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ON SECOND ORDER NONCONVEX SWEEPING PROCESS
WITH NONCONVEX PERTURBATION

MYELKEBIR AITALIOUBRAHIM

ABSTRACT. This paper deals with the existence result of solutions of a
second order functional differential inclusion, governed by a class of non-
convex sweeping process, with a nonconvex perturbation.

1. Introduction

Let H be a real separable Hilbert space with the norm || - || and the scalar
product (-,-). For I a segment in R, we denote by C(I, H) the Banach space
of continuous functions from I to H equipped with the norm [|z(-)]|s =
sup{|lz(t)|| : t € I}. For a a positive number, we put C, := C([—a,0],H)
and for any t € [0,7], T > 0, we define the operator T'(¢) from C([—a,T], H)
to Cq with (T(¢)(x(+)))(s) := (T'(t)x)(s) := z(t + s), s € [—a,0]. For z € H
and 7 > 0 let B(z,7) := {y € H : |ly —z| < r} be the open ball centered
at = with radius 7 and B(xz,7) be its closure and put B = B(0,1). For ¢ € C,
and 7 > 0 let By(p,7) :== {tp € H : | — ¢|| < r} be the open ball centered
at ¢ with radius 7 and B,(p,r) be its closure. For z € H and for nonempty
subsets A, B of H we denote da(z) or d(z, A) the real inf {|ly — x| : y € A},
e(A,B) := sup {dp(z) : + € A} and H(A,B) = max{e(A4, B),e(B,A)}. A
multifunction is said to be measurable if its graph is measurable. For more de-
tails on measurability theory, we refer the reader to book of Castaing-Valadier
[11].

In this paper, we study the existence of solutions of the following nonconvex
differential inclusions

Z(t) € ng(z(t))(i(t)) + F(t, T(t)z, T(¢)x) a.e. on [0,T];

(1.1) i(t) = p(t) Vte[-a,0]
z(t) € C(z(t)) Vte[0,T);
z(t) = p(t) Vi€ [-a,0]
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where C' is a set-valued mapping, Ng(w( t))(i‘(t)) denotes a prescribed normal

cone to the set C(x(t)) at &(t), F is a set-valued mapping, measurable with
respect to the first argument and Lipschitz continuous with respect to the third
argument, ¢ and @ are two continuous functions.

Convex sweeping process was introduced and studied by Moreau (see for
example [19]). We refer to [18] and [15] for a complete bibliography on the
subject. Note that, the sweeping process is related to the modelization of
elasto-plastic materials (see for example [20, 21]). For the sweeping process
without convexity, we refer the reader to [1, 4] and the references therein.

The second order sweeping process has been studied by several authors.
Castaing [9] studied, for the first time, the particular type of second order dif-
ferential inclusions, &(t) € —N¢(q(1))(£(t)), 2(t) € C(x(t)), where C'is a convex
compact set-valued mapping. Bounkhel and Laouir-Azzam [6] studied, in finite
dimensional space, the perturbed problem #(t) € —Ng ) (2(t)) + F(t, 4(t))
when C' is nonconvex and the multifunction F' is bounded with convex val-
ues. The same authors proved existence results, in Hilbert space, for the
following perturbed problem #(t) € —Ng(u))(#(t)) + F(t,z(t)) when C is
nonconvex and F is nonconvex and continuous. Bounkhel [5] proved sev-
eral existence theorems, in separable Hilbert space, for the following general
problem, which covers all the problems studied before and mentioned above,
i(t) € ng(z(t))(:i:(t)) + F(t,z(t),z(t)) + G(t,z(t),z(t)), where C' is noncon-
vex such that C(z) is contained in compact convex set or C is anti-monotone
and C(x) C IB (I € R), F is a scalarly upper semicontinuous convex com-
pact set-valued mapping, and G is a nonconvex compact continuous set-valued
mapping. Azzam-Laouir [3] proved, in finite dimensional, the existence of solu-
tions of the following problem &(t) € —Ne¢(y(1)) (#(t)) + F(t,2(t), <(t)) when F
is mixed semicontinuous, C' is Lipschiz and C(z) is uniformly p-prox-regular.
Bounkhel and Yarou [8] studied the second order sweeping process with de-
lay &(t) € —Neg (o)) (@(t)) + F(t,T(t)x,T(t)t) when C is Lipschiz, C(z) is
uniformly p-prox-regular, C(x) is contained in compact convex set, and F' is
scalarily upper semicontinuous with convex weakly compact values.

In this paper, our main purpose is to obtain the existence of solutions of
the general problem (1.1), in the case when the perturbation F' is a measur-
able multifunction with respect to the first argument and Lipschitz continuous
with respect to the third argument with closed values, and C' is Lipschiz mul-
tifunction such that C(x) is uniformly p-prox-regular and C(z) is contained in
compact set. Note that the hypotheses imposed on the right-hand side, and
methods of the proof are different from the above cited works. Indeed, in this

paper

e F'is not continuous (contrary to [5]), it is nonconvex (contrary to [6, 8])
and it is noncompact (contrary to [5, 8]).

e C is nonconvex and not contained in convex set (contrary to [5, 8, 9]).

e The space of states is infinite-dimensional (contrary to [3, 6]).
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Furthermore, the construction of the sequence of approximate solutions is dif-
ferent from that used in [3, 5, 6, 8, 9].

The paper is organized as follows. In Section 2, we recall some preliminary
facts that we need in the sequel while in Section 3, we prove our main result.

2. Preliminaries and statement of the main result

We need first to recall some notations and definitions that will be used in
all the paper.

Let V : H — RU {400} be a lower semicontinuous function and = be any
point where V is finite. The proximal subdifferential 9PV (x) of V at x is the
set of all y € H, for which there exist 6, ¢ > 0 such that for all 2’ € x + 6B

(y,a' =) V(') = V(2) +olla’ 2l

Let S be a nonempty closed subset of H and = be a point in S. We recall (see
[13]) that the proximal normal cone of S at z is defined by NE(z) := 0P¢s(z),
where 1g(-) denotes the indicator function of S, i.e., ¥g(x) = 0if z € S and
400 otherwise.

Recall now that for a given p €]0,+00|, a subset S is uniformly p-prox-
regular (see [22]), or equivalently p-proximally smooth (see [13]), if and only if
every nonzero proximal normal to S can be realized by an p-ball, this means
that for all z € S and all £ € NE(Z) \ {0} one has

£ - T
<”§|,x m>< p||x Z||

for all x € S. We make the convention % = 0 for p = +00. Recall that for
p = +o0 the uniform p-prox-regularity of .S is equivalent to the convexity of S.

The following propositions summarize some important consequences of uni-
form prox-regularity needed in the sequel.

Porposition 2.1 ([22]). Let S be a nonempty closed subset in H and x € S.
The following assertions hold:

(i) oPd(z,S) = NE(z) N B;

(ii) Let p €]0,400]. If S is uniformly p-proz-reqular, then for all x € H
with d(x,S) < p one has Projs(x) # 0 and 07d(z,S) = 0°d(z, S),
where 3€d(x, S) is the Clarke subdifferential of d(-,S) at z. So, in such
a case, the subdiferential dd(z, S) := 0Fd(z,S) = 0°d(x, S) is a closed
convex set in H.

(iii) If S is uniformly p-proz-regular, then for all z; € S and allv; € N§(z;)
with ||v;|| < p (i =1,2) one has

<U1 —V2,%1 — C152> > —||$1 - 332H2-

As a consequence of (iii) we get that for uniformly p-prox-regular sets, the
proximal normal cone to S coincides with all the normal cones contained in the
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Clarke normal cone at all points x € S, i.e., N¥(x) = N§(z). In such a case,
we put Ng(z) :== N (z) = N§ (z).

Porposition 2.2 ([7]). Let p €]0,4+00] and Q be an open subset in H and
let C: Q — 27 be a Hausdorff-continuous set-valued mapping. Asssume that
C' has uniformly p-prox-reqular values. Then, the set-valued mapping given
by (z,2) — Odg(y(x) from Q x H (endowed with the strong topology) to H
(endowed with the weak topology) is upper semicontinuous, which is equivalent
to the upper semicontinuous of the function (z,z) — o(ddc(z)(x),p) for anyp €
H. Here o(S,p) denotes the support function associated with S, i.e., o(S,p) =

SUp,eg (S, p)-

Let us recall the following lemmas that will be used in the sequel.

Lemma 2.3 ([23]). Let Q be a nonempty set in H. Assume that F : [a,b] xQ —
2H s a multifunction with nonempty closed values satisfying:

o [For every x € Q, F(-,x) is measurable on [a,b];
e For every t € [a,b], F(t,-) is (Hausdorff) continuous on 2.

Then for any measurable function x(-) : [a,b] — Q, the multifunction F(-,z(+))
is measurable on [a,b].

Lemma 2.4 ([23]). Let G : [a,b] — 2% be a measurable multifunction and
y(-) : [a,b] = H a measurable function. Then for any positive measurable
function 7(-) : [a,b] — R, there exists a measurable selection g(-) of G such
that for almost all t € [a, b]

lg(®) —y@®| < d(y(t),G(#) +r(t).
If B is a bounded set of H, then the Kuratowski’s measure of noncompactness
of B, B(B), is defined by
B(B) = inf{d > 0 : B admits a finite number of sets with diameter
less than d}.

In the following lemma we recall some useful properties for the measure of
noncompactness 3. For instance see Proposition 9.1 [14].

Lemma 2.5. Let X be an infinite dimensional real Banach space and D1, Do
be two bounded subsets of X.
(i) B(D1) =0 < Dy is relatively compact.
(i) B(AD1) = [A[B(D1); A € R.
(iv) B(D1 + Da) < B(D1) + B(D2).
(v) If o € X and r is a positive real number, then B(B(xq,r)) = 2r.

Assume that the following hypotheses hold:

(H1) C : H — 2% is a k-Lipschiz set-valued map with nonempty closed
values satisfying
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(a) For each x € H, C(z) is p-prox-regular for some fixed p €]0, +o00];

(b) There exists a compact subset L of H such that C(x) C L for all
r € H;

(H2) F :[0,b] x Cu x Cq — 2 is a set-valued map with nonempty closed
values satisfying
(i) For each ¢, € C,, t — F(t,1, ) is measurable;

(ii) There exists a function m(-) € L1([0,b],RT) such that for all ¢ €

[0, 0] and for all ¥, ¢1,ds € C,

H(F(t7¢7¢1)7F(t7¢7¢2)) < m(t)||¢1 _¢2Ho<>§

(iii) For all bounded subset S of C, x C,, there exist three functions
gs(), ps(+), gs(-) € LY([0,b],RT) such that for all ¢ € [0,b] and
for all (¢,¢9) € S

F(t,4,¢) N B(0,95(t) + ps ()¢ ]l + as(t)ll¢llc) # 0.
We established the following result:

Theorem 2.6. If assumptions (H1) and (H2) are satisfied, then for all ¢, €
Cq such that ¢(0) € C((0)), there exist T > 0,r > 0, M > 0, and a continuous
function x(-) : [—a,T] — H such that z(-) and (-) are absolutely continuous
on [0,T], z(-) is continuous on [—a,T], and x(-) is a solution of

€ —Ng(w(t))(i‘(t)) + F(t, T(t)x, T(t)x) a.e. on [0,T];
(t), Vte[—a,0l;

(z(t), Vtel[0,T];

o(t), Vte[—a,0],

(2.1)

and satisfies
& ()| < kM +2g(t) + 2p(t) ([lloo +7) 4+ 2q(£)([[@lloc +7)
for almost all t€]0,T].

3. Proof of the main result
Fix ¢, p € C, such that ¢(0) € C(p(0)). Let r > 0 and g(-), p
L([0,b],RT) such that for all (t,1,¢) € [0,b] X Ba(p,r) X Ba(®,r)
F(t,4,0) N B(0,9(t) + p()[[¢[lo + a(t)|lloc) # 0

The set L is compact in H and so there exists M > 0 such that L ¢ M B. For
simplification, set 6(t) = g(t) +p(t)(||¢lloc +7) +q(t)(||@lloc +7) for all t € [0, b].
Let T7 > 0 such that

() a() €

(3.1) /OTI (kM +25(s)) ds < inf{g, g}
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For € > 0 set
(3.2)
n(e)
= sup {7 €]0,¢] :

to

J

t1

< e,

(kM + 25(5))ds

[p(t1) —@(t2)|| < eand [[@(t1) — @(t2)|| < eif [t1 — Lo <7}-
Put

. 1 r r
(33) T—mln{T172’l7(2),b,W}.

We will used the following lemma to prove main result.

Lemma 3.1. If assumptions (H1) and (H2) are satisfied, then for all n € N*
and for all y(-) € L*([0,T], H), there exist two continuous mappings n(-) :
[—a,T] = H, u,(-) : [-a,T] = H, a step functions 0,,(-),0,(-) : [0,T] — [0,T]
and f,(-) € L*([0,T), H) such that
(a) fult) € F(t, T(0n(t))wn, T(0n(t))un) VB0, g(t) +p(t) | T(0n () Tnl| oo +
4T (0n () unlloo), un(On(t) € Clwn(On(t))) for all t € [0,T];
(b) |[|Ofra%) —y@Ol < dy(), Ft,T(On(t)zn, T(0n(t))un)) + 5 for all t €
(©) (in(t) - o0 € ~Note gy (1 5n(0) for almot al . 0.7
(d) Jan(t) — fu@®)]] < EM +6(t) for almost every t € [0,T).

Proof. Fixn € N* and let y(-) : [0,7] — H be a measurable function. Consider
a sequence (P,), of subdivisions of [0, 7] :
P,={0=t{ <t} <---<tl <---<th =T},

where tI' = i%, 0 < i < 2". Let us define the sequences (x,), and (un)n
of approximate solutions as follows. Set z,(s) = ¢(s) and u,(s) = @(s) for
all s € [—a,0]. Put 2§ = ¢(0) and uf = @(0) € C(z,(t})). By Lemma 2.3,
t — F(t,T7(0)xn, T(0)uy,) is a measurable multifunction, then by Theorem
I11.40 and Theorem II1.41 in [11]

t = F(t,T(0)x, T(0)un) N B (0,9(t) + pA)|T(0)2nlloc + g(®)1T(0)tunlloc)

is a measurable multifunction. In view of Lemma 2.4, there exists a function
[ e LY([ty, 7], H) such that

3 (8) € B8, 7O, TO)u) 01 B (0,(1) + pl) IT(O)n o + aIT (O] )
and
126 =90l < Aly(e), F(TO)ra, TO)un) + =
for all ¢t € [ty,t}]. Set
en(t) = o+ (¢~ ), Ve € 65,11
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and put z,(t7) = z7. By (H1) and (3.1), we have

Aoz, (t7)) (Uo / fo(s )

< H(O(a(t}), Clan(ty) + / 173 (5) s
< Hlan(t) = an@)+ [ 153 ) s
<

& e
o[ uglas+ [ 15 6)lds
tn tn

0

1

< / (kM + g(s) + p(s)l|lo0 + a(5)]|Bc) ds
to

< P

- 2

As C has uniformly p-prox-regular values, by Proposition 2.1, we have

o
fg(s)ds> # 0.

24

Proje (e, () (ug +
Then, one can choose a point u} in
24
Projog,ap) (uo + [ - fo(s)ds | .
ty

Note that u} € C(z,(t})) and

(o o)

= do(a,(p)) <u0+ " fo'(s)d )

< /t1 (KM +g(s) +p(s)[[@lloc + a(s)[[ @) ds

0
On the other hand, by (3.1), we have
[ut — @(0)

; i
< u?—(u3+ f(?(S)dS> + [ 1 )ds
tn tn
t
< / (kM -+ 2g(s) + 2p(3) oo + 20() | 2llo0) s
tn
<

r
9 .

521
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Then u} € B(¢(0),r). Now, set
a(t) — oftf) B t
———— | uf —ug — y(s)ds | + y(s)ds
a(ty) — o(ty) ! 0 ty 0 o 0

for all ¢ € [tf,t}], where

un(t) = ug +

at) = /t(kM +4(s))ds, Vt € [0,T].
0
So for all ¢ € [tf, 7]
[[un(t) — (0)]]

a(t) — a(ty)
a(ty) — altg)

n
1
uf —ug — / fo (s)ds
t
t

at) — aty) +/ 0(s)ds

n
Lo

+ [ Ug3 o) las

IN

< /t(kM +26(s))ds

<
and

[z (t) = p(O)]| = |

¢
ugds
ty

which equivalent to u,(t) € B(¢(0),%) and z,(t) € B(p(0),%) for all ¢ €
[t7,t7]. Now, we have to estimate [|(T'(t])xn)(s) — @(s)| and ||(T(t])un)(s) —
@(s)|| for each s € [—a,0]. If =t} < s <0, then ¢} + s € [t§,t}]. Thus, by the

fact that | s | < t7 < T < n(3), we have

(T )zn)(s) =) = llzn(t) +5) = @(s)]l
< za(ty +5) = @0)[| + [[o(s) — (0)]
< r

t t
s/wmws Mds <
i i

N3

and

(T )un)(s) = @(s)l

[[un (87 + 5) = @(s)|
[un (87 + 5) = 2(0)]| + [|@(s) — @(0)]]

If —a < s < —t}, then T + s € [—a,0]. So
(T )zn)(s) = e(s)ll = [l +5) —@(s)| <7

IN A

and

(T (87 )un)(s) = @(s)]| = [|9(E1 + 5) = p(s)]| <7
Therefore, T(t7)x, € By(p,r) and T(t7)u, € By(p,7).
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We reiterate this process for constructing sequences (f7(+))q, (1");, (ul); sat-
isfying, for all 0 < ¢ < 2" — 1 and for all ¢ € [t}, ¢}, ], the following assertions:

fi@t) € F(, Tt )wn, Tt )un)
N B(0,9(t) + pOIIT () znlloo + aT () unlloc)
ug € C(zn(ty)), uits € Clza(tiy)) N B(#(0),7),
— r n —
xn(t) € B(¢(0)7 5)7 T(tz )x’n € Ba(<P7T)a

L), T(t2)un € Balp,7),

Un(t) € E(@(O)’ 2

1 (8) =y @) < d(y(@), F(¢t, T(t")me(t?)un))Jr%’

t?+1
(3.4) uiyy € Projo(e, (r ") ( / ff(s)ds) ,
e
t:‘,L+1 t{+1
(3.5) wih g — | ug +/ flt(s)ds < / (EM +6(s))d
ty tm
a(t) — a(ty) /%1 f
un(t ?+—’n uly —ul — fi(s)ds | + [ fr(s)ds.
(1) T al | RO 1)

o (t) = 2 + (t —t)ui.
Now, we define the functions ,(-),0,(-) : [0,7] — [0,7] and f,(-) €
L'([0,T], H) by setting for all ¢ € [t} ¢} 4]
On(t) =17, On(T) =T fu(t) = fi'(t), fu(T) = f3u_1(T),
and for all t €]t} 7, ]
On(t) =ti 1, 0,(0) = 0.
At this stage, the assertions (a)-(b) in Lemma 3.1 are satisfied. Next, we claim

that x,(-) and uy(-) are absolutely continuous. Indeed, for all 0 <4 < 2™ —1
and for all ¢ and s in [t}, ¢} ], s < t, one has

Tn(t) — zn(s) = (t — s)uf
and

Up (t) — up(s) = M

W%%MJG&vW—L ﬁ@@+£ﬁmm

Then, by (3.5) we get
(3.6) [zn(t) —zn(s)l| < (t—s)M



524 MYELKEBIR AITALIOUBRAHIM

and
e (£) = (s)l]
o aft) —a(s) N . tha "
6 =y agm| e, e+ [ o

< /t(k‘M"r2(5(T))dT

By addition, this last inequalities hold for all s,¢t € [0,T] with s < ¢. Hence
Zn(+) and u,(-) are absolutely continuous. Remark that for all 0 <i < 2™ —1
and for almost every ¢ in [t} ¢}, ],

(38) () = (ti“)(“ (u?+1 - [ fﬁ(s)ds> ).

i+1 "
Then, by (3.5) we obtain for almost every ¢ € [0,T]
[in(t) = fu@)] < kM +6(2).

Also by construction and the relation (3.4), we have for almost every ¢t € [0, T]

(itn(®) = Fat)) € =No(a, 0,07 (un (Bu(1)).
Then the proof is complete. (I

Proof of Theorem 2.6. In view of Lemma 3.1, we can define inductively
sequences (fg('))nzl CLl([ aT] )7 ( n('))nzla (un())nzl CC([—CL,T],H) and
©n()n>1, (0n(-))n>1 € S([0,T7,[0,T7]); where S([0,T],[0,T]) denotes the space
of step functions from [0, 7] into [0, T]; such that
(

(1) fu(t) € F(t,T(0n(t))zn, T(0n(t))un) N B0, g(t) +p()|T(0n(t))2n oo +
q(t)[|T (0n ())Un||oo)7 tn( ( ) € ( n(0n(1))) for all ¢ € [0, T';
(2) [1fne1(t) = fa@®I < d(fa(t), F(t T (Onr1 (1) Tnr1, T(Onr () uns1)) +
— for all t € [0,TY;
(3) (n(t) = fult)) € =Ne(a, (8, 1)) (un(0n(t))) for almost all ¢ € [0,T7;
(4) ||un(t) — fn@®)] < kM + (t) for almost every t € [0,T].
Firstly, note that

t
xn(t) = o +/ un(s)ds, Vtel0,T],
0

where u,(t) = uf € L for all ¢t € [t},t} [ and for all 0 <4 < 2" — 1. Then
for all t € [0,T], xn(t) € xo + [0,T]L which is compact. Since ||, (t)|| < M,
for almost every ¢ € [0, 7], by Arzela-Ascoli’s Theorem (see [2]), we can select
a subsequence, again denoted by (z,(-)), which converges uniformly to an
absolutely continuous function z(-) on [0, 7], moreover &, () converges weakly
to @(-) in L1([0,T], H). Also, since all functions z,,(-) agree with ¢(+) on [—a, 0],
we can obviously say that x,(-) converges uniformly to x(-) on [—a,T], if we
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extend z(+) in such a way that z(-) = ¢(-) on [—a,0]. Secondly, from (4) we
deduce

(3.9) lan(B)]| < EM +25(t)

for almost every t € [0,7T]. In order to apply Arzela-Ascoli’s Theorem we are
going to show that for every t € [0,7T] the set Z(t) = {un(t) : n > 1} is
relatively compact in H. By construction we have for alln > 1 and all t € [0, T,
Un(0,(t)) € C(2,(0,(t))) C L. Thus for all ¢ € [0,T] the set {w, (0, (t)) : n > 1}
is relatively compact in H. Now, for all ¢t € [0, T]

() = Bua(t)in>1) ]
= B{un(t) — un(On(t)) + un(bn(t)) :n>1}.

From (iv) of Lemma 2.5 we get
t) — un(0n(t)) :n > 1} 4 B {un(6,(t) :n > 1}.

(
Since the set {u, (0, (t)) : n > 1} is relatively compact in H, by (i) of Lemma
2.5, B{un(én(t)) n>1%=0

BZB) < B {ualt) = un(Bu(t) in 2 1)

0 (t)
< B{/ dn(s)dszn21}.
t

By relation (3.9) and (v) of Lemma 2.5 we obtain

3 {B (0, / O ka4 25(5))ds> }

én(t)
_ 2/ (kM + 26(s))ds.
t

p(Z(1))

IN

Since the right term of the above inequality converges to 0 as n — oo, 8(Z(t)) =
0. Hence Z(t) is relatively compact in H. By Arzela-Ascoli’s Theorem, we can
select a subsequence, again denoted by (u,(-)), which converges uniformly
to an absolutely continuous function wu(-) on [0,T], moreover ,(-) converges
weakly to u(-) in L1([0,T], H). Also, since all functions u,(-) agree with @(-) on
[—a, 0], we can say, as above, that u,(-) converges uniformly to u(-) on [—a, T].
Additionally, observe that x,(6,(-)) converges uniformly to z(-) and w, (6, (-))
converges uniformly to u(-) on [0, T]. Indeed, by (3.6) and (3.7) for all ¢ € [0, T,

we have

2 (8 (1)) — 2 (1)l 2 (8n () = 2n (Ol + ll2n(t) — 2(®)]

(t = On ()M + [[zn(t) — 2(2)]]

IN A
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and
[un (0n(1)) —u(t)]| < Hufb(én(t)) = un ()] + flun(t) — u®)]

0, (1)
/t (KM + 256(s))ds + ||un(t) — u(t)]|.

IN

The right term of the above inequalities converge to 0, it follows that @, (6,,(-))
converges uniformly to (-) and u,,(0,(+)) converges uniformly to u(-) on [0, 7).
Therefore, for all ¢ € [0, 7], there exists 0 <4 < 2" — 1 such that ¢ € [t} ¢} ,].
By (H1) and (3.6), we have

d(un(t),C(x(t)) < |lun(t) — un ()| + d(un(t), C(x(t)))
< un(t) = un (8| + H(C (2, (t])), C(2(1)))
< /tn(kM+25(T))dT+k:||:vn(t?) — 20|,

The right term of the above inequality converges to 0 if n — +o0o0. Then we
conclude that u(t) € C(z(t)) for all ¢ € [0,T].

Claim 3.2. &(t) = u(t) for almost all t € [0,T].

Proof. Let t € [0,T] such that &, (¢) and %(t) exist. There exists 0 < i < 2" —1
such that ¢ € [t},t7,,]. By construction we have

[ (£) — un(2)]
a(t) —a(ty) [ . S
( 1+1) Ot(t?) <ui+1 —Uu; = /t:‘ fz (5)d5>

< at)—alth)++ t d(s)ds

tr

< /t(kM +26(s))ds

n
i

/ 7 (s)ds

Let € > 0. Since 21" converges to 0, there exists ng € N such that for all n > ny,
tr —t| < £ < n(5). Hence by (3.2)
|En(t) —un(®)|| < e, VYn > ng.
Now, since
[0 (2

u()] < [[&n(t) = un O + [lun(t) = u(@®)],

) =
we deduce that 4, (-) converges uniformly to u(-), so 2(t) = u(t) and &(t) = u(¢)
for almost all t € [0,T]. O

Claim 3.3. T(0,,(t))x,, converges to T (t)x and T(0,,(t))u, converges to T(t)u
in Cq.
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Proof. Let us denote the modulus continuity of a function () defined on
interval I of R by

w@(-), I,n) :==sup {||v(E) — ()| : s, t €I, |s—t|< n}.
Let € > 0 and let ¢,#' € [0,7], assume that 0 < ¢/ —t < n(5). By (3.2),
(3.6) and (3.7), we have

[0 (t) = 2n ()] < (' —t)M <

DO ™

and

l[tn () = un ()] < /t (kM 4 25(s))ds <

DO ™

Hence

(010 (3)) = § ot (00710 (5)) <

Also for t,t" € [~a,0] such that |t —t | < n(§), by (3.2) we have

e

lo(t) — ot < 5 and () -2t < 5.

DO ™

Then
(e () = § i w600 -000(3)) =

Now, let ¢ € [0, T], since 0,,(t) converges to t, there exists ny € N such that for
all n > nog, [0,(t) —t| < n(5). Then, for all n > ng
)Zn

I7(0,(t) T(t)%nllso
= 7asgg)<0|| n(0 ()+S)—$n(t+5)”
< w(w(hl-a1n(3))
< w (gp(~), [—a,0],n (%)) +tw (ffn(), [0, 7], n (%))
< ¢
and
17(0n (£))un — T (t)tin | oo
= s [tin (B (t) + 8) — un(t + 5)|
< w(m() a1 ()
< w (vl 0. (3)) +w (w0110 (3))
< g

hence ||T(0,(t))xn — T(t)Zn|lco and || T (05 (¢))trn — T(t)tn||co converge to 0 as
n — 4oo. Therefore, since the uniform convergence of x,(-) to x(-) and the
uniform convergence of uy,(-) to u(-) on [—a,T] imply that T'(t)z, converges
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to T(t)x and T'(t)u,, converges to T(t)u uniformly on [—a, 0], we deduce that
T(0,(t))x, converges to T(t)x and T(0,(t))u, converges to T(t)u in C,. O
Porposition 3.4. z(-) is a solution of (2.1).

Proof. Let ¢t € [0,T], from (1) and (2) we deduce

| furr(t) = ful®)]
< H(F(t, T(0 ()20, T(0n (0)11n), F(t, (01 ()41,

(3.10) T(Opsr (1) umsr)) + %—i—l
< ()| T (O () tn — T(Ops1 ()t i1 |0 + %ﬂ

By Claim 3.3, || T(05,(¢))tn, — T(0n+1(t))Unt1]lco converges to 0, then the right
term of the relation (3.10) converges to 0. Hence (f,(t))n>1 is a Cauchy se-
quence and f,(t) converges to f(t). Moreover, observe that by (1),

d(f(t), F(t,T(t)z, T(t)u))

1F(#) = fa N + HE (T (O0n ()20, T(O0n(t))un), F(t, T )z, T(t)u))
1£(8) = fa ()] + m@)[T(On(8))un = T(t)t]|oo-

Since f,(t) converges to f(t) and by Claim 3.3, the last term converges to 0.

So that f(t) € F(¢t,T(t)x,T(t)u) for all t € [0,T]. Now, the weak convergence
of 1, (-) to u(-) in L*([0,T], H) and the Mazur’s Lemma entail

i(t) = £(t) € [0 {im(t) = fm(t) :m > n} for ae. on [0,T].

INIA

Fix any ¢t € [0,T] and y € H, we have
{alt) = f(1)) < infsupy, i (t) — fi(t))-

By (3) and (4), one has

(Un(t) = fu(t)) € =Ne(an, (8, 1)) (un(0n(t))) N (1) B,
where y(t) = kM + §(¢). Hence, by Proposition 2.1 we get
(n(t) = fn(t) € =Y(t)Dde(y, @, 1)) (Un(On(t)))-
In view of Proposition 2.2, we deduce
(y, a(t) — (1))
YO imsup o (v, 3o, 5, (o) (1m0 1))

So, the convexity and the closedness of the set ddc(y(1))(u(t)) ensure
(u(t) = f(t) € =v(H)0dc (u(ry) (u(t)) C =Ny (u(t))-

IN

IN
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Finally, we have

U(t) € =Ne@ey (u(t)) + F(t,T(t)x, T(t)u)

and u(t) € C(z(t)). By Claim 3.2, we get

SC(t) S *Nc(m(t))(i‘(t)) + F(t, T(t)l’, T(t)l’)

and #(t) € C(x(t)). The proof is complete. O
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