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EVOLUTION EQUATIONS ASSOCIATED WITH
TIME-DEPENDENT SUBDIFFERENTIALS

KIYEON SHIN AND JINGYO JEONG

ABSTRACT. In this paper we study the solvability of parabolic equations
governed by the difference of time dependent subdifferential and time
independent subdifferential in reflexive Banach spaces.

1. Introduction

Let X and X™* be a real Banach space and its dual space, respectively, and
let H be a Hilbert space whose dual space H* is identified with itself such that
X — H = H* — X* with continuous and densely defined canonical injections.

The main purpose of this paper is to study the solvability of the following
abstract Cauchy problem in X — X* setting:

op) 1)+ Ot u(t) ~ D0(u(t) 3 () i X*, 0<t<T
u(0) = uyp,

where 9p(t,-), Oy : X — 2% " are the subdifferentials of a time-dependent
lower semicontinous convex function ¢(t,-) : X — (—o0, 0o] with ¢(¢,-) # +oo
for t € (0,7T) and of a lower semicontinous convex function ¢ : X — (—o00, o]
with ¢ #Z +o0 , respectively. And f : (0,7) — X* is given.

(CP) is studied by Koi-Watanabe [9], Ishii [7] and Otani [11] in the Hilbert
space framework for the existence and the asymptotic behavior of strong solu-
tions. Recently, Akagi and Otani [3] has considered the autonomous problem
under the subcritical growth condition to get a local weak solution in reflexive
Banach space.

For the case of time dependent (¢, -), Otani [11], Kenmochi [8] proved the
existence of a strong solutions on [0, T of the Cauchy problem for the equation
du(t)/dt + Op(t,u(t)) + B(t,u(t)) > f(t) in Hilbert setting, i.e., X = X* = H
by applying nonlinear interpolation theory.
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Recently, Akagi and Otani [3] considered the existence of strong solution
of Cauchy problem for du(t)/dt + 0o (u(t)) — dp?(u(t)) > f(t) in X-X* set-
ting which should remedy the deficiency in Hilbert space setting for applying
our abstract results to the PDE problems. With their results, we prove the
existence of strong solutions of (CP) on [0,T] by imposing a t-smoothness con-
dition on ¢(t,-) in addition to the similar assumptions as in [3]. The method
of our proof relies on some approximations of (CP) to obtain the approximate
solutions which converges.

This paper is composed of three sections. In the next section, we summarized
the relevant material on subdifferential operators. Section 3 is devoted to state
our main results on the existence of strong solutions for (CP).

2. Preliminaries

Let X be a real reflexive Banach space and let X* be its dual. We assume
that there exists a real Hilbert space H whose dual space H* is identified with
H such that X € H = H* C X*, where the natural injection from X into H
as well as that from H* into X™* are densely defined and continuous.

To formulate our results, we need the notion of subdifferential operators
from a Banach space X into its dual X* defined below.

Let ®(X) be the set of all proper lower semicontinuous convex functions
¢ from X into (—oo,+o0], where “proper” means that the effective domain
D(p) of ¢ defined by D(p) = {u € X : p(u) < 400} is not empty. The
subdifferential Oxp(u) of ¢ at w in X is defined by

Oxeou) ={f e X" : o(v) — p(u) >x- {f,v—u)x for all v € D(p)}

with domain D(0xp) = {u € D(p) : dxp(u) # 0}, where x«(-,-) x denote the
duality pairing between X and X*. For simplicity of notation, we write 0y and
(-,-) instead of Ox ¢ and x«(-,)x, respectively, if no confusion arises. It is well
known that the graph of every subdifferential operator d¢ becomes maximal
monotone in X x X* (see Barbu [5] for more details of maximal monotone
operators).

In particular, if X is a Hilbert space H and ¢ € ®(H), then

Opp(u)={f € H : pv)—pu) > (f,v—u)yg for all v € D(p)},

where (-, ) g denotes the inner product of H. Furthermore, the Moreau-Yosida
regularization @) of ¢ is defined as follows:

1
oa(u) == iglg{ﬁ\u—vﬁl—i—cp(u)}, Yu e H, VA > 0.

The following proposition provides some useful properties of Moreau-Yosida
regularizations.



DIFFERENTIAL EQUATIONS WITH TIME-DEPENDENT SUBDIFFERENTIALS 465

Proposition 2.1. Let ¢ € ®(H). Then @y becomes a Fréchet differentiable
convez function from H into R and is characterized by

1 A

5|

pa(w) = gylu— Dl + ¢(aw) = S1@ne)a ()i + ¢(Iu),

where (Og@)x and Jy are the Yosida approximation and the resolvent of Onp,
respectively, i.e., Jx = (I + X\ogp)~' and (Oup)x = (I — J\)/A\. More-
over, O (vx) = (Omp)x, where O (px) denotes the subdifferential (Fréchet
derivative) of ox, p(Jau) < pa(u) < @(u) for allu € H, A > 0 and px(u) —
o(u) as A — 0 for allu € H.

Proposition 2.2. Let ¢ € ®(H) and suppose that u € WH2(0,T; H), u(t) €
D(0n¢) for a.e. t € (0,T) and that there exists h € L?(0,T;H) such that
h(t) € Ogp(u(t)) for a.e. t € (0,T). Then the function t — p(u(t)) is abso-
lutely continuous on [0,T] and the following holds;

%ap(u(t)) = (h(t), dZit))H7 Vh(t) € Ome(u(t)) fora.e. t € (0,T).

3. Main result

In the paper, we are concerned with strong solution of (CP) in the following
sense.

Definition. A function v € C([0,7T]; X*) is said to be a strong solution of
(CP) on [0,T], if the following conditions are satisfied;

(1) wu(t) is a X*-valued absolutely continuous function on [0, T7.
(2) u(t) — ug strongly in H as t — 0+.
(3) u(t) € D(Dp(t,-)) N D(OY) for a.e. t € (0,T). And there exist g(t) €
Op(u(t)) and h(t) € Op(t,u(t)) satisfying;
du(t
1;(75) +h(t)—g(t) = f(t), in X" forae. te(0,T).

Prior to present our main result, we give the following assumptions for p €
(1, +00).

(A.1) There exist functions a, b € W1°(0,T) and a constant § > 0 such that

for every to € [0,T] and zg € D(¢(to,-)), we can take a function
Z: L;(to) = [to — 4,1 —|—5] n [O,T] — X

satisfying
(1) 12(8) = 20lx < la(t) = a(to)l((to, 20) +1)'/7,
(2) @(t, (1)) < @(to, 20) + [b(t) = b(to)[(#(to, 20) +1) Vi € Is(to).

(A.2) There exists a constant C; such that |ul5 < C1(pa(t,u) + |ul%) for all
u € D(p(t,-)), t € [0,T] and for sufficiently small A > 0.

(A.3) There exists a constant Cy such that [¢|%. < Ca(pa(t,u) + 1) for all
¢ € dp(t,u), t € [0,T] and for sufficiently small A > 0, where p’ is the
conjugate dual of p.
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(A4) D(¢) C D(9¢p(t,-) for all t € [0,T] and there exists a constant C3 such
that ¥ (u) < C3(px(t,u)+1) for sufficiently small A > 0, where @, (¢, u)
is the Yosida approximation of (¢, u).

Now, our main results are stated as follows.

Theorem 3.1. Assume that (A.1)—(A.4) hold. Then for all ug € D(¢(0,")
and f € W' (0,T; X*) N L2(0,T; H), (CP) has a strong solution u on [0, T
satisfying:

u € Cy ([0, T]; X),
(1) u(t) € D(9e(t,-)) N D(OY) for a.e. t € (0,T),

h,g € L” (0,T; X*),

where h, g are the sections of Op(t,-), 09, respectively. And C,([0,T]; X)
denotes the set of all X -valued weakly continuous functions on [0,T].

For the proof of Theorem 3.1, we first of all introduce suitable approximation
problems for (CP) in the Hilbert space H. To this end, we define the extension
o(t,-) of ¢(t,-) on H by

- | e(tu), ifueX,
W’“)_{ too,  ifue H\X.

Then, by (A.2), we can easily show that @(¢,-) € ®(H).
Now, we consider our approximation problems for (CP) as follows;

B (1) 4 Dt un (1)) — Db (1)) 3 Fa(0)

(CP), inH 0<t<T
U,\(O) = Ug,
where f) belongs to C* ([0, T]; H) such that fy — f strongly in W' (0,T; X*)
as A — 0+. Also, ¢ is the extension of ¢ on H and O pa(t, ) denotes the
Yosida approximation of dg@(t, ).

In considering (CP),, it is essential to find some properties of dy@y. We
prepare the next lemma for this.

Lemma 3.2 ([2]). Let ¢(t,-) € ®(X) fort € [0,T] and v € X. Suppose (A.1)
holds. Then, fort, s € [0,T] with |t — s| < §, where ¢ is given (A.1),
[Ia(t;u) = Ia(s, )|H
< 2la(t) — a(s)|(Ju = Ja(t:w)|x-{p(s, Ja(s,u)) + 13177
Flu = Ja(s, u)|x- {sﬁ(t Ia(t,w)) + 13177)
F2Ab(t) = b(s){p(t, Ia(t, u)) + (s, Ia(s,u)) + 2},

where Jx(t,-) denotes the resolvent of O p(t,-).
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Since O @Pa(t,-) is Lipschitz continuous on H and 9y @ (-, u) is continuous
on [0,7] by the above lemma, it is well known (see Brézis [6], Theorem 1.4)
that there exists a unique strong solution uy on (CP)y on [0, 7] satisfying

uy € WH2(0,T; H), ux(t) € D(0g), Vt € (0,T),
t = h(ur(t)), @a(t,ux(t)) is absolutely continuous on [0, T].

Now, we are going to establish a couple of a priori estimates for the solution
uyx € WH2(0,T; H) of (CP)y (A > 0) in the following lemmas.

Lemma 3.3. There exists a constant K, such that

(2) sup |ux(t)|m < K1,
t€[0,T]
3) sup @a(t, ux(t)) < Ki,
t€[0,7)
T
du
(4) | 1R < &,
(5) sup |ux(t)|x < K.
t€[0,T]
Proof. Multiplying (CP)x by duy(t)/dt,
du, duy . duy
—(t), —— (¢ t t)), —(t
(G0 520) +(omarimin. o)

- (owdtmo). )
- (0. 20) .

dt
Then, by Proposition 2.2,

2
d;?(t)‘H + %Q\(t,u,\(t)) - %muk@)

dt
Moreover, by (A.1) and Akagi [4],

<6H¢A(ta ux(t)), dm(ﬂ) L i@k(tv “A(t))’

= (50 520) + Gatn) - (anneunm. G2o) .

dt dt
< [a(®)] 10 @t un ()| x- (@At ur () + DYP + [b(0)] (2a(t ua(t)) + 1).
Hence, with (A.3) we have

‘ (8H¢,\(t, ux(t)), d;?(t)) . - %@A(ta U,\(t))‘

< (€3 at)] + (1)) (Bt ur (1)) + 1),
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Applying this to the above inequality, we get

0|+ () - i)
du o, ; -
< (50 520) +(CF o]+ o)) (@2t ) + 1.

dU)\

Now, we integrate it over (0,¢) to have
2
TT(T) dr + Ga(t, ua(t))

/t
0 H

< a0.0) + 30 0) =) + [ (5. G20 ar

+ /O (C3/"1a(r)] + 6(r)]) (@ (. un (7)) + D)dr

< Ea(0.00) + (1) = Do) + 5 [ o
1 t
+3 /O

Then, by (A.4),
1t 2
5/ dr + ox(t, ux(t))
0 H

< e0.w) =) + 3 [ 16 dr+ [ (G 101+ b)) dr

dux

dr (7)

dr+ /O (3" a(r)| + b)) (@ (7, un (7)) + 1.

dU)\
@ )

<@t ®) + )+ [ (G316 + ) (2ol

At this point, using the fact %|ux(t)|y < %(t)’m we have p|u, (t)[3 <

2u2|ur()} + 3 %(t)@ for all g > 0. It implies

2

dr.
H

d’LL)\

t 1 t
s @) = ol =22 [ sl < 5 [ 1G20)

2.Jo

Hence, by putting p=1— C5 and (A.4),
ux ()| 7 + @at ua(1))

1 . - 1 [t
S; M|U0|§{+¢A(07U0)+¢(U0)+C4T+Cs+§/ |fA(T)|fHdT]
0
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ou / (P[4 dr + C / Ba(r, u(r)))dr

<Cs 4 Co / (lux(7)[Z + @ (r,u(r)))dr,

where
Cy = sup (C;/p la(t)| + |b(t)|> )
0<t<T
1 9 - - e 2
Cs = . luolzr + @x(0,u0) + ¢ (uo) + CoT + Cs + 5/ A7) [ardr
0
and

Cs = max{2u,Cy}
since fy is bounded in Wh?' (0, T; X*) N L?(0,T; H). By the Gronwall’s in-
equality,
lua (D)7 + @at, ua(t)) < Cs exp(CeT) = K,
for all ¢ € [0,T]. Therefore, we have the conclusions. O

Lemma 3.4. There exists a constant Ko such that

(6) sup [0 (t, ux (D)% < Ka,
t€[0,T)

(7) sup |Ja(t, ua(t))|a < Ko,
t€[0,T]

where Jy\(t,-) = (I + X\ @(t, )t

Proof. By (A3), |0px(t, ux(t)) ’)’;* < Co(@alt,ux(t)) +1) < Co(Ky + 1) for all
t € [0,7] and for sufficiently small A > 0. Hence, sup;¢(o 7 [0@x(t, ux(t)) 5. <
K5. By Lemma 3.3,

[t un(@)la < (It un(t)) — ua (@)l + lua(t)
< K1+ A0@a(t,ua(t)|m
S AKQ + K1 = KQ.
Therefore, sup,c(o ry [a(t, ur(t))|n < Ko. O

Since the solutions {uy}x>o are have the properties as mentioned the above
lemmas, we show the existence of a function u from {uy}xso.

Lemma 3.5. There exists u € Cy,([0,T); X) "N W12(0,T; H) such that
(8) uy, —u  weakly in L*(0,T; X) N W20, T; H),
(9) ux, (t) = w(t) weakly in H for allt € [0,T)]

as n — oo, where {\p,} > 0 is a sequence of real numbers such that A, — 0 as
n — oo. Moreover u(t) — ug strongly in H as t — 0+.



470 KIYEON SHIN AND JINGYO JEONG

Proof. Since H and V are reflexive (2), (4) and (5) imply (8), which also yields
u € C([0,T); H). Moreover, let ¢ € [1,00) be fixed. Then by (2), we can extract
a subsequence {A%} of {\,} depending on ¢ such that uys —ug — u—wug weakly
in L9(0,T; H). Hence it is obvious that uys —ug — u—ug weakly in L(0,¢; H)
for any ¢ € [0,T]. Therefore since uya (0) = up, it follows from (4) that

|lu —uollpago,um) < ll/\lé}i%f luxg = wollLago,t;m)

9 q/2 1/q
. K T duya /2
< liminf ™ (s) TU2dr
AL —0 0 0 ds H
1/q
< K11/2< 2 ) ((1/241/0)
qg+2

Thus we have
u(t) —uolg < sup |u(T) —uolm
T€[0,t]
= i — || pao iy < K1/t

il — ol oo < I

for all t € [0, 7], which implies u(t) — ug strongly in H as t — +0.
Now, let t € [0,7T] be fixed. Since uy, (0) = u(0) = wup, we have from (5)
that
duy, (1) du(r)

(un, 0=t o = [ (22— D 5) o

for all ¢ € H and t € [0,T]. It implies (9). Moreover, by (5) and (9), for any
t € [0,T], we can take a subsequence {\}} of {)\,} depending on ¢ such that

uxe (t) = u(t) weakly in X.
It then follows from (5) that |u(t)|x < h}\mi%f'TL)\t |x < K, where K is in-
n "
dependent of t. Therefore, we conclude that u(t) € X for all ¢ € [0,7] and
supyepo, 7] lu(t)|x < K1 < +oo. Hence, for all ¢ € [0,7] and {t,,} with ¢, — ¢
as n — 400, there exist a subsequence {t,,} of {t,} and w € X such that
u(tn,) — w weakly in X as ny — +o0o. On the other hand, u(t,,) — u(¢)

strongly in H as ny — oo, since u € C,([0,T); X). Then, by virtue of
X CH=H*C X*, wefind w = u(t). Whence it follows u € C,([0,T]; X). O

Proof of Theorem 3.1 Since sup,ejg 1y [0Pa, (¢, un, (t))|§;* < Ky by (6), it is
obvious that there exists h € L? (0, T; X*) such that
9%, (- ux, (-)) = b weakly in L (0,T; X*).

Since ¢, (¢, ux, () € (L, Ix, (t ux,, (1)) C p(t, ux, (1)), h(t) € dp(t, u(t))
for a.e. t € (0,T) by the demiclosedness of maximal monotone operator and
Proposition 1.1 of [8].
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Let g, (1) = —fx, () + Zg= (1) + ha, (1) € duib(un, (£)). Then, since fx,
, 2
is bounded in W1 (0, T; X*), fOT iy, (t)‘X dt < K for some constant K by

dt
(4) and (6). Hence, there exists g € L2(0,T; X*) such that

(10) gr, — g weakly in L?(0,T; X*),
where g(t) = ff(t)+%(t)+h(t). Moreover, from (CP),, we get by integrating
the product of g, (¢) and wuy,, (t) over (0,T) that

/0 (g, (£), un, (1))t

T
= [ b+ TR0 + G, (s, (), )

= [ i@, e+ [ Gupa, (s, 0).w, (0)de
0 0
3 hun, (D) = S ol

Since f, — f strongly in Wl’pl(O,T; X*), it follows

lim sup /0 (g, (1), ux, (t))dt

An—0
, T 1 s 1,
= lim (—fx, (&), uxr, (£))dt + = limsup |uy, (T)|5 — =|uol%
An—0 Jo 2 x50 2
T
+ lim (Onda, (tun, (1), ux, (t))dt
An—0 0
T
du(t
:/ (—f(t) + Z§)+h(t)7u(t)>dt.
0

By Lemma 1.3 of [5] and Proposition 1.1 of [8], it follows from (8) and (10) that
g(t) = —f(t) + du(t)/dt + h(t) € OY(u(t)) for a.e. t € (0,T). This completes
our proof. O
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