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EXISTENCE AND ITERATIVE APPROXIMATIONS OF
SOLUTIONS FOR STRONGLY NONLINEAR
VARIATIONAL-LIKE INEQUALITIES

JiNsoNG Li, JUHE SuN, AND SHIN MIN KANG®

ABSTRACT. In this paper, we introduce and study a new class of strongly
nonlinear variational-like inequalities. Under suitable conditions, we prove
the existence of solutions for the class of strongly nonlinear variational-
like inequalities. By making use of the auxiliary principle technique, we
suggest an iterative algorithm for the strongly nonlinear variational-like
inequality and give the convergence criteria of the sequences generated
by the iterative algorithm.

1. Introduction

It is well known that there are lots of iterative type algorithms for finding
the approximate solutions of various variational inequalities in Hilbert spaces
[3] and [8-13]. Among the most effective numerical technique is the projection
method and its variant forms. However, the standard projection technique can
no longer be applied to suggest the iterative type algorithm for variational-like
inequalities. This fact motivated Gowinski, Lions and Tremoliers [7] to develop
the auxiliary principle technique, which does not depend on the projection.
Ding [4,5] and Ding and Tan [6] extended the auxiliary principle technique to
suggest several iterative algorithms to compute approximate solutions for some
classes of general nonlinear mixed variational inequalities and variational-like
inequalities.

In this paper, we introduce and study a new class of strongly nonlinear
variational-like inequalities. By applying a result due to Chang [1], we prove
the existence of solutions for the class of strongly nonlinear variational-like
inequalities. Using the auxiliary principle technique, we suggest and analyze
a new three-step iterative algorithm for solving the class of strongly nonlinear
variational-like inequalities. The convergence criteria of the sequence generated
by the iterative algorithm are given.
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2. Preliminaries

Let H be a real Hilbert space endowed with an inner product (-,-) and
norm || - ||, respectively. Let K be a nonempty closed convex subset of H,
A B,C,F:K—-H N:HxHxH— Handn: K x K — H be mappings.
Suppose that a : H x H — (—00,00) is a coercive continuous bilinear form,
that is, there exist positive constants ¢ and d such that

(C1) a(v,v) > cfjo|>, Vv € H;

(C2) a(u,v) < dull||v]], Yu,v € H.

Clearly, ¢ < d.

Assume that b : H x H — (—o00,+00) is nondifferential and satisfies the
following conditions:

(C3) b is linear in the first argument;

(C4) b is convex in the second argument;

(C5) b is bounded, that is, there exists a constant [ > 0 satisfying

[b(w, v)| < fullllvll,  Vu,v e H;
(C6) b(u,v) — b(u,w) < blu,v —w), Yu,v,w € H.
Now we consider the following strongly nonlinear variational-like inequality
problem: Find u € K such that
(N (Au, Bu,Cu) + Fu,n(v,u)) + a(u,v — u)

> b(u,u) — b(u,v), YveK. (2.1)

Special Cases

(A) If N(Au, Bu,Cu) = Au — Bu, Fu = 0, a(u,v) = 0 and b(u,v) = f(v)
for all u,v € K, then the strongly nonlinear variational-like inequality (2.1) is
equivalent to finding v € K such that

(Au — Bu,n(v,u)) 2 f(u) = f(v), VveK, (2.2)
which was introduced and studied by Ding [4].

(B) If N(Au, Bu,Cu) = Au — Bu, Fu = 0, a(u,v) = 0, n(u,v) = gu — gv
and b(u,v) = f(v) for all u,v € K, then the strongly nonlinear variational-like
inequality (2.1) is equivalent to finding u € K such that

(Au — Bu,gv — gu) > f(u) = f(v), Yv€ K, (2.3)
which was studied by Yao [13].
Remark 2.1. For suitable and appropriate choices of the mappings a, b, A, B, C,
F, N and the nonempty closed convex subset K, one can obtain a number of

new and previously known nonlinear variational and variational-like inequali-
ties as special cases of the strongly nonlinear variational-like inequality (2.1).

Definition 2.1. Let A, B,C: K - H N: HxHxH — Handn: K XK —
H be mappings.
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(1) A is said to be Lipschitz continuous with constant « if there exists a
constant a > 0 such that

[[Au — Av|| < aflu —v|, VYu,ve K;

(2) N is said to be Lipschitz continuous with constant § in the third argu-
ment if there exists a constant 8 > 0 such that

IN(w, z,u) — N(w, z,v)|| < Bllu—2|, Yu,v,w,z¢€ H;

(3) A is said to be strongly monotone with constant + if there exists a
constant v > 0 such that

(Au— Av,u —v) > y|lu—v|]?, Vu,veE K;
(4) N is said to be n-strongly monotone with constant £ with respect to A
in the first argument if there exists a constant £ > 0 such that
(N(Au,w, 2) — N(Av,w, 2),n(u,v)) > €|lu —v||?, Yu,v € K, w,z € H;

(5) N is said to be n-relazed monotone with constant £ with respect to A in
the second argument if there exists a constant ¢ > 0 such that

<N(AU,’UJ,Z) - N(Av7w7z)7n(uvv)> > _CHU - U”Q? V’UJ,’U S K7 w,z € H7
(6) N is said to be n-monotone with respect to A in the second argument if
(N(Au,w, z) — N(Av,w, 2),n(u,v)) >0, Vu,ve K, w,z€ H;

(7) n is said to be Lipschitz continuous with constant ¢ if there exists a
constant 6 > 0 such that

In(w, )| < dllu—vl, Vu,ve K;

(8) n is said to be strongly monotone with constant w if there exists a constant
w > 0 such that

<U—U777(Uav)> 20J||U—U||2, V’U,,UEK.

(9) the mapping N(A, B,C) : K — H is said to be n-hemicontinuous on K,
if for all u,v € K, the function t — (N(A(u+t(v —u)), Blu+t(v—u)),C(u+
t(v —u))),n(v,u)) is continuous on [0, 1].

Lemma 2.1. ([1,2]) Let X be a nonempty closed convex subset of a Hausdorff
linear topological space E and ¢,¢ : X x X — R be mappings satisfying the
following conditions:

(a) ¥(z,y) < d(z,y), Yo,y € X, and ¢(z,2) >0, Vo € X;

(b) for each x € X, ¢(x,-) is upper semicontinuous on X;

(c) for each y € X, the set {x € X :¢(z,y) < 0} is a convex set;

(d) there exists a monempty compact set K C X and o9 € K such that
P(zo,y) <0, Vy e X\ K.

Then there exists §j € K such that ¢(x,9) > 0, Vo € X.
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3. Existence theorems

In this section, we establish two existence theorems of solutions for the
strongly nonlinear variational-like inequality (2.1).

Theorem 3.1. Suppose that a : H x H — (—00,00) is a coercive continuous
bilinear form with (C1) and (C2), b: H x H — (—00,00) satisfies (C3)-(C6)
and A,B,C,F : K — H and N : H x H x H — H are mappings. Let
n: K x K — H be Lipschitz continuous with constant & and strongly monotone
with constant w, for each v € K, n(-,v) be continuous and n(v,u) = —n(u,v)
for all u,v € K. Assume that the mapping N(A, B,C) is n-hemicontinuous on
K, N is n-strongly monotone with constant o with respect to A in the first
argument, n-monotone with respect to B in the second argument and n-relazed
monotone with constant B with respect to C' in the third argument. Suppose
that F' is bounded and completely continuous and for given x,y,z € H and
w,v € K, the mapping u — (N(z,y,z) + Fw,n(v,u)) is concave and upper
semicontinuous on K. If c+a > B+1, then the strongly nonlinear variational-
like inequality (2.1) has a solution u in K.

Proof. We first prove that for each fixed @ € K, there exists a w € K such that
(N(Aw, Bw,Cw) 4+ Fi,n(v,w)) + a(w,v — )
> b(w,w) — b(w,v), YveK.

Define the functionals ¢ and ¢ : K x K — R by

(v, w) = (N(Av, Bv, Cv) + Fi,n(v,w))
+ a(v,v —w) + b(v,v) — b(v,w)

(3.1)

nd
¢ Y(v,w) = (N(Aw, Bw,Cw) + Fi,n(v,w))

+ a(w,v — w) + b(w,v) — b(w, w)
for all v,w € K. We check that the functionals ¢ and v satisfy all the conditions
of Lemma 2.1 in the weak topology. It is easy to see for all v,w € K,

d)(vv ’LU) - 1/)(’[), U))
> (N(Av, Bv,Cv) — N(Aw, Bv, Cv), n(v, w))
+ (N(Aw, Bv,Cv) — N(Aw, Bw, Cv),n(v,w))
+ (N(Aw, Bw,Cv) — N(Aw, Bw, Cw),n(v,w))
+a(v—w,v—w)—blv—w,w—"v)
> (c+a—B=1v—wl*>0,
which yields that ¢ and ¢ satisfy the condition (a) of Lemma 2.1. Note that b
is convex and lower semicontinuous with respect to the second argument and
for given z,y,z € H, w,v € K, the mapping u — (N(z,y,2) + Fw,n(v,u))
is concave and upper semicontinuous. It follows that ¢(v,w) is weakly upper
semicontinuous with respect to w and the set {v € K : (v, w) < 0} is convex
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for each w € K. Therefore the conditions (b) and (c) of Lemma 2.1 hold. Let
v* be in K. Put

D= (c+a—p—1)" ||N(Av*, Bv*,Cv*) + Fal| + (d 4+ 1)|v* ]
and
T={wekK:|w-v*|| <D}
Clearly, T is a weakly compact subset of K and for any w € K\ T
P, w) = —(N(Aw, Bw,Cw) — N(Av*, Bw, Cw),n(w,v"))
— (N(Av*, Bw,Cw) — N(Av*, Bv*, Cw), n(w,v*))
— (N(Av*, Bv*,Cw) — N(Av*, Bv*,Cv*), n(w, v*))
— (N(Av*, Bv*,Cv*) + Fi,n(w,v"))
—a(v" —w,v* —w)+ alv*, v —w) + b(w,v*) — b(w, w)
< —flw =v*fl[(c+a—=B—=Dlw -
—0||N(Av*, Bv*,Cv*) + Fa| — (d+ 1)|]v*|] <0,
which means that the condition (d) of Lemma 2.1 holds. Thus Lemma 2.1
ensures that there exists a w € K such that ¢(v,w) > 0 for all v € K, that is,
(N(Av, Bv,Cv) + Fa,n(v,0)) + a(v,v — )
> b(v,v) — b(v,w), veK.

Let ¢ be in (0,1] and v be in K. Replacing v by v; = tv 4+ (1 — ¢) in (3.2), we
know that

(3.2)

<N(Avt7th7CUt) + Fﬂ7n(vt7w)> + CL(Ut,Ut - UA)) 3.3
Z b(Ut7Ut) — b(’l}t,UA)). ( ' )

Notice that b is convex with respect to the second argument. From (3.3) we
deduce that

(N (Avg, Bug, Cog) + F,p(v,)) + a(ve, v — )

> b(vg,v) — b(vg, w), Vv € K.
Letting ¢ — 0T in the above inequality, we conclude that

(N(Aw, Bw,Cw) + Fu,n(v,w)) + a(,v — )

> b(w,w) — b(w,v), YveK.
That is, @ is a solution of (3.1).

Now we prove that for each fixed & € K, there exists a unique w € K such
that (3.1). Let wy,ws € K be two solutions of (3.1) for fixed & € K, we know
that

(N(Awy, Bwy, Cwi) + Fi, (v, w1)) + pa(wi, v — wr) (3.4)
> b(wy,v) — b(wy, wr) ’

and
<N(Aw27 B’LUQ, C’LUQ) + F’EL7’I'](U,U)2)> + Cl(’ll}g, v = ’U}Q)

> b(w, v) — b(ws, wy) (3.5)
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for all v € K. Taking v = ws in (3.4) and v = wy in (3.5), we get that
(N (Aw, Bwy, Cwy) + Fi, n(wa, wy)) + a(wy, we — wy)
> b(wi, we) — b(wr, w)

and
(N (Aws, Bws, Cws) + Fi, n(wy,ws)) + a(ws, w1 — ws)

Z b(IUQ, ’U)l) — b(IUQ, 'LUQ).
Adding these inequalities, we deduce that
(c+a—pB—1)w —ws?
< (N (Awy, Bwy, Cwy) — N(Awg, Bwy, Cwy),n(wy, wa))
+ (N(Aws, Bwy, Cwy) — N(Aws, Bws, Cwy), n(wy, we))
+ (N (Awsy, Bws, Cwy) — N(Awsy, Bws, Cws), n(wi, ws))
+ a(wy — wo, w1 — wa) — b(wy — wa, we —wy) <0,
which yields that wy; = w,. That is, @ is the unique solution of (3.1). This
means that there exists a mapping G : K — K satisfying G(4) = W, where @
is the unique solution of (3.1) for each @ € K.

Next we show that G is bounded and completely continuous. Let u; and usg
be arbitrary elements in K. Using (3.1), we see that

(N(A(Gu1), B(Guy),C(Guy)) + Fuy,n(v, Guy)) + a(Guy,v — Guy)
> b(Guy,v) — b(Guy, Guy)

and
(N(A(Guz), B(Gus), C(Gug)) + Fug,n(v, Gua)) + a(Gua,v — Gus)
> b(Guz,v) — b(Gug, Gus)

for all v € K. Letting v = Guz in (3.9) and v = Guy in (3.10), and adding
these inequalities, we arrive at

0> (N(A(Guq), B(Guy),C(Guy))

— N(A(Gua), B(Guy),C(Guy)),n(Guy, Gua))

+ (N(A(Gus2), B(Guy),C(Guy))
— N(A(Gus), B(Gus), C(Gu1)),n(Guy, Gus))

+ (N(A(Gug), B(Gus),C(Guy))
— N(A(Gua), B(Gus), C(Gusg)),n(Guy, Gua))

+ (Fuy — Fua,n(Guy, Gua))

+ a(Guy — Gua, Gu; — Gug) + b(Guy — Gug, Gus — Guy)

> (a+c— = 1)[|Gui — Gua|® = 8| Fur — Fus|||Gur — Gua|,
that is,

(3.6)

(3.7)

HG'LLl - G’LL2|| é ||FU1 - F’LL2|| (38)

0
a+c—p0—1
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Since F is bounded and completely continuous, it follows from (3.8) that G :
K — K is also bounded and completely continuous. Hence the Schauder fixed
point theorem guarantees that G has a fixed point v € K, which means that
u is a solution of the strongly nonlinear variational-like inequality (2.1). This
completes the proof. O

Theorem 3.2. Let a, b, A, B, F and n be as in Theorem 3.1 and C : K — H
be Lipschitz continuous with constant . Assume that N : H x H x H — H s
n-strongly monotone with constant o with respect to A in the first argument, n-
monotone with respect to B in the second argument, Lipschitz continuous with
constant 8 in the third argument and N (A, B,C) is n-hemicontinuous on K.
Suppose that for given x,y,z € H and w,v € K, the mapping u — (N (x,y, z)+
Fw,n(v,u)) is concave and upper semicontinuous on K. If c+a > Syd+1, then
the strongly nonlinear variational-like inequality (2.1) has a solution u € K.

Proof. Put
D= (c+a—py5—1)" §||N(Av*, Bv*,Cv*) + Fa|| + (d + 1)|]v*|]
and
T={weK:|w-—v*|| <D}
As in the proof of Theorem 3.1, we conclude that
P, w) = —(N(Aw, Bw,Cw) — N(Av*, Bw, Cw),n(w,v*))
— (N(Av*, Bw, Cw) — N(Av*, Bv*, Cw), n(w,v*))
(N(Av*, Bv*,Cw) — N(Av*, Bv*,Cv*),n(w,v"))
(N(Av*, Bv*,Cv*) + Fii,n(w,v"))
—a(v* —w,v* —w)+alv*, v —w)+ blw,v*) — blw,w)
< —llw =" [(c+a = Byd —D)[w — v
— 0[N (Av*, Bv*,Cv*) + Ful| — (d+ 1)||v*]]] < 0

for any w € K \ T. The rest of the argument is now essentially the same as in
the proof of Theorem 3.1 and therefore is omitted. (|

Theorem 3.3. Leta, b, A, B, C, N andn be as in Theorem 3.1. Suppose that

F : K — H 1is Lipschitz continuous with constant §&. If 0 < a—i—céfgﬁ—l < 1, then

the strongly nonlinear variational-like inequality (2.1) has a unique solution
u € K.

Proof. As in the proof of Theorem 3.1, it follows from (3.8) that

5
_ < - _
|Guy — Gua|| < a—!—c—ﬁ—l”Ful Fus||

5
= ﬁ_gﬂ_l”ul —uzl, Vui,uz € K,
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which yields that G : K — K is a contraction mapping and hence it has a
unique fixed point v € K, which is a unique solution of the strongly nonlinear
variational-like inequality (2.1). This completes the proof. O

It follows from the arguments of Theorems 3.1-3.3 that

Theorem 3.4. Leta, b, A, B, C, N andn be as in Theorem 3.2. Suppose that

F : K — H is Lipschitz continuous with constant . If0 < 04-1-0—672‘76—1 < 1, then

the strongly nonlinear variational-like inequality (2.1) has a unique solution
u € K.

4. Algorithm and convergence theorems

Let’s consider the following auxiliary variational-like inequality problem: For
any given u € K, find w € K such that

(w,n(v,w)) > (u,n(v,w)) — p{(N(Aw, Bw, Cw) + Fu,n(v,w)) (4.1)

— pa(w,v —w) — pb(w,v) + pb(w,w), Vv e K,

where p > 0 is a constant. Clearly, w = u is a solution of the auxiliary
variational-like inequality (4.1). Based on this observation, we suggest the
following iterative algorithm.

Algorithm 4.1. For any given uy € K, compute sequences {uy }n>0, {Wn}n>0
and {zn }n>0 by the following iterative schemes

<wn7n(v7wﬂ)>
2 (1 - an)<un’77(va wn)>

+ ap{u, — pN(Awy,, Bw,,,Cw,) — pFu,,n(v,w,)) (4.2)
— Qppa(Wn, U — Wy) — Qppb(Wn, V) + n pb(Wn, Wy) + (Gn, NV, W),
(2, (v, 2n))

> (1= Bn)(un, n(v, Zn)> (4.3)

+ Bn{w, — pN(Az,,, Bz, ,Cz,) — pFwn,n(v, z,))
= 0 Pa(2n; v = Zn) = Bupb(zn, v) + Bnpb(zn, 2n) + (rn, (v, 2n))
and
(Un+1,0(V; Unt1))

> (1- Vn)<um (v, Un+1))
+ Ynlzn — pN(Atpi1, Bupyt,, Cuny1) — pFzn, (v, 2,)) (4.4)
- anpa(unJrlv Gl un+1) - 'anb(“nJrlv U) + ’anb(unJrlv unJrl)
+ (80 (v, Unt1))

for allv € K and n > 0, where {ay, }n>0, {Bn}n>0 and {vn}n>0 C [0,1] satisfy
Zf;o Yn = 00, {Gn }n>0,{rn}n>0 and {sp}tn>0 C H and p > 0 is a constant.
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Theorem 4.1. Leta, b, A, B, C, N, F' and n be as in Theorem 3.3. Let F be
strongly monotone with constant { and 0 < — % __ < 1. Assume that

a+c—pB—1
Jim{|gn || = lim [Ir,[| = lim [sn[| =0 (4.5)
and
inf{a,, Bn,yn : n >0} > 0. (4.6)
If there ezists a constant p > 0 satisfying
0 — 2
v x (4.7)

<
(a+c—pB—1)inf{an, Bn,Tn :n >0} sPs &2’

then the strongly nonlinear variational-like inequality (2.1) possesses a unique
solution w € K and the iterative sequence {un }tn>0 generated by Algorithm 4.1
converges strongly to u.

Proof. 1t follows from Theorem 3.3 that the strongly nonlinear variational-like
inequality (2.1) has a unique solution u € K such that
(.0, 1)
> (1 — ap)(u,n(v,u)) + an(u — pN(Au, Bu,,Cu) — pFu,n(v,u))  (4.8)
— appa(u, v —u) — appb(u, v) + a, pb(u, u),
(u,(0,10)
> (1= ), 10, 0)) + Bl — pN (A, Bu,, Cu) — pPu, (o, ) (4.9)
— Bnpa(u,v —u) — Brpb(u,v) + Bnpb(u, )
and
(u,n(v,u))
> (1 =) {(u,n(v,u)) + vy {u — pN(Au, Bu,,Cu) — pFu,n(v,u))  (4.10)
= Ynpalu, v —u) = Ynpb(u, v) + mpb(u, u)

for all v € K and n > 0. Taking v = u in (4.2), v = w,, in (4.8) and adding
these inequalities, we get that

wl|wn, — ulf?
< (1 - an)<un - U,n(wmu»
— app(N(Awy, Bwy, Cw,) — N(Au, Bw,, Cw,), n(w,,u))
— app{N(Au, Bw,, Cw,) — N(Au, Bu, Cwy,), n(w,,u))
— app(N(Au, Bu, Cw,) — N(Au, Bu, Cu), n(w,, u))
+ an(up —u — p(Fup — Fu), n(wn, u))
— appa(Wn, — u, Wy, — ) + appb(wy, — u,u — wy) + (gn, n(u, wy))
< {1 — anll — VT= 200 T (8 Hlun — ulan —
— pag(a+c— B —|w, —ul? +llgulw, —ull, ¥n >0,



594 JINSONG LI, JUHE SUN, AND SHIN MIN KANG

that is,
[wn —ull < 01[1 = an(1 = 62)]lJun — ull + 01lgn|l (4.11)
< lun —ull +[lgnll, Vn =0, '
_ s B
91 N UJ"FP(O(-‘rC—ﬂ—Z) inf{an7ﬁn77n:n20} S 1 and 92 - 1= 2p<+ (p£)2 < 1 by

(4.7). Tt follows from (4.3), (4.9) and (4.11) that
wWllzn —ull* < 61 = Ba)llun — ulllzn — ull + 5Bn02]lwn — ulllzn — ul
= pollza =l + dllrallllzn — ull, ¥ >0,
that is,
lzn = ull < {1 = Bn(l = 2)llun —ull + llgnll + [rnll, ¥n >0
Similarly, we have that

[unsr = ull < L=y (1 = 02)]llun = ull + llgnll + l[7nll + [[snl]

< [Tt =% = 62)]uo — ull

=0
+ 30 ] =7 = 0)]Ulgmll + Irmll + lIsmll),  Yn > 0.
m=0i=m+1

It follows from (4.5) and (4.6) that lim, e ||ttn+1 — u|| = 0. This completes
the proof. O

Similarly we have the following result.

Theorem 4.2. Leta, b, A, B, C, N, F' and n be as in Theorem 3.4. Let F be
strongly monotone with constant ¢ and 0 < wcfigyéfl <1 and (4.5) and (4.6)
hold. If there exists a constant p > 0 satisfying

d—w 2¢

: <p<—=,

(a+c_575_l)lnf{anvﬂn7’yn nZO} 52

then the strongly nonlinear variational-like inequality (2.1) possesses a unique
solution u € K and the iterative sequence {uy }n>0 generated by Algorithm 4.1
converges strongly to u.

(4.12)
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