J. Appl. Math. & Informatics Vol. 29(2011), No. 3 - 4, pp. 909 - 920
Website: http://www.kcam.biz
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ABSTRACT. A regularized Newton method for nonlinear ill-posed problems
is considered. In each Newton step an implicit iterative method with an
appropriate stopping rule is proposed and analyzed. Under certain assump-
tions on the nonlinear operator, the convergence of the algorithm is proved
and the algorithm is stable if the discrepancy principle is used to terminate
the outer iteration. Numerical experiment shows the effectiveness of the
method.

AMS Mathematics Subject Classification : 65J20.
Key words and phrases : nonlinear ill-posed problems, regularized Newton
method, implicit iterative method, convergence.

1. Introduction

In many applied science and technology fields, such as earthquake prospect-
ing[14], CT technology[11], groundwater hydrology[3], vane design[9], etc. var-
ious inverse problems are proposed. Generally they can be formulated as the
following nonlinear ill-posed operator equation

F(a)=u (1.1)

where F': D(F) C X — ) is a nonlinear operator between Hilbert space X and
Y. Inverse problems are generally nonlinear and ill-posed in the sense that even
when a is uniquely determined by the right-hand side w the mapping v — a
lacks continuity. This is a severe numerical problem when the given right-hand
side is noisy data u°. Such problems need to be regularized[1]. The perturbed
right-hand side u® generally satisfies

[u® — ul| <6 (1.2)
where ¢ > 0 is a known error level.
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When the problem (1.1) is well-posed, Newton-type methods are one effec-
tive option for solving (1.1) and they have been applied with success in various
applications. However, only few rigorous theoretical analysis of Newton-type
methods for ill-posed problems can be found in the literature[2,4,7,10,13].

The present paper develops a Newton-type method for nonlinear ill-posed
equation (1.1). The basic idea is the resolution of the linearized equation, which
generally is also ill-posed, by an implicit iterative method with invariable control
parameters[5,6]. A posteriori stopping rules for the inner and the outer iterations
are suggested that make the algorithm a regularizing method.

This paper is organized as follows. In section 2, the algorithm for solving the
nonlinear ill-posed problem (1.1) is presented. In section 3, the monotonicity
result concerning the iteration error is proved. In section 4, the convergence
results of the algorithm for both cases § = 0 and § > 0 are derived. Section 5
gives some numerical experiment results.

2. Algorithm

Newton-type methods for solving (1.1) are based on the Taylor expansion of
the operator F. Assuming that a' is a solution of the nonlinear equation (1.1)
and a, is some approximation of af, then

F(a') = F(a,) + F'(an)(a" — a,) + R(a', a,) (2.1)
where R(a',a,) is the Taylor remainder. Adding the noise term u’ to (2.1) and
hence af — a,, satisfies

F'(an)(a" = ap) = u® — F(ap) +u—u® — R(a', a,) (2.2)
The right-hand side of (2.2) splits into two parts:
Gn = ud — F(ay), Zn =u— ud — R(aT,an)

the first part is computable, whereas the second part is not. In other words, the
ideal update x := a' — a,, solves the linear equation

Tho = Yn (23)
with T,, = F’(a,) and y, as the right-hand side in (2.2). The corresponding
Newton iterative equation is

Tz = n (2.4)

which can be regarded as the perturbed equation of the exact equation (2.3).
Here the perturbed right hand g, and the exact right hand y,, satisfy

15 = yall < 8+ [IR(a’, )|

In general equation (2.4) is still ill-posed. There is well-developed theory on
how to regularize linear ill-posed problems with inexact data when the error
bound ||g,, — yn|| is known, cf.[1], however, the difficulty in the present situation
is that | R(a', a,)|| can hardly be estimated accurately, so is ||§, —yn||. Thus the
most of regularization parameter choice strategies will not be applicable. To get



A Newton-Implicit Iterative Method For Nonlinear Inverse Problems 911

rid of the difficulty, Hanke proposed a parameter choice strategy for Tikhonov
and CG methods for equation (2.4)[3,4]. Since implicit iterative method is a
very efficient approach for linear ill-posed equations [5,6], we consider in this
paper the possibility of application of the implicit iterative method for equation
(2.4) combining with Hanke’s iterative stopping strategy.

The implicit iterative method for equation (2.4) is as follows

(TrhTy + anl)xy = Togn + Qnxr—1, ©o =0, k=1,2,--- (2.5)

where «, is a positive constant which is used to control the rates of the conver-
gence. Assume that they have positive lower and upper bound, i.e.

O<a<a,<a (2.6)
Iteration (2.5) can be rewritten as
(T + an)(xp —xp—1) = Ty (G — Tnxg—1),20 =0,k =1,2,--- (2.7)

Let 7% = 9n — Tyxg, and (2.7) becomes zp = zp_1 + (T3 Ty + D) 1Ty 1.
Repeat use of this formula gives

re = of (LT + and)™*g, (2.8)

T = g1 + Thwp—1
k—1

o =Tp Y w (2.10)
=0

where w; = a;A’(”l)gn = A7lr; and A =TT, + a,I. In the following, we
give the Newton-Implicit iterative algorithm for solving equation (1.1).
Algorithm 1.

step 1. Given 7 > 0, p > 0. Choose the initial guess ag, n = 0.

step 2. Compute 3, = u® — F(ay,), T, = F'(a,).

step 3. Let o =0, k = 1. Given a,.

step 4. Compute x5, = 21 + (T Ty + an D) " T (Gp — Trnp_1).

step 5. If ||gn — Thzk|l < pl|Fnll, then do step 6, else k = k + 1 and do step 4.

step 6. Compute a,4+1 = ap + T.

step 7. If ||[u® — F(ay)|| < 76, then stop, else n = n + 1 and turn to step 2.
In the algorithm, the reason why we let xg = 0 can refer to [5]. Algorithm 1
requires an initial estimate ag of af, and two tolerance parameters p and 7 in
the stopping rules of the inner and the outer iterations, respectively.

3. Monotonicity

In order to prove the convergence of Algorithm 1, we need to prove the mono-
tonicity of the iteration errors. Some assumptions which are very common for
nonlinear ill-posed problems are proposed[3,4].

(i) F'(-) is locally bounded and denote

M = sup{||F"(a)], a € B(a',r)} (3.1)
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where B(af,r) is a ball around a' with radius 7 > 0.
(ii) For a certain ball B C D(F) around the exact solution a' of (1.1), and
some C' > 0,

|F(a) = F(a) = F'(a)(a — a)|| < Clla — o[ F(a) — F(a)] (3-2)

for all a,a € B.

For the sake of convenience, let y = y,,, T = T},, @« = a,. In order to prove the
convergence properties of Algorithm 1, first we need to prove the monotonicity
of the iteration errors.

Lemma 1. Let v > 2, k., € N, z € X satisfies ||§ — Tz|| < € and assumption
(8.1) holds. If

15 = Tg® + 15 — Trwra|* > ye(a + M?)|lwg |l k= 0,1, k. —1  (3.3)

then ||x — k|| is strictly monotonically decreasing for k =0,1,--- k. and
ku—1
2| = llz — 2k, * > (v = 2)e Y [l (34)
k=0

Proof. By (2.9),
o = axsal* = 1z — 2 — T
= |l — zp||* — (22 — 22 — T wy, T wy,)
= ||z — x4||? — (Tz — Txp, wy) — (Tx — Tapyr, wy)

= ||z — @i|® — (§ = Tar, we) = (§ — Trgr, wi) + 205 — T, wi)

1
The given assumptions and the estimate |[A71|| > n yield
o

M2
oz — el = l|z — zrt1l]® = (F — Tor, wi) + (§ — T, wi) — 20§ — T, wy)

= (re, wr) + (Frp1, wi) — 2(§ — Tr, wy)

2 o e ) + (e, i) = 205 = T, we) (3.5)
> yellwil| — 2efjwi || = (v — 2)el|wk|

forall k=0,1,---, k. — 1. Since v > 2, the right-hand side of (3.5) is nonneg-

ative which shows that the sequence {||x — zx||} is strictly decreasing for k in

the given range. Furthermore, since xy = 0, the second assertion of the lemma

follows by taking sum of (3.5) from k = 0 to k., — 1. O

Lemma 2. Lety > 2, k. € N, z € X satisfies ||§—Tx|| < € and the assumption
(5.1) holds and ||g|| # 0, then the inequalities

. 1 _
Hy - Txk||2 > a’ye(a + M2)||y||7 k=1,2,--- ki (36)

imply (3.3). Furthermore, there are only finitely many k for which (3.6) can
hold.
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1
Proof. Since [|wy|| = [la* A=* g < EHQH, and by (3.6) and the assumptions
of the lemma, we have
- _ 2 _

15 = Tayl* + 1§ — T ||* > =ve(a+ M) = 2ve(a+ M?)||wg
so that (3.6) imply (3.3). Since ||§ — Tzx|| — 0 as k — oo, cf.[5], therefore, (3.6)
can only hold for finitely many indices k. (]

In the following, we denote T}, = F'(a,), ¥n = u’ — F(a,) and «,, again.

It will be assumed that equation (1.1) has a solution a' € B. The following
theorem gives the monotonicity result.

Theorem 3. Let v > 2,0 < p <1, ||gn|| #0. Assume (3.1) and

2
O p

mnué — F(an)[(3.7)

15 = yull = u® = F(an) = F'(an)(a’ = a,)| <

hold. The inner iteration stops as the inequality
G0 = Toaell = 0 = F(an) = F'(an)(ant1 — an)|| < pllu’ = F(an)l|  (3.8)
occurs. Then the inner iteration terminates after k,, < oo steps, and
Api1 = Qp + T8, = ap + F'(ap) v,

with some v, € Y. Moreover, the following inequalities hold

(7 B Q)Oénpz ~
o = aul* = o' —aal > D= ) (39)
(v = 2)anp® |
la" — an[|* = [la" — ap41® > WH%HQ (3.10)
Proof. By (2.2), we know = = a' — a,, is a solution of equation (2.3). By (3.7),
2
~ ~ QAP -
Hence, let
_anpt

Then x satisfies ||g, — Thz| < €. Substituting ve = || into (3.6), it

anp?
m”yn
follows from Lemma 2 that the stopping rule (3.8) determines a finite stopping
index k,, for the inner iteration and that (3.3) is fulfilled with k. = k. In other
words (3.4) is fulfilled with k., = k,,.

Consider the updates of a,, in Algorithm 1. It follows that

kn—1 kn—1
Upt1 = ap + T, = ap + T Z w; = an, + Tyv, with v, = Z w;  (3.11)
i=0 i=0
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Since » = a' —a, and x —x, = a’ —a, 1, Lemma 1 asserts that ||af —a,, 1| <
llat — a,|| and that

(v — 2)anp?

T 2 T 2 _
a' —ap||” —|la' —ay, > (v = 2)e||lvn]|| = V——5~
o — anl” = la® — sl > (= 2)elenll = T

[gnllonl

kn—1
which asserts (3.9). Since v,, = Z a ATHDG = g (T )G, Where
i=0

Ky —1
n _ _ 1
o ke (V) = Z ap (A + an) " = S - agr (At an) ]
and
lg=t (TXT,)| < sup #< sup #*a + M?
b T g AM? Gk (A) T 02a< M2 Garn 1 (V) "
yields
1
> — i 12
lonll = =5 19l (3.12)
(3.9) and (3.12) yield (3.10). The conclusion of the theorem hold. O

It is easy to see that the same inequalities (3.9), (3.10) would hold if the inner
iteration before the stopping rule (3.8) is met. This is important for practical
purposes because usually the number of inner iteration is constrained by some
maximum number.

4. Convergence Analysis
Firstly consider the convergence of Algorithm 1 for exact equation (1.1).

Theorem 4. Assume u® = u = F(a') for some a' € D(F), 0 < p < 1, and

assume F'(-) is locally bounded with (5.1) and that F satisfies (5.2) for some
2

C >0 in a ball B € D(F) around a’. If ag € B and |la™ — ag| < ﬁfm,

where « satisfies (2.6), then the iterates {a,} of Algorithm 1 converge to a

solution of (1.1) as n — co.

ap?
Cla+ M?)[la’ — ao
Therefore (3.2) with @ = af, a = ao implies (3.7) and hence

Proof. Define v =

which is greater than 2 by assumption.

la" = aniall < fla’ — an| (4.1)

for n = 0 by virtue of Theorem 3.3. We assume this inequality is true for

n < I, and will prove the inequality (4.1) remains true for n = [ + 1. Again
ap?

Cla+ M?)[lat — arq ||

induction, and hence (3.2) with @ = a, a = a;;1 implies (3.7) and (4.1) holds

define v = which is greater than 2 by the assumption of
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for n = [ 4+ 1. Thus we prove that the sequence {|a’ — a,||} is monotonously
decreasing during the entire iteration by induction.

It will be shown that the iteration errors e,, = at —a,, n € N, form a Cauchy
sequence. Given m, n € N with m > n, let [ € {n,n+ 1,--- ,m} be chosen in
such a way that

lu—Fla)| < flu—F(a)l, i=nn+1,---,m (4.2)
Consider now
ller = enll® = llenll* = llecll® + 2{er = en, 1) (4.3)
From (3.11), it follows that

-1 -1
[er = ensen)] = [ F'(ai) vie)| < uilll|F (ai)eal| (4.4)

The last factor ||F”(a;)e;|| can be estimated by using (3.2) as follows
I F'(as)erll = 1F (as)ei — F'(ai)(ar — as)|]
<lu = F(ai) — F'(a)ell + |1F(ar) — F(as) — F'(ai)(a; — aq)|| + lu — F(ay)||
< Clla" = aillllu = F(ai)| + Cllar — aill| F(ar) — F(as)|| + [lu — F(a)||

2
By the monotonicity of [la’ — a,||, |la" — a0l < ﬁ and (4.2), we have
2 2
ap ap
17" (ai)ed]| < WHU = Flan)ll + 7 F(a) = Flal + [lu = Fa)]
3ap? ap?
_ Wy~ Fa & Vlju—F
< sl = Flel + (7257 + Dllu— Plan]
5ap?
< (g + Dllu = Plan)]
Thus (4.4) and (3.9) imply that
504p2 -1
[{er = en, er)| < (m +1) ; l[villllw — F(as)|
e+ M?) — 5ap?
+1)(lla’ = anl* — fla’ — alf*)

0~ 2)ap® a1 M)
which together with (4.3) yields
ller = enll* < c(lla’ = an]|* = [la" — ail|*)

v(a+ M?),  5ap?
(v — 2)ap? "2(a + M?)
same way one obtains

where ¢ = + 1) + 1 does not depend on I, n, m. In the

llem — el < e(la’ — @]l ~ lla" — am*)



916 Zehong Meng and Zhenyu Zhao

so that
lam = anl® = llem — enll® < 2llem — erl|” + 2]ler — en | < 2¢(l|a’ — anl® = [l — am]|®)

The right-hand side tends to zero for n, m — oo because of the monotonicity
of the iteration error, and hence {a,} is a Cauchy sequence.

Denote the limit of a,, by a. From (3.10), by summation that Z lu — F(a,)|?
n=0

converges, and therefore F'(a,) — u as n — oo. Thus, it has been shown that a

is a solution of (1.1). O

In practice, only the perturbed right-hand side u® with (1.2) will be known.
Hence we need to discuss the convergence of Algorithm 1 with inexact right-hand
side. To emphasize this point the corresponding iterates will be denoted by a%
further on. In case of perturbed data it is another key point to stop the outer
iteration appropriately early to prevent divergence. Algorithm 1 terminates the
outer loop as soon as the residual norm |[u’ — F(a?)|| is of the order of the noise
level §: more precisely, if 7 is a fixed positive number, then the stopping index
n(9) is the smallest iteration index n € N for which

lu® — F(ap)]| < 76 (4.5)

The following result shows that this stopping rule is well defined and provides a
stable approximation of a solution of F(a) = w.

2

Theorem 5. Let 0 < p <1, and % > 2, where a satisfies (2.6). Assume
a

that F'(-) is locally bounded in D(F) with (5.1) and that F satisfies (3.2) for

some C' > 0 in a ball B C D(F) around a'. If ||u —u’|| < § and if ad € B is

sufficiently close to a solution a' of F(a) = u, then the discrepancy principle

(4.5) terminates Algorithm 1 with (3.8) terminating the inner iteration after

n(0) < oo iterations. Moreover, the corresponding approximation ai(é) converges
to a solution of F(a) =u as § — 0.

Proof. At first it will be shown that
la" — a3l < lla" —af_4]l, n=1,2,--- ,n(5) (4.6)
ap®t —2(a+ M?)

2C(1+7)(a+ M?)
longs to B. In this case it follows from (3.2) that

lu® — F(ag) — F'(ap)(a’ — ag)l| < & + Clla’ — agllu — F(ap)]
< (1+Clla" = ag|)d + Clla’ — ag|lf|u® — F(ap)|

[u® — F(ad)|
T

Assume an open ball around a' of radius

including a§ be-

If n(6) > 0, then 6 <

, hence from above

1+ (1 +7)Cla" —ad| Wb — F

lu® — F(ag) — F'(ag)(a’ — ag)l| < =

()]
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ap’t
(@ +M?)[1+ (1 +7)Cllat —aj|]
which is greater than 2 by assumption, so is (4.6) for n = 1. By induction (3.7)
holds for n < n(d). Consequently Theorem 3 deduces the monotonicity assertion
(4.6).
Now taking sum of (3.10) from n = 0 to n(d) — 1, one obtains

This shows that (3.7) holds for n = 0 with v =

n(d)—1
n(0)7%6* < Y |lu’ — Fap)l* <

n=0

V(e + M?)?
-z I el <o

This shows that n(d) is a finite number.
Next consider afl( 5) a3 6 — 0 and discuss two special cases firstly. First, if

n(6) = n for all § > 0, by continuity, then a’ — a,, as § — 0, where a,, is the
nth iterate with exact right-hand side u. Furthermore, since ||u® — F(al)| < 76
by definition of n = n(J) there must hold F(a,) = u in the limit § — 0.
Consequently, ai(é) converges to the solution a, of F(a) = u in the case that

n(6) =n for all § > 0.
Second, assume that n(d) — oo as 6 — 0, and denote by a the limit of {a,}

which exists by Theorem 4. Given € > 0, let m(e) € N be such that ||a—a,|| < %

for m > m(e), and let 0(e) be so small that n(d) > m(e) for 6 < §(e), then it
follows from (4.6) that

€
la = aq)l < lla— agll < lla = amll + llam — apll < 5 + llam — ap,|

for all 6 < §(e) and some m = m(e). Again by continuity it follows that ||a,, —

al |l < % as J is sufficiently small and hence ||a — ai(é)H < € for ¢ sufficiently

small. This proves ai(&) — a as 6 — 0 in the case where n(d) — oco.
In the end, we consider the general case. If the convergence result doesn’t
hold, then there must exist o > 0 and subsequence {4;}, §; — 0, such as

04
lagis) —all = o (4.7)
Since the real sequence {n(d;)} must exist convergence subsequence(finite or
infinite), we still denote the convergence subsequence by {n(d;)}. If n(4;) — oo,
as i — 0o, we have from the second special case that

||afj(5i) —a|| > 0asi— oo

which contradicts (4.7). If n(§;) — n, we can similarly deduce a contradiction
by the first special case. This proves ai(a) — a as  — 0 in the general case. [
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5. Numerical examples

Consider a numerical example for a parameter estimation problem which is a
simplified model of the groundwater hydrology[3], i.e.

{ —(a(zx)uz(2))s = —€*, z €(0,1) (5.1)
u(0) =1, u(l)=c¢! '
The assumptions (3.1) and (3.2) hold[3]. Estimate the coefficient a in (5.1) for
the given perturbed value of u.

If the exact data u = e®, then the solution of the inverse problem a' is unique
and a' = 1. Instead of u we used in our computations the perturbed data u?,
where

u® = u + V2 cos(10mz) (5.2)

with ||u® — ul/z, < 6.

The differential equation (5.1) was solved with a Galerkin method on the
finite dimensional subspace of piecewise linear splines on a uniform grid with
subinterval length 1/128. The iterative solution a’ were obtained by solving
(2.4) on the finite dimensional subspace of piecewise linear splines on a uniform
grid with subinterval length 1/128 with implicit iterative method (2.5).

In order to observe the convergence of Algorithm 1 and the effectiveness of

the results, two types of the initial value ad are used in the computation, i.e.

aj=const and aj = a' + osin1072(c > 0), including those with large initial

errors |laj — af|z,. Let n(5) denote the outer iteration numbers and ey =

llad —a'l|L,, en = ||’ —a'||z,. The parameter 7 = 1.1 while ¢ in (5.2) is chosen
as 107° and 1078 in Table 1 and Table 2, respectively.
To accelerate the convergence, we used variable parameters ap = %ak_l,

ap = 0.5 to replace a, in the inner iterative procedure (2.5). It can be proved
that all the theoretical results in the paper can be expanded to the variable
control parameters(ct.[6]).

From the numerical results, we can see the method is effective. Table 1 and
Table 2 show that the iteration numbers increase as § decreases. For the same
§, the iteration numbers increase as the iteration initial errors increase. In the
convergence analysis, the initial value of the iteration ag is required to be close
sufficiently to af. However, in practical computations, even if aj is far from af,

the algorithm still shows the convergence property.
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