4.1], {M, fy }nenyep(r)r is a frame. This
completes the proof of (1) = (2). Let {M, fn}nenyepr)r be a frame. By [3,
Theorem 4.1], U* is an isomorphism. Thus using (2.2) we have

AllFI5@) < D IF falo @) < BIFIG ()
neN
for a.e. & € G/p(L), in which A = ||[U* '||2, B = ||U*||%. That is, (2) implies
(1). O

We now intend to define @-pre-frame and ¢-analysis operators. First, we
need to introduce a vector space which plays the role of [?(N) in the stan-
dard case. To this end, define I2(G/¢(L)) as the space of the sequences in
L?(G/p(L)) convergent in L*(G/p(L)), i.e.,

(23) B(GJo(L)) = {g:hien € L3(G/o(L /G 2@ < o).

zEN

13(G/p(L)) is an inner-product space with the inner product defined as follows:
[l Grewy o B(G/(L) x B(G/e(L)) = LYG/e(L)),

{git AhiNe oy = D gihi

€N
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for {gi}ien, {hi}tien € 13(G/¢(L)). Note that ZieNgifTi € LY(G/p(L)). In-
deed,

1Y~ gihillr @) </ Zlgz ) hi(&)|di

€N zGN
1/2
g/ M|m></ |hk@
( G/e(L) ZGZN G/e(L) EZN
0

For {g;}ien € 13(G/¢(L)), define the pointwise norm by

1/2
||{gz}zeN||12 (G/p(L)) (Z |gi(% ) )

ieN
and the uniform norm by

1/2
g bienlle :/ PORARE
eNIZ(G/e(L)) /ol Z

1€EN

Let {fn}nen be a p-bounded p-Bessel sequence in L?(G). Define the p-analysis
operator as the mapping T}, : L*(G) — 13(G/¢(L)) given by

Ttpf = {[fa fn]w}neN-

Define 0 : L*(G) — LY(G/p(L)) by 0(f) = [T, f, {gn}neN]zf(G/g;(L)) for some
sequence {gn}nen € 3(G/p(L)). Note that if T, is bounded, then 6 is a
bounded ¢-factorable operator. So by Riesz Representation Theorem for (-
factorable operators (Theorem 1.1), there exists T);({gn}) € L*(G) with

175 ({gnDll2 = 1101
such that 0(f) = [f, T;;({gn})],- Note that ||T,|| = || T;]. Indeed,

[T fs {gntnenliz(crowy |1 /or))

=‘/ T £, {gn bnenliz oty ()i
G/e(L)

LWIZﬂh ()ldi

neN
1/2
< / 1, fole %g U g @ WQ
< G/W(L)nze;] G/e( L)nze;;
= ||T<pf||l§((;/¢(L))||{gn}n€N||l§(G/¢(L))~
Hence

175 ({gn})ll2 = (0]l
= sup) s, <1 | [T fs {gntnenliziaowy L (@ /e(r)
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< NTo N gn iz (/oL
That is, |7;]| < ||, Also obviously, Ty, = T3*. So [|T,|| = || T;]|-
To obtain the p-preframe operator T explicitly, we calculate as follows.
Let f € L*(G), {g:}ien € 3(G/p(L)). Then we have

(£ To({gn Do (@) = [T f, {gnnenliz @ /o r) ()

=Y T, f(&)gn()
neN
=1 fulo (@) 7 (@)
neN
= [fa Z fngn]tp(jc)'
neN
Thus
LT ({gn D] (@) di = , o (2)di.
T ee) /| il 2 ol
That is,
(f To({gn})) 2@y = (f, angn>L2(G)~
neN
Hence
(2.4) 73091 = 3 Fugn:
neN

T} is called the @-preframe operator.

In the following proposition we characterize (-Bessel sequences in terms
of the p-preframe operator. To be more precise, we show that a p-bounded
sequence is p-Bessel if and only if the ¢-preframe operator is bounded.

Remark 2.2. (i) For f € L?(G) we have
1£llo (&) = sup{|[f, glo (£)]; [lgllo(2) <1}
for a.e. © € G/p(L). Indeed, by Cauchy Schwartz Inequality (1.3) we have

sup{|[f, gl (@)[; llglle(2) <1} <[ f]lo(2)
for a.e. € G/p(L). Also

sup{[[f, gl (@)[; llglle(2) <1} = [/,

for a.e. & € G/p(L).
(ii) By a similar argument as in the standard L2-space theory it is verified
that (L?(G), || - ||,) is a Banach space.

f
£l

Jo@)| = [ fllo(2)

We say g € L*(G) is ¢-bounded if there exists M > 0 so that |g|l, < M
a.e.. Note that for f,g € L*(G) the function [f, g],g need not generally be in
L*(G). But if f,g,h € L*(G) and g, h are p-bounded, then [f, g],h € L*(G)
(see [19]).
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Proposition 2.3. Let (fn)nen be a p-bounded sequence in L*(G). Then
(fn)nen is @-Bessel with bound B if and only if 17 is a well defined bounded

operator from 1?(G/p(L)) into L*(G) and ||T,| < VB.

Proof. Let (fn)nen be a @-Bessel sequence with bound B in L?(G). Assume
that (gn)nen € 13(G/p(L)), n € N. Then for m,n € N, n > m, we have

1Y gifi = > gifill (&)
=1 =1

IS gifillo@)

i=m-+1

n

:sup”gﬂwgﬂ[ Z ngzag}tp(‘r”
1=m-+1
n

:sup|‘g|‘¢§1| Z gz[fzagho(x)l

1=m-+1

n 1/2 n 1/2
( > |gi(fb)2> Sup|g||q,<1< > [fi,g]cp($)|2>

i=m+1 i=m-+1

" 1/2
@( 5 gw) |

i=m-+1

IN

IN

S0 Y ity gifi,ey is Cauchy in (L*(G), ||-|l,) and therefore convergent. Thus T}
is well defined. Also obviously ||T;|| < B. For the converse assume T;; and so T},

is bounded. Then || Ty, (hf)|li2(a o)) < | Toll|1f |2 for every h € L°(G/@(L)).
Therefore,

/G/sO(L)

i)|%dz
SRS, Ful ()2 g/G

1RSI (&) T || di.
= /(L)

That is,

/ (@) ?
G/o(L)

for every h € L*(G/¢(L)). Hence

DIl (@)]Pdi < /G (@) P11 (@)1 T, *di

= /(L)

SO falo (@)1 < B fIIZ ()

neN

for a.e. @ € G/p(L), where B = ||T,||%. So (fn)nen is p-Bessel. O
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Let (fn)nen be a p-frame. Assume that each f,, n € N is ¢-bounded in
L?(G). The ¢-frame operator defined by S, := TT,, is bounded. Indeed,

[So s flo = D _Ifs falfns e

neN

=1 falolFs Bl

neN
= Z H.fa fn]tp 2
neN
So we have

A[fvf]g@ S [Stpfaf]tp S B[fvf]g07
which implies
Al (s [ S @d<B [ (g @
G/e(L) G/e(L) G/e(L)
Therefore, AI < S, < BI. By a standard argument as in the frame theory S,
is invertible and B~!I < S(;l < AT
We can now characterize ¢-frames with the aid of the p-preframe operator.

Proposition 2.4. Let (fn)nen be a p-bounded sequence in L*(G). Then
(frn)nen is a @-frame if and only if T} is well defined, bounded and onto.

Proof. Let f, be a ¢-frame. Then by the above remarks S, is onto and so is
T;. The rest follows from Proposition 2.3.

Conversely, we have f = S@Sglf = ZHGN[S;H‘, Jnlofn, sO
IA15(E) = [f, o (&)
=D IS Falofor Fle(@)

=187, Falo (@) [ fns flo ()
neN
1/2 1/2
(ZI U falo(@)] ) <Z|[fn,f]so(i?)l2>
neN neN

1/2
< ||T (S f)||l2 (G/e(L)) (Z | f’ru >

neN

1/2
< T INSG N f Nl () (Z [fnaf]tﬂ(j:)|2>

neN
for a.e. © € G/¢(L). That is,

AIfIZ @) < D s ] ,

neN
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where A = ||T, || =[S, "[| 7. Now Proposition 2.3 completes the proof. O

Next we consider the case when two p-Bessel sequences may also be -
frames.

Proposition 2.5. Let (fn)nen and (gn)nen be two @-bounded p-Bessel se-
quences in L*(G). If f = 3, cnlfs 9nlefn, a.e. for all f € L*(G), then both
(fn)neN and (gn)nEN are @'frames'

Proof. Let us denote by B the ¢-Bessel bound of (f,,)nen. For all f € L3(G),

we have

I£11E () = [f, f12(2)
=D _[f: gnlofns FI2(2)

neN

= (Z[ﬁ gn]so(fc)[fnaf}w(g&))2
neN

<Y A galo @)D s flo (@)
neN neN

< BIIFI5(E) D ILf gl (@)1

neN

That is,
BUSI2() < 3 1, gulo )2

neN

for every f € L*(Q), for a.e. @ € G/p(L). Hence (gn)nen is a p-frame. A
similar argument shows that (fy,)nen is also a p-frame. O

It is clear that every ¢-orthonormal basis is a Parseval ¢-frame, but the
converse is not true.

Example 2.6. Consider the LCA group G = R*. As a uniform lattice in
G we choose L = {2"; n € Z}. Then L+ = Z. We can choose S;, := [1,2)
as a fundamental domain for L in G. Let ¢ : Rt — RT be the topological
automorphism defined by ¢(z) = x2. Let (f,)nen be a p-orthonormal basis
for L?(G) (e.g. consider the orthonormal basis {M,Tyxs,; (k,7) € L x L*},
as in [23, Theorem 3.1.7] for L?(G), where M, is the modulation operator.
By [19, Theorem 14], {Tyxs,; k € L} is a p-orthonormal basis for L?(G)).
Then {f1, %fg, %‘]%7 %fg, %fg, %f?,, ...} is a Parseval p-frame but not a
p-orthonormal basis.

It is easy to see that if (f,)nen is a Parseval g-frame and || f,|, = 1 a.e. for
every n € N, then (f,,)nen is a p-orthonormal basis.
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3. ¢-Riesz Bases in L?(G)

Our goal in this section is to define and investigate p-Riesz bases in L?(G),
applying (-factorable operators.

Riesz bases in L?(R) have several equivalent definitions (see [9, 15, 27]). The
main result of this section (Theorem 3.4), sets out equivalent conditions for a
sequence in L%(G) to be a ¢-Riesz basis, where G is a second countable LCA
group and ¢ is a topological automorphism on G. We start with a definition.

Definition 3.1. A sequence (f,)nen in L?*(G) is said to be a op-Riesz basis
if there exists a -orthonormal basis (g, )nen and a p-factorable operator U :
L?*(G) — L*(G), which is a topological automorphism such that U(g,) = fn
for every n € N.

We introduce a @-complete (¢-total) sequence in L?(G) as follows:

Definition 3.2. Given a sequence (f,)nen C L2(G), by spanllle(f,,) = L?(G)
we mean that for every f € L?(G) there exists a sequence {hy, }nen €13(G/p(L)),
such that f = > 7 h,fn, a.e. We say a sequence (f)nen C L2(G) is -
complete (p-total) in L*(G), if spanlll« (f,) = L*(G).

The following lemma will be needed in the proof of Theorem 3.4.

Lemma 3.3. Suppose U is a bounded p-factorable operator on L*(G). For
every f € L*(G), we have U, < [U|[[[fll, a-e.

Proof. For every ¢-periodic h € L*°(G), we have

[ @R @

G/e(L)

= U(f)(=x h(z dz
oy 21O 0 D s

/G SO () (1)) P

/(L) ke
= U3
< U2 f13

= 2 hf(x Zdilf

U] /| f ()]

= 2 h di
Ul //w( E \hf(xo(k~"))?di

) keL
— U1 [ @RI @)
G/e(L)

which obviously completes the proof. ([
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In the following theorem we establish equivalent conditions for a sequence
in L?(G) to be a ¢-Riesz basis. As a matter of fact Theorem 3.4 gives a
characterization of ¢-Riesz bases with regard to standard Riesz bases in L?(G),
which implies that a p-Riesz basis shares many useful properties with a Riesz
basis.

Theorem 3.4. Let (f,)nen be a sequence in L?(G). The following are equiv-
alent.

(1) (fn)nen is @-complete, and there exist positive constants A and B such
that for any sequence {hy }nen € 12(G/p(L)) one has

(3.1) A NP <D B fall < B Y |hal® ace.
n=1 n=1 n=1

(2) (fn)nen is a p-Riesz basis.
(3) (M’yfn)»yegp(L)LvneN is a Riesz basis in L*(Q).

Proof. (1)= (2) Let (ep)nen be a p-orthonormal basis in L?(G). Then by [19,
Theorem 14], spanllv(e,) = L*(G). Define U : L*(G)(= spanlle(e,)) —
L3(G) by U "02 hnen) = Yoo hyfn, where {h, bnen € 13(G/p(L)). Then
U is bounded. In fact, by (3.1)

”U(Z hnen)”i = | Z hnani
n=1 n=1
<BY |hal
n=1

o0
= B]| Z hnen||2W a.e.,
n=1

and so

0 bl = |
2 ”
<B / IS huenl(#)di

G/ (L) nz::l v

(o)
= B Z hnenll3
n=1

for any {h,}nen € I3(G/@(L)). That is, |U|| < vB. Now define S : L?(G)(=

spanl e (f,)) — L*(G) by S(CL1 hafa) = S0y huen, where {hn}nen €
13(G/¢(L)). Hence by (3.1) we get

n=1

n=1

U hnen)|2(2)di
p(L) n=1
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oo
2
= E |hn|
n=1

S VA hafalll, ace.
n=1

This implies that S is bounded on L?(G) and ||S|| < /1/A. Also obviously,
SU =T and US = I on L?(G). Hence U is a topological isomorphism, which
is clearly @-factorable and Ul(e,) = f, for every n € N.

(2)= (3) Choose a @-orthonormal basis (e,)nen for L?(G) and the corre-
sponding topological automorphism U which is a ¢-factorable operator and
U(en) = fn for every n € N, as in Definition 3.1. By [19, Theorem 14],
(M, fn)~ew(1)- nen is an orthonormal basis for L?(G), and since U is ¢-factor-
able

U(Myen) = MyU(en) = My fr
for every n € N, v € ¢(L)*. So (M, fn)yep(rL)r men is a Riesz basis.

(3)= (2) Let S,(z) be a fundamental domain for ¢(L). By [23, Theo-
rem 3.1.7], the system (M,T,x)Xs,,)keL,rvep(r)- is an orthonormal basis
for L?*(G), where Ty)Xs,,, is the translation of xs_,, by ¢(k). Define
U: L*(G) = L*(G) by U(M,,, Ty(r,)XS,1,) = M, fn, m,n € N. Obviously,
U is a p-factorable operator. Moreover, by [19, Theorem 14], (T,,(x)X5, 1, )keL
is a p-orthonormal basis for L?(G), and obviously U(T (k) XS (1)) = fo for ev-
ery n € N. Finally since (M fn)ycp(r)L nen is a Riesz basis, U is a topological
automorphism.

(2)= (1) Suppose (en)nen is a p-orthonormal basis and U is the correspond-
ing topological automorphism which is a ¢-factorable operator and U(e,,) = fr
for every n € N, as in the Definition 3.1. Let {hy}nen € 13(G/@(L)). Then
using Lemma 3.3

n=1

n=1

= 1T hnen)ll7
n=1
<UD hnenll?
n=1

9]
= U2 S hal?, ace.
n=1

On the other hand

oo

Z 7] = || Z hnenH?p

n=1 n=1
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)
-1 2
=[UTUQ haen)ll3
n=1

<NUTHPIU Q. haen) I3

n=1
00
RIS a2, ace.
n=1

So (3.1) holds. Moreover (f,)nen is ¢-complete. Indeed, given any f € L?(G),
there exists a unique g € L?(G) with U(g) = f (since U is one-to-one and
onto). Write g = >"77 | (g, en]pen as in [19, Theorem 18]. Then h,, = [g,e,], €
L>(G/¢(L)) for every n € N and by Bessel’s Inequality ([19, Theorem 11])

D (@) < 1 fllp(d) < 00
n=1
for a.e. € G/p(L). Also
f = U(g) = U(Z hnen) = Z hnU(en) = Zhnfru
n=1 n=1 n=1

showing that spanlllv(f,) = L?(G). This completes the proof. O
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