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SOME EQUALITIES FOR CONTINUED FRACTIONS OF
GENERALIZED ROGERS-RAMANUJAN TYPE

YONGQUN L1 AND XIANTAO WANG

ABSTRACT. In this paper, we first discuss the convergence of the con-
tinued fractions of generalized Rogers-Ramanujan type in the modified
sense. Then we prove several equalities concerning these continued frac-
tions. The proofs of our main results are mainly based on the Bauer-Muir
transformation.

1. Preliminary material

If the sequence {S,,(0)} of the approximants of the continued fraction by +
K (a, /b,) converges to a point f in the extended complex plane C = C U {oo},
then we call that the continued fraction by + K (a, /by,) converges to f in the
classical sense, and write

b0+K<an/bn):fa

where
ai az a3 Qnp
Sn(0)=byg+— — = —.
(0)=bo by 4 by bs ... by
Two continued fractions by + K (a,/b,) and do + K(c,/dy,) are equivalent if
they have the same sequence of classical approximants. The following result is
from [6] or [8].

Proposition 1.1. Continued fractions by + K (ay/by) and do + K (cp,/dy) are
equivalent if and only if there exists a sequence of non-zero constants {r,} with
ro =1 such that ¢, = rprp—1an, (n=1,2,...) and d,, = rpb, (n=0,1,...).

As in [5] or [8], we introduce the following definition.
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Definition 1.2. The Bauer-Muir transform of a continued fractions by +
K(ay/b,) with respect to a sequence {w,} from C is the continued fraction
do + K(cn/d,) whose nth numerators C,, and denominators D,, are given by

C_,1=1, D_, =0,
Cn=A4,+ Anflwru D, = By + By—1wn
forn=0,1,2,..., where {A,} and {B,} are the nth numerators and denomi-

nators of by + K (a,/by).

Definition 1.3. If the Bauer-Muir transform dy + K(c,/d,) of a continued
fraction by + K (a,/b,) converges, then we say that the continued fractions
by + K (a,/by) converges in the modified sense, and we write

bo + K(an/bn) = do + K(cpn/dy) (m.c.).

In fact, what the Bauer-Muir transformation does is to give a continued
fractions do + K(cp/d,) whose classical approximants T, (0) are equal to the
modified approximants S, (w,) of byp + K(an/by,). Therefore, if the Bauer-
Muir transform dg + K (¢, /d;,) of a continued fraction by + K (ay, /b,) converges
to f* = limp 00 Sn(wn), in the classical sense, then the continued fraction
bo + K (ay/by,) converges to f* in the modified sense. Some caution is in order
here, as noted by Thron and Waadeland in [10], if the modifying sequence {w, }
can be arbitrary, almost anything can happen.

First, let’s recall the following result from [8], which is crucial for the proofs
of our main results.

Proposition 1.4. The Bauer-Muir transformation of a continued fraction bo+
K(an/by) exists with respect to the sequence of complex numbers {w,} (n =
0,1,2,...) if and only if
(1.1) An = ap — wp—1(bp +wyp) #0 (n>1).

If this Bauer-Muir transformation exists, then it is given by do + K (¢, /dy,),

where dg = by +wo, di = by + w1, dp = by + Wy — Wn—2A\n/An—1 for n > 2 and
1= A1, Cn = Ap1An/An—1 forn > 2.

A natural problem comes out: does a continued fraction converge in the
modified sense although it is not convergent in the classic sense?

This problem has been considered by many authors. Among them, Alladi
discussed this problem for continued fractions of modified Rogers-Ramanujan
type in [1] and proved:

Theorem A. If |q| < 1, then the continued fraction q + K (1/¢*"*1), which is
divergent in the classical sense, is convergent in the modified sense.

In [7], Lee and Sohn continued to study this problem and obtained:

Theorem B (Modified Rogers-Ramanujan continued fraction). If |q| < 1,
then the continued fraction q + K(1/¢*"*1) converges in the modified sense,
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and
1 1 1

- = — =1+ m.c.).
P a4 (m.c.)

(1.2) q+ L

=

(A
T+1+1

+14+1+

For a polynomial p(z) in C|z], we introduce the following notation.

E(p)={z e C: p(z) =0} U{0}.
The first aim of this paper is to discuss Theorem B further and get the
following generalization.
Theorem 1.5. For any non-zero polynomial ag(z) in Clz], and for any fized
x € C— E(ayp), if |x| <1, then the continued fraction
ki ki K3

klaO + )
k1a1 —+ klag + k1a3 + .

which is divergent in the classical sense, converges in the modified sense, and
ki k3 K3
kiar + kiaz + kias 4. ..
kikoag kgxd kykoagz? k%mm
ky + ko 4+ ke 4+ ko 4
kykoagz2d k%m?’d kykoagx3®

ke 4 ks 4 ks 4.

kiag +

(1.3) =ky+

(m.c.),

where ki and ko are two non-zero constants, a, = agz™® forn>1andd is a
positive constant.

Remark 1.6. We can get (1.2) by putting k; = ks = 1, ap = ¢ and d = 2 in
(1.3).

In [4], Berndt and Yee studied the continued fractions of generalized Rogers-
Ramanujan type and got the following equality.

Theorem C. For |q| < 1,

1-—

1+

—

499 ¢ ¢ ¢ L g ¢ ¢ ¢
+1—-1+1—-1 1 -1 1 —.. 1+ 1 1

+ +

As the second aim of this paper, we prove the following two theorems. The
methods used in the proofs of these two theorems follow from [4].

Theorem 1.7. For |q| < 1,

(1.4) 1—
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Theorem 1.8. For |q| < 1,

s 1l _1ad @ d
’ 1-14+1—-14+1—-14--+ 1—-1414+1+1+4---
As an application of Theorems 1.7 and 1.8 and Corollaries 3.1 and 3.4, we

can easily get the following four equalities.

Corollary 1.9.

(1.6)
(lgﬂfquqj)(lﬂgffff)zg
1—141-1+1—-1+41— "4l -141 141147 7
(1 % % aqk+1 aqk+1 aq2k+1 aq2k+1 )
1-1+41- 1 + 1 - 1 4+ 1 —-...
1 a a ak+1 ak—i—l a2k+1 a2k:+1
(R T T e ! )=2,
1+1-1+ 1 — 1 + 1 — 1 4+
(1.8)
(1Qg££qjqj)+(1gﬂffff):2
1-141—-14+1—-1+1-— 141-1+1—-14+1-1+ ’
(} g g qk+1 qk+l q2k+1 q2k+l )
1-1+1—- 1 + 1 — 1 + 1 —-...
1 k+1 k+1 2k+1 2k+1
I LA s i Gusy )2,
1+1—-1+ 1 — 1 + 1 — 1 4+...

On page 46 of Ramanujan’s lost notebook [9], there is a theorem which is
stated as follows (see also [2]) and was proved in [3].

Theorem D. Let k > 0, a = (1 +V1+4+4k)/2 and § = (-1 + 1+ 4k)/2.
Then, for |q| <1 and Re(q) > 0,

k+ k+ 2 2
L kta q _ q q

1.10 1 =a+ .
(1.10) 1 + 1 +-... a+Bgya+ B4 ..

In [7], Lee and Sohn obtained the following generalization of (1.10).

Theorem E. For a fixed natural number r, suppose that d > 1 and m, >
Myp_1 > -+ >mq > 1. Then we have

ko +a1 ka+ag ai az
(1.11) Pyt Bv + k +...:a+a+ﬁqd+a+ﬁq2d+...’
where
Ay = qm1+(n71)d + qm2+(n71)d 4t qmrJr(nfl)d
and

—k1 4+ /k? + 4k
B=— 21 2 a=k +8.
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The last aim of this paper is to discuss Theorems D and E further. Our
result is as follows.
Theorem 1.10. Let ai(x) be a non-zero polynomial in Clz]. Then for any
fized x in C — E(a1), we have the following equality.
ko +a1 ko +as a1 ao

1.12 k1 + =a+ ,
(1.12) ! ki + ko4 a+ frd Lo+ fx2d .

where a, = a ™D forn > 2, = (—k; + /k? +4k2)/2, a = k1 + B and d
1S a positive constant.

Remark 1.11. We can get (1.11) by putting a;(q) = ¢™ +¢™ + -+ ¢™ in
(1.12), and (1.10) by putting k1 =1, ko = k, a1(¢) = ¢ and d = 1.

2. The proofs of Theorem 1.5 and its corollaries

Proof of Theorem 1.5. We shall prove (1.3) from the left side to the right side
by using the Bauer-Muir transformation. For convenience, we let

K k3 k3
k:lal _|_k:1a2_|_k1a3_|_ .. ..

R(I) = k1a0 +

We choose the modifying factors for R(x) as follows:

WEO) :kg—k1a¢:k2_k1a0xid7 1=0,1,2,....

Obviously, )\1(-0) = kykgaor(~14 £ 0 (i = 1,2,3,...). Then the Bauer-Muir
transformation implies that
k‘lk‘zao kgId k‘%l‘d

kz —+ kz — szEd + k1a0$d+ ]i)Q — inCd + k1a0$2d+ .
k‘lkgao k‘%l‘d

kg 4.]’21(1’)7

R(l‘) =ky +

= ko +

where
2..d 2..d
ksx ksx

kQ — ]ngd -+ k1a0m2d+ kQ — le’d + k1a0x3d+ .. ..

Ry (.Z‘) = ko— k2$d + klaoxd +

Now we choose the modifying factors for R;(z) as follows:
wgl) = koxd — klaox(”l)d, 1=0,1,2,....

We easily know that )\51) = kikoagz™ # 0 (i = 1,2,3,...). By using the
Bauer-Muir transformation once more, we have that
k1 koagz? k%xm k%de

ke ko — kow?? + kyagx??® 4 ko — kox?d + kyagzdd 4. ..
kykoagz? k%xQd

ke 4 Ro(x)’

Rl(:v) =ko +

:k2—|—
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where

Rg(l‘) = kQ — kQ!L‘Qd + k1a0l‘2d
k2x2d k2x2d

k’g — k’gdf2d + k1a0z3d + ]{32 — ]{32172(1 + k1a0x4d+ .. ..

+

For j =2,3,4,..., we let

k%xjd
kg — kgfbjd + klao$(j+1)d
k2xid k2xid
+ ko — k‘gl‘jd + klaox(j+2)d+ ko — k‘gl‘jd + klaox(j+3)d+ .

RJ(ZL’) = k2 - kzl’jd + klaol'jd +

By applying the Bauer-Muir transformation to R;(z) (j = 2,3,4,...) and
repeating the procedures as above, we find that, if we take ng ) = koxid —
kraozU+9e (i =0,1,2,...), then /\Z(-j) = kykoaor—1HD4 £ 0 (i = 1,2,3,...).
Similar discussions as above show that

(2.1)
ke k k2 d k2 d
R(z) = ko + L2 Zx d de 2d
ko +k2 — kox® + k1agx +k‘2 — kox® + k1apx 4+ -
—k + kle(l() k%l‘d klkgaozd k%l’Qd
- ko 4+ ko o ko 4 ko — kox2d + kyagwd
k2224

+ k‘g — k2$2d + k1a0x3d+ .

kl kgao k%l’d klk‘gaoxd k’%l‘Zd klk‘ga()a?Zd

ks 4+ ky + ks 4 ks o+ ks ...
k320+1)d k2 (i+1d
+ kg — kgx(j+1)d + klaox(j+1)d + kg — kgx(j+1)d + klaox(j+2)d + - ..

:k2—|—

By letting j tend to oo in (2.1), we get (1.3).

The left side of (1.3) and the continued fraction b+ K (a} /b)) are equivalent,
where a¥ = r,r,_1k3 for n > 0, b = r,k1a, for n >0, and ro = 1, r,, = 1/ky
for n > 1. But the continued fraction bf + K (aZ /b)) diverges by Stern-Stolz’s
theorem, cf. [6] and [8]. Hence the left side of (1.3) diverges in the classical
sense.

Since z"™ — 0, we see that the right side of (1.3) converges by Proposition
1.1 and Worpitzky’s theorem (cf. Theorem 1.3 in [8]). Hence the left side of
(1.3) converges in the modified sense. O

It follows from Theorem 1.5 that the following results are obvious.
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Corollary 2.1. For |q| < 1, the continued fraction kiq + K (k3/k1¢*" 1) con-
verges in the modified sense, and
(2.2)

k‘% k‘% k% —k +k1k2q k§q2 k1k2q3 k§q4
k1q3+k1q5+k1q7+... 2 ]{32 + kg + k‘g + k‘g + ...

where k1 and ko are two non-zero constants if ¢ # 0.

k1q+ (m.c.),

Proof. We can get (2.2) from Theorem 1.5 by putting agp = ¢ and d = 2. O
Remark 2.2. We can get (1.2) from (2.2) by putting k1 = 1 and kg = 1.

Corollary 2.3. For|q| < 1, the continued fraction kq+K (1/kq®>"*1) converges
in the modified sense, and

1 1 1 kg ¢* k¢® ¢t
kg 1 kgd 1 kg ... 1+1+ 1 +14---

where k is a non-zero constant.

(2.3) kq +

Proof. We can get (2.3) from Theorem 1.5 by putting ag = ¢q, d = 2, k1 = k
and ko = 1. O
Corollary 2.4. For|q| < 1, the continued fraction q+ K (k?/¢*"*1) converges
in the modified sense, and
k2 k2 k2 kq k2q2 kq3 k2q4
(2.4) 9+—=5 = = =k+— — — — (m.c.),
T+ 9 k+ k +k+ k +--
where k is a non-zero constant.
Proof. We can get (2.4) from Theorem 1.5 by putting ap = ¢, d = 2, k1 =1
and ko = k. O
3. The proofs of Theorems 1.7, 1.8 and their corollaries

Proof of Theorem 1.7. For convenience, we denote the left side of (1.4) by r(q).
That is

9 9 ¢ ¢ ¢ q
rg=1-2 4 ¢ ¢ ¢ O
1+41-14+1—-1+4+1-—
Set
q q
3.1 a)=1-—+ 2
(3.1) f(g,a) T+a
Then
a+q—aq aq
3.2 = dl_ , —
(32) flaa) = L and 1= f(g0) = 2
Hence
1-— 1-—
(3.3) flga) _ aq ¢ _q 9l-a)

flga)  at+q—ag 1+¢=2 1+ a
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Let F(q,A) = r(q) with

q 4
FlgA)=1-1 <
(¢,4) 144
Then (3.1), (3.2) and (3.3) imply that
A+qg—Aqg 1 q q1-A4)
3.4 FlgA)=214742¢_ - 4 42— 4)
(34) (g )= SEE=A 2 4

By replacing A on the right side of (3.4) by f(q?,a) and using (3.3), we get

that
¢ ¢(1-a)
+1+1+ o«

We replace a in (3.5) by f(¢%,a), .... By repeating this procedure we see
that the 2nth approximant of the left hand side of (1.4) is equal to the nth
approximant of the right hand side. Since ¢ — 0, we know that two sides
of (1.4) converge by Worpitzky’s theorem (cf. Theorem 1.3 in [8]). Hence the
limit of the sequence of the 2nth approximants of the left hand side of (1.4) is

equal to the one of the sequence of the nth approximants of the left hand side.
Therefore (1.4) is true. O

(3.5) F(q,A) =

=] =

g
1

The following equality follows from the similar arguments as in the proof of
Theorem 1.7.

Corollary 3.1. For |q] < 1,

aq ag agttl aghtl ag?ktl g2kt
1+1- 1 + 1 — 1 + 1 —-...
1 aq a2qht?  a2gPFt2 g2g5k+2
1+14+ 1 4+ 1 4+ 1 4..7
where k =1,2,3,... and a is a constant.

By Corollary 3.1, we can easily get the following two equalities.

Corollary 3.2. For |q| <1,

O A L A A G
1+41—-141-1+1-— 141414141 -+
Corollary 3.3. For |q| < 1,
L4 gt ghtl @Rkt g2kl
T+1— 1 + 1 — 1 + 1 —...
1 g gFt2 gPkt2 k2

)

T4+ 1o+ 1 4+ 1 4
where k =1,2,3,....
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Proof of Theorem 1.8. For convenience, we denote the left side of the equality
(1.5) by B(g). That is

q9 9 9 g9 g (g
Bly=12+4 1 ¢ ¢ 4 9
@=1+7 1. T T,7T_ T4
Set
q g
3.6 =1+= =
(3.6) gl@a)=1+7 -
Then
a—q-+aq aq
3.7 = d —1=
(3.7) 9(g,a) s 9(¢,a) p—
Hence
(3.8) glga) =1 aq ¢ _q gla—1)

g@a) a-qtaqg 1+¢=L 14+ a
Let G(q, A) = B(q) with
q g
Glqg,A) =1+ —.
(@ 4)=1+7 +
Then (3.6), (3.7) and (3.8) imply that

A—qg+A4q 1 q q(A-1)
3.9 Glg A=+ _ - 1 17 7
(39) e I T

By replacing A on the right side of (3.9) by g(¢?,a) and using (3.8), we get
that

1 ¢ ¢ ¢la—1)
3.10 Glg,A)==- = — ———=.

We replace a in (3.10) by f(¢3,a), .... By repeating the procedure as above
we see that the 2nth approximant of the left hand side of (1.5) is equal to the
nth approximant of the right hand side. Since ¢ — 0, we see that two sides
of (1.5) converge by Worpitzky’s theorem (cf. Theorem 1.3 in [8]). Hence the
limit of the sequence of the 2nth approximants of the left hand side of (1.5)
is equal to the one of the sequence of the nth approximants of the right hand
side. Therefore (1.5) is true. O

It follows from similar arguments in Theorem 1.8 that we can get the fol-
lowing.

Corollary 3.4. For |q] <1,

aq aq aqk+1 aqk+1 aq2k+1 aq2k+1
1+— =

11+ 1 — 1 + 1 — 1 +-..
1 aq a2qk+2 a2q3k+2 a2q5k+2

-1+ 1 4+ 1 4+ 1 4..7
where k =1,2,3,... and a is a constant.
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By Corollary 3.4, we can easily get the following two equalities.

Corollary 3.5. For |q| < 1,

3 3 5 5 1
1+4 9 ¢ ¢ 4 -1

A ¢ ¢
1-14+1-141-—-1+4--- 141 1

—

4+

+ 141+

Corollary 3.6. For |q| < 1,

1+g q gL gt gkl 2k
-1+ 1 - 1 + 1 — 1 4+--.

1
q gkt PRtz k2
1

+ 1 + 1 + 1 4.7

where k=1,2,3,....

The proof of Corollary 1.9. We need only to prove the equality (1.6). The
proofs of the equalities (1.7), (1.8) and (1.9) follow from similar reasoning. By
Theorem 1.7, we have

3.5 7 1 2 2 3 3
gy ¢ ¢dC _  laag @@ @
1I+1+14+1+4--- 1-141-141-1+1-
By Theorem 1.8, we have
35 7 1 2 .2 .3 .3
(3.12) ¢ ¢ T 9 -1_.- 2792972 9 T ¢
T+ 141414 T41l-T14 1T 41 —1+4---
The equality (1.6) follows from (3.11) and (3.12). O

4. The proof of Theorem 1.10

Proof of Theorem 1.10. We shall prove the equality (1.12) from the left side to
the right side by using the Bauer-Muir transformation. We denote the left side
of (1.12) by B(z). That is
ko +a1  ka+as

ki o+ ko 4.
We choose the modifying factors for B(z) as follows:

W =8 i=012....

Since
A = gD =g, 20, i=1,2,3,...,
it follows from the Bauer-Muir transformation that
ko+ar ky+a

Ba)y=h+=—— =5,
kB4 ay (k2 +a1)z? (kg + ag)a?
! k1+6+k1+6*ﬂ$d+k1Jrﬂ*ﬂ!l?d_k...
=a+ =

Bl ((E) ’
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where
kgifd + a9 k2$d + as

a—pPxd L oa—Pxd L.
We choose the modifying factors for By (z) as follows:

Bi(z)=a+

wh =gt i=0,1,2,....

Then /\El) = a;41 # 0 (i = 1,2,3,...). The Bauer-Muir transformation
yields that

a kox® + a0)z?  (kox® + as)z?
Biw) = at ot + 0 (g (bt o)
a— Bzt + Bzt o— Bz + a—fr 4.
ag
=a+ Bt + ——,
BQ(I)
where
kor®t + a3 kpr®? 4
B2(I):Oz—|— 2T as 2 a4

a— Pz | a—fx2d 0

By taking wgk) = B (i > 0) we see that /\Z(.k) = ajyr # 0 (i > 1) for any
k > 0. The equality (1.12) follows. O
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