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GLOBAL STABILITY OF A NONLINEAR DIFFERENCE
EQUATION'
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ABSTRACT. In this paper, we investigate the local asymptotic stability,
the invariant intervals, the global attractivity of the equilibrium points,

and the asymptotic behavior of the solutions of the difference equation
_ a+brnx, |

Tn+l = A+Bzp+Cxpy

and the initial conditions x_g,... ,x_1,zo are positive real numbers.

n=0,1,..., where the parameters a,b, A, B,C

AMS Mathematics Subject Classification : 39A11.
Key words and phrases : Difference equation, Equilibrium point, Local
asymptotic stability, Invariant interval, Global asymptotic stability.

1. Introduction and preliminaries

In this paper, we consider the following rational difference equation

a+ bx,To_p
= =0,1,... 1.1
Tn+1 A+an+cl'n7k7 n D) ) ( )

where the parameters a, b, A, B,C' > 0, and the initial conditions z_g,... ,z_1,
xo>0.ke{l,2,3,...}.

We investigate the local and global asymptotic behaviour and the invariant
intervals of the solutions of the difference Eq.(1.1). It is worth mentioning that
our main results are motivated by the results in [3,5,6]. For some related works
see [1-15].

Here, we recall some notations and results which will be useful in our inves-
tigation.

Let I be some interval of real numbers and let

foIFt T
be a continuously differentiable function .Then for every pair of initial conditions
T_k,...,ro € I, the difference equation
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Tn41 :f(-rn7xn—kr)a ,7’7/20,17... ) (12)

has a unique solution {z,}° _,.( see [2])
A point T is called an equilibrium point of (1.2) if
T = f(Z,T).
That is, z, = Z, for n > —k is a solution of Eq.(1.2), or equivalently, T is a
fixed point of f.

Definition 1.1 (Stability). Let Z be an equilibrium point of Eq.(1.2) and assume
that I is some interval of real numbers.
(i) The equilibrium Z of Eq. (1.2) is called locally stable (or stable) if for every
€ > 0, there exists 6 > 0 such that if z_p,... , 21,20 € [ and |z_ —T| +--- +
|z_1 — Z| + |xo — F| < 4, then
|z, —Z| < € for alln > —k.
(ii) The equilibrium Z of Eq. (1.2) is called locally asymptotically stable (or
asymptotically stable) if it is stable and if there exist v > 0 such that if
Tpyeostor, o €T and |2 —T|+ -+ |z—1 — T + |z0 — T| < 7,
then
lim, yoo Tp =T
(iii) The equilibrium T of Eq. (1.2) is called a global attractor if for every
T fy...,T_ 1,29 € I, we have
lim,, oo Tp =T
(iv) The equilibrium Z of Eq. (1.2) is called a globally asymptotically stable (or
globally stable) if it is stable and is a global attractor.
(v) The equilibrium T of Eq. (1.2) is called unstable if it is not stable.

Let

u= %(i,f) and v = %(T,f),
where f(z,y) is the function in Eq.(1.2) and Z is an equilibrium of the equation.
Then the equation

Yntl = UWYp + VYp—k, n=0,1,... (1.3)
is called the linearized equation associated with Eq.(1.2) about the equilibrium
point .

Lemma 1.1 (see [1,12]). Assume that u,v € R and k € {1,2,...}. Then
lul + v| < 1 (1.4)

is a sufficient condition for the asymptotic stability of the difference equation
(1.3). Suppose in addition that one of the following two cases holds:

(i) k is odd and v > 0;

(ii) k is even and uv > 0.
Then (1.4) is also a necessary condition for the asymptotic stability of Eq.(1.3).



Global stability of a nonlinear difference equation 881

Lemma 1.2 (see [2]). Consider the difference equation
Tnt1 = [(Tny Tn-k), n=0,1,2,...

where k € {1,2,...}. Let I = [c,d] be some interval of real numbers and assume
that
f e, d] x [e,d]] = [e,d]
is a continuous function satisfying the following properties:
(i) f(x,y) is increasing in each argument in [c, d;
(ii) the equation f(z,z) = x has a unique positive solution.
Then Eq.(1.2) has a unique equilibrium Z € [c, d] and every solution of Eq.(1.2)
converges to .

Lemma 1.3 (see [2,4]). Consider the difference equation
Tn+1 :f(xnaxn—k)a n=0,1,2,...

where k € {1,2,...}. Let I = [c,d] be some interval of real numbers and assume

that
I e, d] x [e,d] = [c,d]

is a continuous function satisfying the following properties:

(i) f(x,y) is non-decreasing in x € [c¢,d] for each y € [c,d], and f(z,y) is
non-increasing in y € [¢, d] for each = € [¢, d];

(ii) If (m, M) € [c,d] X [c,d] is a solution of the system f(m, M) = m and
f(M,m)= M, then m = M.

Then Eq.(1.2) has a unique equilibrium Z € [c,d] and every solution of Eq.(1.2)

converges to T.

Lemma 1.4 (see [4,5]). Consider the difference equation
Tnt1 = [(Tny Tn-k), n=0,1,2,...

where k € {1,2,...}. Let I = [c,d] be some interval of real numbers and assume
that
f e, d] x [e,d] — [c,d]
is a continuous function satisfying the following properties:
(i) f(z,y) is nonincreasing in each of its arguments;
(ii) If (m, M) € [c,d] % [¢,d] is a solution of the system f(m,m) = M and
f(M,M)=m, then m = M.
Then Eq.(1.2) has a unique equilibrium ¥ € [c,d] and every solution of Eq.(1.2)
converges to T.

2. Local stability and periodic character

In this section, we consider the local stability and periodic character of the
positive solutions of Eq.(1.1).
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The change of variables y,, = Vbz,, followed by the change z,, = y, reduces
Eq.(1.1) to the difference equation
a+ TpTp—k

= , n=0,1,..., 2.1
bt 7“+P!En+q9€n7k " 21)

wherer:%, p:% q= b,
positive real numbers. Hereafter, we focus our attention on Eq.(2.1) instead of
Eq.(1.1).

The equilibrium points of Eq.(2.1) have the following four cases:

Case 1: p+ ¢ > 1, Eq.(2.1) has a unique positive equilibrium point

and the initial conditions x_g,... ,x_1,x¢ are

B —r++/r2+4dalp+q—1)
20p+q-1)
Case 2: p+ q =1, Eq.(2.1) has a unique positive equilibrium point

-2
o
Case 3: p+q < 1, 1> —4a(l —p — q) = 0, Eq.(2.1) has a unique positive
equilibrium point
r
V=
21-p—q)

Case 4: p+q < 1, 72 —4a(l — p — q) > 0, Eq.(2.1) has the following two
equilibrium points:
r++/r2—4a(l—p—q) r—+/r2—4a(l —p—q)
UPI .
21-p—q) 20-p—q)

m =

First, we consider the local asymptotic behavior of the equilibrium point « in
Case 1.

Let f: (0, 00)? — (0, 0o0) be a function defined by

a—+xy
f@y)=—7-"—.
r+pr+qy
Therefore it follows that
yr+qy2—ap xr—&—p:ﬂ—aq
fd? = 29 fy = 72 .
(r +pr +qy) (r+pr + qy)

For simplicity and convenience in the following discussion, we define:

g =g1(y) =yr+qy* —ap, g2 = ga(x) = ar + pa° — aq.

—r+ /12 + dapq —r+ /12 + dapq
) 92 =
2q 2p
where 61, 6 is the unique positive solution of equation g; = 0 and equation
go = 0 respectively.

0, =

)
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The linearized equation associated wih Eq.(2.1) about « is

. 1:roz+qa27apz ronrpozzfan o =012
T+ el (g Y U

The local asymptotic behavior of « is characterized by the following result.

Theorem 2.1. Assume p+q > 1, p < q. Then « is locally asymptotically stable
if one of the following three conditions is satisfied:

(Hp<qg<l,

(ii) p< 1< qandr®—a(qg—p) >0,

(iii) 1 <p < g and r* > a(p + q).
Proof. When p < q, 01 < 05. Let
ra+qa2—ap ra+pa2—aq
[+ (p+q)o?’ [r+ (p+q)a*’
(i) fp < ¢ <1, then o > 6y and g1 > 0, g2 > 0 in [f2, 00). So, |u| + |v| =
u+ov <l
(i) Ifp<1<gqgandr?—a(qg—p) >0, then §; < a < f,and g; >0, go <0 in
(01, 02). Thus, |u| +|v|=u—v < 1.
(iii) If 1 <p < g and 72> > a(p + q), then a < O, and g; < 0, go < 0 in (0, 64].
Therefore, |u|+ |v| = —u—v < 1. The result follows from Lemma 1.1. O

u= fpla,a) = v=fylo,a) =

Theorem 2.2. Assume p+q > 1, p > q. Then « is locally asymptotically
stable if one of the following three conditions is satisfied:

i) 1>p>gq

(i) p>1>gq,

(iii) p>¢>1 and r? > a(p + q).

Proof. The proof is similar to that of Theorem 2.1, and we omit it. o

Theorem 2.3. Assume p+q > 1, p = q. Then « is locally asymptotically
stable if one of the following three conditions is satisfied:

(Hp=q<1,

(i) p=¢>1, and r* > a(p +q)

Proof. The proof is similar to that of Theorem 2.1, and we omit it. ]

Next, we investigate the local asymptotic behavior of the remaining equilib-
rium points 5, 71, 12, v and have the following result.

Theorem 2.4.
(i) If p+ q = 1, then B is locally asymptotically stable.
(i) Ifp+q <1, 7> —4a(l —p — q) = 0, then v is locally asymptotically
stable.
(iii) If p+ g < 1, r* —4a(l — p — q) > 0, then n; is unstable, while ny is
locally asymptotically stable.

Proof. (i)The linearized equation associated wih Eq.(2.1) about the equilibrium
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point 3 is
- :Tﬁ-i-qﬁg—apz Tﬁ—l—pﬂQ—aqz =012
n+1 [T+(p+q)5]2ﬂ [T—|—(p+q)5}2 n—k» s Ly dy e
Set
_ _rB+ef—ap _rB+pB—ag
u—fw(ﬁvﬁ)_ [7’+(p+Q)5}2’ U—fy(ﬂaﬁ)— [T_’_(p_’_q)ﬁ]z.

Ifp+q=1,then 8 > 61, B > 6y, and ¢1(8) > 0, go(8) > 0. Thus,
|u| + |v] = v+ v < 1, the result (i) follows from Lemmal.l.

({)Ifp+qg<1, r>—4a(l —p—q) =0, then v > 6;, 7 > 6. Similarly to
the proof of (i), the result follows from Lemmal.l.

(iii) The linearized equation associated wih Eq.(2.1) about the equilibrium
point n; is

Z+1:T771+q7712_ap2’ T771+p7712—aqz —k n=20,1,2,....
[r+ (p+ q)m)? [r+ (p+q)m]? ’ T

Set
i+ qm® — ap rm +pm® — ag
[r+(®+aml*’ [r+ (p+a)m]?
Ifp+qg<1, 7> —4a(l —p—q) > 0, then g, > 61, n1 > 6o, and g1(m) >
0, g2(m) > 0. But |u| + |v| =u+v>1,and v >0, wv > 0. So, 7 is unstable
by Lemmal.1(i-ii).

As for as 79, similarly to the proof of (i), the result follows from Lemmal.l.

O

u= fe(nm,m)= szy(mﬂ?l):

In the following, we consider the periodic character of the positive solutions
of Eq.(2.1).

Theorem 2.5. Eq.(2.1) has no positive solutions with prime period two.

Proof. Assume, for the sake of contradiction, that

e, VD UL
is a prime period-two positive solution of Eq.(2.1).There are two cases to be
considered.

Case 1: k is odd.

In this case, z,4+1 = Tp—k, € and ¥ satisfy the system

a+ VP = &r + pdU + ¢d2 and a + PV = Ur 4 pdY + qU2,
Subtracting these two equations, we obtain

(@ —U)[r+q(®+ V)] =0.
Since r + ¢(® + ¥) > 0, we have ® = U. This is a contradiction.

Case 2: k is even.

In this case, x,, = z,,_,  and ¥ satisfy the system

a+ V2 =dr+ (p+q)®¥ and a + &2 = Ur + (p + q) V.
Subtracting these two equations, we obtain

(P —-—D)(T+D+7r)=0.
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Since U+ ®+r > 0, we have ® = . This is a contradiction. O

3. Global attractivity of the positive equilibrium points

In this section, we investigate the global attractivity of the four equilibrium

pOintS a, 6) Y M2-
First, we consider the global attractivity of o and have the following results.

Theorem 3.1. Assume that p+q > 1, p < q. Then the positive equilibrium «
of Eq.(2.1) is a global attractor.

Proof. When p < q, 01 < 05. Set
flzy) =

Observe that the function f(x,y) increases in each argument in [0z, c0), increases
in z for all y € (61, 62), decreases in y for all x € (61, 62), decreases in each
argument in (0, 61].

We divide the proof into the following three case:

Case 1: p<qg<1.

Since g1 > 0, go > 0 for all z,y € [f2, 00), f(x,y) increases in each argument
in (02, ). a>0if p<qg< 1.

The equation f(x,2) = x has a unique solution « in [0, co). Thus by
Lemmal.2, Eq.(2.1) has a unique equilibrium point « and every solution of
Eq.(2.1) converges to « in [f2, 00).

Case 2: p<1<q.

Since g1 > 0, g2 < 0 for all z,y € (01, 02). f(x,y) increases in z for all
y € (61, 02) and decreases in y for all © € (01, 02). yo < a < b if p <1 <q.
The only solution of the system

a—+xy
r+pr+qy

a+ mM a+ Mm

r+pm+qgM’ r+pM+qm

is m = M. Then by Lemmal.3, every solution of Eq.(2.1) converges to « in
(01, 02).

Case 3: 1 <p<q.

Since g1 < 0, g2 <0 for all z,y € (0, 61], f(x,y) decreases in each argument
in (0, 61]. @ <6 if 1 < p < q. The only solution of the system

a4+ m? a+ M?

Tt trom T it oM

is m = M. Then following from Lemmal.4, every solution of Eq.(2.1) converges
to « in (0, 64]. O

Theorem 3.2. Assume that p+q > 1, p > q.
Then the positive equilibrium « of Eq.(2.1) is a global attractor.
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Proof. When p > q, 61 > 05. Similar to the proof of Theorem 3.1, and it is easy
to verify that the following statement is true:

(i) If 1 > p > ¢, then every solution of Eq.(2.1) converges to a in [f;, 00).

(ii) If p > 1 > ¢, then every solution of Eq.(2.1) converges to « in (6a, ;).

(iii) If p > ¢ > 1, then every solution of Eq.(2.1) converges to « in (0, 62]. O

Theorem 3.3. Assume that p+q > 1, p = q. Then the positive equilibrium «
of Eq.(2.1) is a global attractor.

Proof. Similar to the proof of Theorem 3.1, the following statement is easily
proved to be true:

(i) If p = g < 1, then Eq.(2.1) has a unique equilibrium point a and every
solution of Eq.(2.1) converges to « in [f3, 00).

(ii) If p = ¢ > 1, then every solution of Eq.(2.1) converges to « in (0, 65). O

By Theorem 3.1, 3.2, 3.3 and Lemma2.1, we have the following corollaries.

Corollary 3.1. Assume p+q > 1, p < q. Then « is globally asymptotically
stable if one of the following three conditions is satisfied:

Hp<g<l,

(i) p<1<gqandr?—a(qg—p) >0,

(ili) 1 <p < qand r* > a(p+q).
Corollary 3.2. Assume p+q > 1, p > q. Then « is globally asymptotically
stable if one of the following three conditions is satisfied:

i) 1>p>q,

(ii)) p>1>q,

(iii) p>¢>1 and r? > a(p + q).

Corollary 3.3. Assume p+q > 1, p = q. Then « is globally asymptotically
stable if one of the following three conditions is satisfied:

()p=g<1,
(ii)p=¢>1, and r* > a(p + q).

Next, we examine the global attractivity of 8, v, no.
Theorem 3.4.
(i) If p+ q = 1, then 8 is a global attractor.
(i) Ifp+q<1, r* —4a(l —p—q) = 0, then v is a global attractor.
(iii) If p+q < 1, r?> —4a(1 — p — q) > 0, then 1, is a global attractor.

Proof. (i) Set

a—+xy

T,y = —" .
f(z9) r+pxr+qy

We divide the proof into the following two case:
Case 1: p > q.
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In this case, 02 < 01, 8 > 01, f(x,y) is increasing in each argument in (6, c0).
What’s more, the equation f(y,y) = y has a unique solution g in (61, co). Thus
by Lemmal.2, Eq.(2.1) has a unique equilibrium point S and every solution of
Eq.(2.1) converges to « in (07, o).

Case 2: p <q.

In this case, 03 > 601, 8 > 02, f(x,y) is increasing in each argument in (63, o).
In addition, the equation f(y,y) = y has a unique solution § in (2, co). Thus
by Lemmal.2, Eq.(2.1) has a unique equilibrium point S and every solution of
Eq.(2.1) converges to « in (02, c0).

(ii) The proof is similar to that of (i), and we omit it.

(iii) fp+q < 1, 12 —4a(l —p—q) > 0, then n; > 7y > max {0y, 0}
and g1(m) > 0, g2(m) > 0, gi(max{fs, 61}) > 0, ga(max{fs, 61}) > 0. So,
f(z,y) is increasing in each argument in (max {62, 61}, 71). What’s more, the
equation f(y,y) = y has a unique solution 7 in (max{6s, 61}, 7). Thus by
Lemmal.2, Eq.(2.1) has a unique equilibrium point 7, and every solution of
Eq.(2.1) converges to 7z in (max {62, 61}, n1). ad

By Theorem 3.4 and Lemma2.1, we obtain the following corollary.

Corollary 3.4.
(i) If p4 q = 1, then 8 is globally asymptotically stable.
(i) Ifp+q <1, 7> —4a(l —p — q) = 0, then v is globally asymptotically
stable.
(iii) If p+q < 1, r* —4a(1 — p — q) > 0, then 1 is globally asymptotically
stable.

4. Invariant intervals

From the discussion of the global attractivity of the positive equilibrium points
in section 3, it is easy to have the following results about invariant intervals.

Theorem 4.1. Assume that p+q>1, 1> > a(p+q), p<q.
(i) If p < ¢ < 1, then every positive solution of Eq.(2.1) lies eventually in

[92, OO)

(ii)) If p < 1 < q , then every positive solution of Eq.(2.1) lies eventually in
(01, 63).

(iii) If 1 < p < g, then every positive solution of Eq.(2.1) lies eventually in
(0, 04].

Theorem 4.2. Assume that p+q>1, 12> > a(p+q), p > q.
(i) If 1 > p > q, then every positive solution of Eq.(2.1) lies eventually in
[91, OO)
(ii) If p > 1 > q, then every positive solution of Eq.(2.1) lies eventually in
(02, 61).
(iii) If p > q > 1 then every positive solution of Eq.(2.1) lies eventually in
(07 92]
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Theorem 4.3. Assume that p+q¢>1, > >a(p+q), p=q.
(i) If p = ¢ < 1, then every positive solution of Eq.(2.1) lies eventually in
[92, OO)
(ii) If p = ¢ > 1, then every positive solution of Eq.(2.1) lies eventually in
(Oa 92)'

Theorem 4.4. Assume that p + q = 1, then the following statement is true:
(i) If p > q, then every positive solution of Eq.(2.1) lies eventually in (61, 00).
(ii) If p < g, then every positive solution of Eq.(2.1) lies eventually in (02, c0).

Theorem 4.5. Assume that p+q < 1, r2—4a(1—p—q) = 0, then the following
statement is true:
(i) If p > q, then every positive solution of Eq.(2.1) lies eventually in (6, 00).
(i) If p < g, then every positive solution of Eq.(2.1) lies eventually in (62, 00).
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