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BOUNDED, COMPACT AND SCHATTEN CLASS WEIGHTED
COMPOSITION OPERATORS BETWEEN
WEIGHTED BERGMAN SPACES

ELKE WOLF

ABSTRACT. An analytic self-map ¢ of the open unit disk D in the com-
plex plane and an analytic map % on D induce the so-called weighted
composition operator Cy y : H(D) — H(D), f +— ¥(f o ¢), where H(D)
denotes the set of all analytic functions on . We study when such an
operator acting between different weighted Bergman spaces is bounded,
compact and Schatten class.

1. Introduction

Let D denote the open unit disk in the complex plane C and H (D) the space
of all analytic functions on I endowed with the compact-open topology co.
Moreover, let ¢ be an analytic self-map of ID. Such a map induces through
composition the classical composition operator

Cy: HD) - HD), f— foo.

If we multiply with a map v € H(D), we obtain the weighted composition
operator
Cop : HD) — H(D), [ o(f o).

(Weighted) composition operators acting on various spaces of analytic func-
tions have been studied by many authors, since this kind of operator appears
naturally in a variety of problems, such as e.g. in the study of commutants of
multiplication operators or the study of dynamical systems, see the excellent
monographs [5] and [15]. For a deep insight in the recent research on (weighted)
composition operators we refer the reader to the following sample of papers as
well as the references therein: [1], [2], [3], [4], [10], [12], [11], [13], [14].

Let us now explain the setting in which we are interested. We say that a
function v : D — (0,00) is a weight if it is bounded and continuous. For a
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weight v we consider the space

App = {f & H(D): ||f]loz = ( [1rGrue) dA<z>)2 < oo} ,

where dA(z) is the normalized area measure such that area of D is 1. Endowed
with norm |||, 2 this is a Hilbert space. Thus, A; o denotes the usual Bergman
space. An introduction to Bergman spaces is given in [9] and [7].

In [16] we characterized the boundedness of weighted composition operators
acting between weighted Bergman spaces generated by weights given as the
absolute value of holomorphic functions using a method due to Cuckovié¢ and
Zhao [6]. In this paper we treat compactness and Schatten class weighted
composition operators in the same setting.

2. Preliminaries

This section is devoted to the collection of basic facts and auxiliary results.
For a,z € D let 0,(z) be the Mébius transformation of D which interchanges 0

and a, that is
a—2z

oa(2) = 1—az’

Obviously
1—|af?

'(2) = U@ for every z € D.

Moreover, consider the Bergman kernel K,(z)

ized Bergman kernel k,(2) = —ol(z) = (i Lazl)z = (1 —|a*)K.(2) in A2 so

that ||kgll1,2 = 1. For an analytic self-map ¢ of D and weights v,w on D we
define the weighted (¢, v)-Berezin transform of w as follows

10(2)
Bostwl@ = [ 10D 52 dA)
(4(2))
It turned out that the Carleson measure is a very useful tool when studying
(weighted) composition operators on weighted Bergman spaces, see [6] and [16].

Recall that a positive Borel measure p on D is said to be a Carleson measure
on the Bergman space if there is a constant C' > 0 such that, for any f € A o

/D FEPR duz) < CIfI2..

For an arc I in the unit circle 9D let S(I) be the Carleson square defined by

= ﬁ as well as the normal-

S(I){ZGD;]. I < |z| < 1, || }

The following result is well-known. In its present form it is taken from [6,
Theorem A] and [8].
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Theorem 1 ([6, Theorem Al). Let u be a positive Borel measure on D. Then
the following statements are equivalent.

(i) There is a constant Cy > 0 such that for any f € A1 2 we have

/D G duz) < Gl 2.

(ii) There is a constant Cy > 0 such that, for any arc I € D,
u(S(I)) < ColI.
(i) There is a constant C3 > 0 such that, for every a € D,

/ 0, (2)I2 dpz) < Cs.
D

The study of the compactness of the operator Cy 4 requires the following
proposition which can be found in the book of Cowen and MacCluer, see [5].

Proposition 2 (Cowen-MacCluer, [5, Proposition 3.11]). The operator Cy .y
Ay o = Ay o is compact if and only if for every bounded sequence (fy)nen in
Ay 2 such that f, — 0 uniformly on the compact subsets of D, then Cy o fr, = 0
m A'w,2-

In the sequel we consider the following class of weights. Let v be a holo-
morphic function on D, non-vanishing, strictly positive on [0, 1] and satisfying
lim, 1 v(r) = 0. Then we define the weight v by
(2.1) v(2) = v(2)r(z) = |v(2)?
for every z € D.

Next, we give some illustrating examples of weights of this type:

(i) Consider v(z) = (1 — 2)%, > 1. Then the corresponding weight is
given by v(z) = (1 — 2 — 2 + |z|>)*~.

(ii) Select v(z) = e~ T 5. Then we obtain the weight v(z) = B SHOS
(iii) Choose v(z) = sin(1 — z) and the corresponding weight is given by
v(z) =sin(l — z)sin(1 — 2) = & (cos(—z + Z) — cos(2 — z — Z)).

(iv) Let v(z) = m for every z € D. Hence we obtain the weight

— 1
U(Z) T 1-log(l—z)—log(1—%z)+log(1—=z) log(1—%) for every z € D.
3. Boundedness

In this section, for a better understanding of the paper we repeat results we
got in [16] concerning the boundedness of Cy 4 : Ay2 — Awo. In fact, the
following result corresponds to the results obtained in [6]. Actually, the idea
to use Carleson measures is due to [6].

Theorem 3. Let v be a weight as defined in (2.1), w an arbitrary weight,
¢ an analytic self-map of D and v € H(D). Then the weighted composition
operator Cg y @ Ay o — Ay 2 is bounded if and only if the Berezin transform
By,o([¥]*w) € L>(D).
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Proof. The main idea of this proof is to reduce the problem to the setting
of non-weighted Bergman spaces and to use a reformulation of the Carleson
measure condition. By definition, the operator Cy y : Ay 2 — Ay 2 is bounded
if and only if there is C' > 0 such that for every f € A, 2 the following inequality
holds:

(3.1) /If NP (2)Fuw(z) dA(Z)SC/D\f(Z)IQU(Z) dA(z).

First, note that f € A, 5 if and only if g := v f € A; o, since

1F12, = /D ) FE)o(z) dA(z)

= M@vz z
- /Dy(m(z) () dA(2)

_ / l9(2)I? dA(2) = |lg]2 -
D

Thus, (3.1) is equivalent to the following inequality: There is a constant M > 0
such that

\9( (z ))| 20(2 . 2|2 5
(3.2) @) |9h(2)[Fw(z) dA( )SM/DL‘J( )7 dA(z).
We write dAy wp(2) = [1¥(2)[? 51525 dA(2). Next, let
(33) Howp = )\’U,w,’gb o (b_l

be the corresponding pull-back measure induced by the map ¢. A change of
variables s = ¢(z) gives

lo(GEDE o
[(WED W) AR = [ @D dho(:)

= [P diusl).
D

Thus, (3.1) is equivalent to [} |g(s)|* dpvw,y(s) < M [;]g(s)]* dA(s). By
Theorem 1 this holds if and only if

sup/ ot (8)|? gty (s) < 00

a€D JD

If we change the variable back to z, we obtain

s w(z)
sup/ lo” (d(2)) 2| (2)] 260 dA(z) < o0,

as desired. O
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4. Compactness

In this section we investigate when a weighted composition operator acting
between weighted Bergman spaces is compact. To do this we need the following
auxiliary result which is due to Cuckovi¢ and Zhao.

Lemma 4. Let 0 < r <1 and p be a Carleson measure for the Bergman space.
Put N} := sup, >, [p lo6(2)]? du(z). Then

el < MN,
where M is an absolute constant and p, = plp\p, with D, = {z € D;|z| < r}.

Theorem 5. Let v be a weight as defined in (2.1) and w be an arbitrary weight.
For an analytic self-map ¢ of D and a map ¢ € H(D) the weighted composition
operator Cp .y © Ay 2 — A2 is compact if and only if

limsup[By,, (|]*w)](a) = 0.

|a]—1

Proof. Let us first assume that limsupy,_;[Bg.(|¢]*w)](a) = 0. Let (fu)n C
A, 2 be a bounded sequence which converges to 0 uniformly on the compact
subsets of D. By Proposition 2 we have to show that

ICppfrllwz — 0 if n— oo.

Again we use the fact that f, € A, if and only if g, :=vf,, € A1 2. We fix
0 < r <1 to obtain

ICsufall?s = / 0(2) 1 (6(2) Pao(2) dA(2)

()P 2
Lo ey @) 4

+ / (=) Pwl2) £ (6(2))? dA(z)
D,

/ 190 ()1 () + / (=) Pw(2) £ (6(2))? dA(z)
D\D,

D,

= L1+ 1y,
where i, 4, ¢ is the pull-back measure we already defined in (3.3). Obviously,
we have that
I, — 0 if n— oco.

In order to treat the term I; we write fi, := fiy wy|p\p, and apply Theorem 1
as well as Lemma 4 to arrive at

L= /
D\D

|gn(5)|2 dpr(s) < KHMTHHQH”%,Q <CKMN,,

T
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where C, K, M are absolute constants. Letting n — oo and r — 1 we get
. 2 . %
Jim [|Copfallye < CKM lim N

= C’KMlimsup/ ot (8)]? gt . (S)

|la]—1
= imsu | al )|2w (2) 2 z
= cxartma [ PO R aac)

= CKMhmsup[B¢v(|¢|2 ))(a) =

la]—1

Hence, the operator must be compact.

U;((Z)) for every z € D.
Obviously, ||hallz o = [ Mv(z) dA(z) = 1 and h, — 0 uniformly on the

v(z)
compact subsets of D as |a| — 1. Since the operator is compact we have that

al(9(2))?
[Couhallss = [ 220D o)) aat:) o

as |a] — 1, and the claim follows. O

Conversely, for a € D we consider functions h,(z) 1= —

5. Schatten class operators

The last section is dedicated to the study of Schatten class weighted com-
position operators between weighted Bergman spaces. For more information

on Schatten class operators we refer the reader e.g. to the excellent monograph
[17].

Theorem 6. Let v be a weight as defined in (2.1) and w be an arbitrary weight.
Moreover, let the operator Cg . @ Ay2 — Ay be compact. Then Cy y € Sp if
and only if By,([¢|?v) € L5 (D,dN\), where d\(z) = (1 — |2|?)"2dA(z) is the
Mobius invariant measure on D.

Proof. Taking into account that fi, fo € A, 2 if and only if g1 = v fi, g2 =
vfy € Ay, for every fi, fo € Ay 2 we get

(C34Cs0f15f2) = (Cyyf1,Csf2)
- / AN B@E)I(E) o) dA(2)

(
_ BE)(e)
- / 9 (O()R@E)

(
— /Dgl(s)gg(s) duvm,w(s)a

where (1,4, is the pull-back measure defined in (3.3). Put gy 4 := p and

T, /(s /f v(s) du(s)

dA(z)
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for every z € D. Then

(Tufio fo) = / / F1(8)Ka(2)0(s) du(s) v(z) dA(2)

/ / 91(5) Ko (2) du(s)g2(2) dA(z)

- / a1(s) / K. (s)g2(s) dA(2) dpu(s)
D D

- / 91(5)72(3) du(s).
D

Thus, T, = C;,wC@w. By definition, for 0 < p < oo, an operator belongs to
the Schatten class S, if and only if (T*T)? is in the trace class. Hence, by [17]
Lemma 1.4.6 on p. 18, Uy 4 is in the Schatten class S, if and only if T), € Sz.
Let (e, )n be an orthonormal basis for Ay 5. Then ( €n)nenN 18 an orthonormal
basis for A, 5. Thus, we can reduce the problem to the setting of A; 2, since

elei — L eL(S) zZ\v(s se"(z)vz z
me - [ /H)V(S)Ks()()du() () dA(2)

v v v(z

=// 2) dp(s)en(2) dA(2).

Now, by Zhu [18] Lemma 1, for 0 < p < 00, T}, € Se if and only if By o([9*v) €
L% (D, d)) and the claim follows.

O
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