Constructions of the special sign pattern matrices that allow normality
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ABSTRACT

By a nonnegative sign pattern we mean a matrix whose entries are from the set {+,O}. A nonnegative sign pattern A is said
to allow normality if there is a normal matrix 5B whose entries have signs indicated by A. In this paper we investigated some

nonnegative normal pattern that is different to the pattern in [1]. Some interesting constructions of nonnegative integer normal
matrices are provided.
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sign pattern matrix, allow, normality

| . Introduction QA)=BeM,(R) | sgnB = A,

Recall that a real nxXn matrix B is said to be
normal if BB"=RB'B.

Analogously, a square sign pattern matrix A
allow normality if there is a normal matrix

A matrix whose entries consist of the symbols
+,—, and 0 is called a sign pattern matrix. For a
real matrix B, by sgnB we mean the sign pattemn
matrix in which each positive (respectively,negative,zero)
entry is replaced by + (respectively, —,0). For each
nXn sign pattern matrix A, there is a natural

B=Q(A). To avoid repetition, we often use "sign
pattern” or just "pattern” to mean sign pattern
matrix.

class of real matrices whose entries have the signs . . .
& Recall that a matrix A€M, is said to be

indicated by A.

If A=(a,) is an nxn sign pattern matri, reducible if either

. ) i (@) n=1 and A=0 or
then the sign pattern class of A4 is defined by
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(b) mn>2, there is a permutation matrix, and
there is some integer r» with 1 <r<n—1 such
that (1).

T4 o BC‘]
PTAP= [ 0D (1)
where BEM, DEM, ., CEM, ., and
0€M,_,, is a zero matrix. A matrix A€M, is

said to be irreducible if it is not reducible.

A cell is a matrix with exactly one nonzero
entry and it equals 1. If the nonzero entry of a cell
is in the (4,7) location, we denote the cell by £;.

The main purpose of this paper is to investigate
some sign patterns of nonnegative normal matrices.
Such matrices have recently been examined in
[11,[2], and [3]. We devote Section 2 to consider
nonnegative patterns that allow integer normality
and to sturdy of basic properties of nonnegative
normal matrices. In section 3 we give an
interesting open problem for the irreducible normal

pattern.

I1. Results for the integer normality

Trivially, any symmetric matrix is normal, so we
can concentrate on nonsymmetric normal matrix.
Since a matrix is normal if and only if it is
permutation similar to a direct sum of irreducible
normal matrices, we can thus focus our study on
irreducible normal matrices. In this paper, we use
the notation N is the set of nonnegative sign
pattern that allow normality.

Lemma 21 The set of mXn nonsymmetric
irreducible patterns in NV is closed under

(i) permutation similarity, and

(i) transposition.

Lemma 2.2 Let A be symmetric. Then the form
is (2).

194

B C
ch A

} e M(R) (2]

is normal if and only if B is normal and (3).

(B—B")C=0. 3)
Lemma 23 (Theorem 35, [1]) Let A be
irreducible. Then the form is (4).
AJ
5l = “

where J,J,, and J; are al + patterns of

appropriate size.

Theorem 24 Let A be irreducible. If A allows
an integer normal matrix, then the form is (5)

&)

allows also where J,J,, and .J; are all +

patterns of appropriate size.

Proof. It suffices to consider the case where J;
is the 11 pattern (+). Let BE Q(A4) be integer
normal, p be the Perron root of B, and v>0 be
the Perron vector. Since B is normal, we have

BTw=pv. Since v=(v,,0,---,v,) be the Perron

¥n
i
vector and each component is positive, Y, v, =1
i=1
and each v; is a rational number. Therefore, there

exists a positive integer k such that the

components of kv are all integer and B kv = pkv.
So (B—BMNkv=0, and hence, by Lemma 2.2 and
2.3,

[(kf) Tk1v

QM) ®)

is integer normal.
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Corollary 25 If n > 3 and the n<Xn nonnegative
pattern A has only one zero entry, then A4 allow
the integer normality

Proof. We know that

011 0++
111 €Q(|+++|)
111 +++
and
1 068 +0+
601245| € Q(|+++]).
327576 +++

The proof follows from theorem 24 and

permutation similarity.

Theorem 25 Let B be an nXn irreducible
per-symmetric matrix. 4 is normal if and only if

BBT is per-symmetric

Proof. Let B=[bij] be an normal

per-symmetric netix, BB = [p;;] ad B B=q;]. Then
for each 0,5, p; =gy p;=8  R,=R;-R =p;
ad q,=C-C=C-C =g,

;. Since B s
per-symmetric, That is,

for each 4,5 b;=0by.1_ju+1-y and

P =10 R; = (bipsbigye++be) - (bﬂ’bj?""’bjn)
:(bn(nﬂ—i)vb(n—l)(n+1—i)='"7b1(n+1—i)) :
(1= -1 " D1 a+1-7)
= C(n,ﬂ—z) - C(nﬂ—j) “An+1-i)n+1—7)

“Pn+1-i)n+1—j)"
Therefore, BBT is per-symmetric.
Conversely, let BBT be per-symmetric. Then
Pii = Pm+1-i)n+1—7)
:R(nﬂ—i) . R(nﬂ—j)
= (b(n+1—i)wb(nﬂ—i)w'"vb(n+1—i)n)

(b(n+1—j)17b(n+1—j)27'"7b(n+1—j)n)
=C - G (By the per— symmetry of B)

=q;

Therefore, for each i,j, BBT=BTB.

Corollary 2.6 Let A be an nXn per-symmetric
matrix. The followings are equivalent.

(1) A is normal
(2) ARA is symmetric

(3) AAT is per-symmetric

Proof. (1) = (2) ; Since A is per-symmetric,
A=RATR, AT=RAR.
and
(ARA)"=ATRAT
=RAA"=RATA= ARA.
Therefore, ARA is symmetric.

(2) = () ; Since A is per-symmetric and
ARA is symmetric,

RAATR=RARA= R(ARA)" = RATRAT™

=RRAAT=A44"=(44")".

Therefore, AAT is per-symmetric.

3) = 1 ;

Let AA be an nXxn irreducible per-symmetric

By the Theorem 2.5, it is clear.

(0,1)-matrix. By the above Theorem, we know
that A if and if 447 is
per-symmetric and have the following ;

1s  normal only

Let A be an nxn (0,1)-matrix
in Cir(n,k). Then A is per-symmetric normal

Corollary 2.7

Proof. Let P be the basic circulant matrix of

order n. Since 4 is in  Cir(n,k),
k )

A=>,pP" (7)
r=1

where 1<, <i, <---<4, <n. Now we show
that AA7T is per-symmetric. Since

(Pi,) T_ (P7>1 _ (Pfl)i, _ Pn—i,7

therefore,
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k )
A T: EPn,*v,.

r=1
and

AAT=(3 PP

r=1 r=1

=(P"+ P+ -+ P -

(Pn*il_,'_Pn*ig_,'_.“+Pn*7l,l.)

k. k . .
:EEPL,.PH iy

r=1s=1

ii v+, —i
= P,

r=1s=1

We know that for each s, P " " s

per-symmetric and the sum of per-symmetric
AAT s
per-symmetric. By the Theorem 2.5, A is normal.

matrices is per-symmetric. Hence

[Il. Results of the irreducible normality

In this section, we concentrate on non-symmetric
(0,1)-normal matrices. As usual, ./ denotes the all
1's matrix of the appropriate size. We say that the
complement of a (0,1)-matrix B is J— B, and we
denote the complement of B by B°.

We know that if A4 is an (0,1)-normal matrix,
then the row and column sum vectors are same.
Therefore, the following Lemmas are clear.

Lemma 3.1 The set of nXn non-Symmetric

irreducible patterns in /V is closed under

(i) permutation similarity,
(i) transposition, and
(iii) complementation

We say two (0,1)-matrices A, B are equivalent
if B can be obtained from A via (finitely many)
This
relation on the set of

operations in Lemma 3.1. yields an

equivalence nxn
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non-symmetric normal (0,1)-matrices.

Lemma 3.2 (Proposition 2.3, [1]) Let B be an
nXxn non-symmetric normal (0,1) matrices. Then,
the number of 1's in B is between 3 and n*—3. If
, further, B and B¢ are irreducible, then the number
of I's in B is between NV and N*—n

We note that if B is a reducible normal (0,1)
matrix, then B¢ is irreducible. Hence, an equiva-
lence class can contain both reducible and
irreducible matrices. We call an equivalence class
an irreducible equivalence class if all matrices in it
are irreducible. In general, it may be of interest to
B and B° are hoth

study  (0,1)-matrices

irreducuble.

Proposition 3.3 Let
irreducible (0,1)-normal matrix. If a;; =0 and the i

A be an non-symmetric

-th row vector is same as the ¢-th column vector
of A, then the A+E,; is also

non-symmetric irreducible (0,1)-normal.

matrix

Proposition 34 Let A be an non-symmetric
irreducible (0,1)-normal matrix. If a;; =0=a; and
the i,j-th row and column vectors of A4 are all
same , then the matrix A+FE;+£E; is also

non-symmetric irreducible (0,1)-normal.

Proposition 35 Let B be an (n—1)x(n—1)
non-symmetric irreducible (0,1)-normal matrix. If
Jfor each i,i, +-+,iy—th row and column vectors of
B and 1<k<(n—2), the row sum vectors of

- T.T 7
matrix [ri17ri27~~~,rik

I and e, ] are same,

then the n<Xn matrix 4 as following;
A=
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* S0 0 G—pr) fn—rr) o Fn—1) T |
0
0
i(n*kJrl)
bp—pt2) PBPT
7;(77,”
in

where P is a permutation matrix that reordered

iy = i,—th row and column vectors of B to
Iy i —ggo iy —;—th row and column vectors,
i(.y are all 1 and the a;; =* is 0 or 1, is also

non-symmetric irreducible (0,1)-normal.

Proof. By the expansion of Proposition 3.3, it is
clear.

In [1], if 4 is an nxn (0,1)-normal matrix in
irreducible equivalence class, then the number of
one entries of A, |A| is possible from n to n’—n.
Since J—A
equivalence class, we have that the number of one

is contained in the A-irreducible

entries of A is possible from n to [n?/2] up to
equivalence.

In fact, if n =3, the possible number |A4| is 3 or
4. But there exists the only one  irreducible
l[Al=3. If n=4, the
possible number of |4 is from 4 to 8. But there

equivalence class with
exists the only two irreducible equivalence classes
with 14l=4 and 8. If n=5, the possible number
of 14| is from 5 to 12. But there does not exist the
three irreducible equivalence classes with |A|=6,7,
and 8. Therefore, we can not confidence that the
existence of A-irreducible equivalence class for
each possible number of |A4l.

when construct  an

Now, n==6, we

non-symmetric irreducible (0,1)-normal matrix for

each possible number of |A|l from 6 to 18 and the
integer K of A(K) denote |A| that is the number
of non-zero entries in the following ;

[000001] (0001 11]
000010 000001
_ 1000100 _|oo0010
A(6)_'001000’ A(11) = 100100
100000 110000
[010000)] 101000
[000011] 000111]
010011 000110
_ 1000001 _|o00001
A(13) = 000010"4U7)_ 110010
111000 101011
[110100] 110101}
A(7) = A(6) + By,  A(8) = A(7) + By,
A(9) = A(7) + B, + B,
A(10) = A(8) + E; + By,
A(12) = A(11) + E,,A(14) = A(13) + E,,,
A(15) = A(13) + B\, + By,
A(16) = A(15)+ E,,, A(18) =A4(017)+E,

We know that the above each normal matrices is
contained in irreducible equivalent classes. Thus we
make the following conjecture, the truth of which
for n==6 follows from the above statement.

[Conjecture]. Let be an nXxn (0,1)-normal
n >6. Then
-irreducible equivalence class for each possible

matrix  where there exists A4

number of |4] from n to [n%/2]
The conjecture seems reasonable because if

n=3,4,and 5, we can not use Proposition 3.3 and
34. But if n > 6, they are very useful.
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