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ABSTRACT. The purpose of this paper is to introduce a general iterative
process by viscosity approximation method with parallel method to ap-
proximate a common element of the set of solutions of a mixed equilib-
rium problem and of the set of common fixed points of a finite family of
k;i-strict pseudo-contractions in a Hilbert space. We obtain a strong con-
vergence theorem of the proposed iterative method for a finite family of
ki-strict pseudo-contractions to the unique solution of variational inequal-
ity which is the optimality condition for a minimization problem under
some mild conditions imposed on parameters. The results obtained in this
paper improve and extend the corresponding results announced by Liu
(2009), Plubtieng-Panpaeng (2007), Takahashi-Takahashi (2007), Peng et
al. (2009) and some well-known results in the literature.
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1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space
with inner product (.,.) and norm |||, respectively, and C' is a nonempty closed
convex subset of H. Recall that a mapping 7' : C — H is said to be k-strictly
pseudo-contractive if there exists a constant k € (0,1) such that

T2 = Tyl* < llo = yl* + k|(I = T)x — (I = T)y|?, Yo,yeC, (1)

where [ is an identity operator. We use F'(T') to denote the set of fixed points of
T. Note that the class of k-strictly pseudo-contractive includes strictly the class
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of nonexpansive mappings which are mappings T on C such that | Tax — Ty|| <
lz —yll, Va,y € C. This is, T is nonexpansive if and only if T is O-strictly
pseudo-contraction. The mapping T is also said to be pseudo-contraction if
k =1 and T is said to be strongly pseudo-contraction if there exists a positive
constant A € (0,1) such that T'— AI is pseudo-contraction. Clearly, the class of
k-strictly pseudo-contractions falls into the one between classes of nonexpansive
mappings and pseudo-contractions. We also remark that the class of strongly
pseudo-contractions is independent of the class of k-strictly pseudo-contractions
(see [3]).

Let ¢ : C — R U {+0o0} be a proper extended real-valued function and F' be
a bifunction of C' x C into R, where R is the set of real numbers. Flores-Bazan
[1] considered the following mixed equilibrium problem for finding « € C such
that

F(z,y) +¢(y) > ¢(z) for all y € C. (2)

The set of solutions of (2) is denoted by M EP(F, ). We see that z is a solution
of problem (2) implies that z € domp = {x € C' | ¢(z) < +o0}. If ¢ =0, then
the mixed equilibrium problem (2) becomes the following equilibrium problem:
to find « € C such that

F(z,y) >0 forall yeC. (3)

The set of solutions of (3) is denoted by EP(F). Given a mapping B : C — H,
let F(xz,y) = (Bx,y — ) for all z,y € C. Then, z € EP(F) if and only if
(Bz,y — z) > 0 for all y € C. Some methods have been proposed to solve the
equilibrium problem (see [2, 7, 8, 10, 11, 18, 19, 23]). The problem (3) is very
general in the sense that it includes, as special cases, optimization problems,
variational inequalities, minimax problems, Nash equilibrium problem in non-
cooperative games and others; see, for instance, [1, 2, 8]. In 2005, Combettes
and Hirstoaga [8] introduced an iterative scheme of finding the best approxima-
tion to the initial data when EP(F) is nonempty and they also proved a strong
convergence theorem. Let A : C' — H be a mapping. The classical variational
inequality, denoted by VI(C, A), is to find z* € C such that (Az*, v —z*) >0
for all v € C. The variational inequality has been extensively studied in the
literature. See, e.g. [2, 9, 12, 25, 29] and the references therein. In 2008, Ceng
and Yao [7] considered an iterative scheme for finding a common fixed point of a
finite family of nonexpansive mappings and the set of solutions of a problem (2)
in Hilbert spaces and obtained the strong convergence theorem. Let K : C — R
be a differentiable functional on a convex set C, which used the following con-
dition (see [7]):

(H) K : C — R is n-strongly convex with constant o > 0 and its derivative
K’ is sequentially continuous from the weak topology to the strong topology.
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Their results extend and improve the corresponding results in [8, 20]. We
note that the condition (H) for the function K : C'— R is a very strong condi-
tion. We also note that the condition (H) does not cover the case K(z) = @
and n(z,y) = ¢ — y for each (z,y) € C x C. Motivated by Ceng and Yao [7],
Peng and Yao [23] introduced a new iterative scheme based on only the extra-
gradient method for finding a common element of the set of solutions of a mixed
equilibrium problem, the set of fixed points of a family of finitely nonexpan-
sive mappings and the set of the variational inequality for a monotone Lipschitz
continuous mapping. They obtained a strong convergence theorem without the
condition (H) for the sequences generated by these processes.

A mapping A of C into H is called a-inverse-strongly monotone [5] if there
exists a positive real number « such that (Au — Av,u —v) > || Au — Av||? for
all u,v € C. Let A be a strongly positive bounded linear operator on H: that
is, there is a constant 7 > 0 with property

(Az,2) >7||z||* for all z € H. (4)

A typical problem is to minimize a quadratic function over the set of the fixed
points of a nonexpansive mapping on a real Hilbert space H:

1
min §<Ax,x> — (b, ), (5)
where C' is the fixed point set of a nonexpansive mapping T on H and b is a
given point in H.

In 2007, S. Takahashi and W. Takahashi [18] introduced an iterative scheme
by the viscosity approximation method for finding a common element of the
set of solution (3) and the set of fixed points of a nonexpansive mapping in
a Hilbert space. Let S : C — C be a nonexpansive mapping. Starting with
arbitrary initial z; € H and u,, € C define sequences {x,} and {u, } recursively
by

1
F(unay)+7<y_unaun_xn>203 VyECa
T

n

Tnt1 = anf(n) + (1 — ay)Su,, VYneN. (6)

They proved that under certain appropriate conditions imposed on {«a,} and
{rn}, the sequences {z,} and {u,} converge strongly to z € F(S) N EP(F),
where z = Pp(g)ngp(r)f(2). Later, Plubtieng and Punpaeng [16] introduced an
iterative scheme by the general iterative method for finding a common element
of the set of solution (3) and the set of fixed points of a nonexpansive mapping
in Hilbert space. Let S : H — H be a nonexpansive mapping. Starting with an
arbitrary 1 € H and u,, € C define sequences {z,} and {u,} by

1
F(unay)+7<y_un7un_xn>Zoa Vy607

Tn

Tp+1 = an’yf(xn) + (I - anA)Suru Vn € N7 (7)
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where A is strong positive bounded linear operators. They proved that if the
sequences {a,} and {r,} of parameters satisfies appropriate conditions, then
{zn} generate by (7) converges strongly to the unique solution of variational
inequality ((A—~f)z,x—z) >0, Vz e F(S)NEP(F), which is the optimality
condition for the minimization problem

. 1
xeF(ér)lrlw%P(F) 2 (Az, 2) = h(x), ®
where h is a potential function for vf (i.e., h'(z) = vf(z) for x € H).

For finding a common element of the set of fixed points of a k-strictly pseudo-
contraction and the set of solutions of an equilibrium problem in a real Hilbert
space, very recently, by idea of Plubtieng-Punpaeng [16], Liu [14] introduced the
following iterative scheme:

1
F(unay> + 7<y_unaun _-Tn> Z Oa Vy € Ea
T

n

Yn = 6nun + (]— - 6n)Suna
. €n7f(xn) + (I - an)yna Vn > 1, (9)

where S is a k-strictly pseudo-contraction and {e,}, {5, } are sequences in [0, 1].
They proved that under certain appropriate conditions over {e, }, {5,} and {r,},
the sequences {x, } and {u,} both converge strongly to some ¢ € F(S)NEP(F),
which solves some variational inequality problems.

Very recently, Ceng et al. [6] and Peng et al. [22] established an iterative
scheme for finding a common element of the set of solution of equilibrium prob-
lems (generalized and mixed equilibrium problems) and the set of fixed point
of a k-strictly pseudo-contraction in the setting of a real Hilbert space. They
also studied some weak and strong convergence theorem for k-strictly pseudo-
contraction of the sequence generated by their algorithm under the control con-
ditions. Many authors studied the problem to finding a common element of
the set of fixed points and the set of solutions of an equilibrium problem for
strictly pseudo-contractions in the frame work of Hilbert spaces; see, for in-
stance, [6, 13, 14, 21, 22, 24, 25] and the references therein.

Motivated by Peng et al. [22], Plubtieng-Punpaeng [16] and Takahashi-
Takahashi [19], we introduce an iterative scheme by combining the viscosity
method with parallel method for finding a common element of the set of solu-
tion (2) and the set of fixed points of a finite family of strictly pseudo contractive
mappings in a Hilbert space. Moreover, our results include Liu [14], Plubtieng-
Panpaeng [16], Takahashi-Takahashi [18], Takahashi-Takahashi [19], Peng et al.
[22] and some others as some special cases.

2. Preliminary

Let C be closed convex subset of a Hilbert space H, let Pz be the metric
projection of H onto C i.e., for x € H, Pox satisfies the property ||z — Poz|| =
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minyecc ||z —yl. It is well known that Pc is a nonexpansive mapping. Moreover,
Pcex is characterized by the following properties: Poxz € C' and

<I7PC$7y7PCx>§Oa (10)

lz —yl? > ||z — Pox|? + |y — Pox|? forallz e H,yeC. (11)
In the context of the variational inequality problem, this implies that
ueVI(C,A) & u= Po(u— Mu), for all A > 0. (12)

Let H be a real Hilbert space. Then for any =,y € H, we have the following:

@) Mz +yl? <zl + 2y, 2 + )

(i) e +yll* = llz]*+ 2{y, =)

(iii) [tz + (1 = t)y[|* = tll=]]® + (L = )llyl|* — t(1 — t)ll= — |12, ¥t € [0,1].

It is also known that H satisfies the Opial’s condition, that is, for any sequence
{z,} with z,, — z, the inequality liminf,, . ||z, — x| < liminf, o ||Zn — Y|
holds for every y € H with y # z.

In order to prove our main results, we need the following lemmas.

Lemma 1. [30] Let T : C — H be a k-strictly pseudo-contraction. Defined
S:C— HbySz=M e+ (1—NTx for each x € K. Then, as A € [k,1), S is a
nonexpansive mapping such that F(S) = F(T).

Lemma 2. [26] Let {a,} be a sequence of nonnegative real numbers, satisfying
the property, ant1 < (1 — yn)an + by, n > 0, where {~v,} C (0,1), and {b,}
is a sequence in R such that: (C1) £22 17, = oco; (C2) limsup,,_, % <0 or
09 1 |bn| < 0o. Then limy, 00 ay, = 0.

Lemma 3. [17] Let {x,} and {y,} be bounded sequences in a Banach space X
and let {B,} be a sequence in [0,1] with 0 < liminf,,_, By, < limsup,_ ., Bn <
1. Suppose Tp 1 = (1=Fn)Yn~+Pnxy for all integersn > 0 and limsup,,_, . (||yn+1—
Ynll = |zns1 — @nll) < 0. Then, limyo0 [[yn — @n| = 0.

Lemma 4. [15] Let H be a Hilbert space. Let A be a strongly positive linear
bounded selfadjoint operator with coefficient ¥ > 0. Assume that 0 < v < g Let
T : H — H be a nonexpansive mapping with a fized point x; of the contraction
x> tyf(x)+(1—tA)Tx. Then {z} converges strongly ast — 0 to a fized point
x* os T, which solve the variational inequality ((A —~yf)a*,z —x*) >0, Vz¢€
EF(T).

Lemma 5. [15] Let H be a Hilbert space, C' be a nonempty closed convex subset
of H, and f : H — H be a contraction with coefficient 0 < a < 1, and A be
a strongly positive linear bounded operator with coefficient 7y > 0. Then, for

0<y<Z (e—y,(A=vf)z—AA—f)y) > 7T —va)llz —yll*, =,y € H.
That is, A —~vf is strongly monotone with coefficient 7 — ya.

Lemma 6. [15] Assume A is a strongly positive linear bounded operator on a
Hilbert space H with coefficient §¥ > 0 and 0 < p < ||A||7L. Then ||[I — pA| <

1—p7.
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Lemma 7. [28] Let H be a Hilbert space, C a nonempty closed convex subset
of H. For any integer N > 1, assume that, for each 1 <i < N, T, : C - H
be k;-strictly pseudo-contractions for some 0 < k; < 1. Assume that {ni}fy:l 18
a positive sequence such that XY n; = 1. Then XN 0T} is a non-self-k-strictly
pseudo-contraction with k = max{k; : 1 <i < N}.

Lemma 8. [28] Let {T;}Y, and {n;}}., be given as in Lemma 7. Suppose that
{T:}Y.| has a common fized point in C. Then F(XN nT;) = N2, F(Ty).

For solving the mixed equilibrium problem, let us give the following assump-
tions for the bifunction F, ¢ and the set C:

(Al) F(z,z) =0 for all z € C;

(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for all x,y € C;

(A3) for each y € C,x — F(z,y) is weakly upper semicontinuous.

(A4) for each z € C,y — F(x,y) is convex;

(A5) y) is lower semicontinuous;

We need the following two conditions for the following lemma (see

[22, 23] for more details):

(B1) for each x € H and r > 0, there exist abounded subset D, C C and
Yz € C such that for any z € C'\ Dy,

8 8

1
(B2) C'is a bounded set.

Lemma 9. ([21, 23]; see also [22, 24]) Let C' be a nonempty closed convex
subset of H. Let F : C x C — R be a bifunction satisfies (A1)-(A4) and let
v :C = RU{+o0} be a proper lower semicontinuous and convex function. For
r>0 and x € H, define a mapping T, : H — C as follows:

T(0)={:€C : Fls,y)+p(y) + -y =22-2) 2 ¢(), VyeO)

for all z € H. Assume that either (B1) or (B2) holds. Then, the following
conclusions hold:

(1) For each x € H,T,(x) # 0;

(2) T, is single-valued;

(3) T is firmly nonexpansive, i.e., for any z,y € H, || T,z —T,y||*> < (Trz —
Ty, —y);

(4) F(T,) = MEP(F, ),

(5) MEP(F, ) is closed and convez.

Remark We note that Lemma 9 is not a consequence of Lemma 3.1 in [1]
because the condition of the sequential continuity from the weak topology to the
strong topology for the derivative K’ of the function K : C' — R does not cover

the case K(z) = %
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3. Strong convergence theorem

In this section, we prove a strong convergence theorem of the iterative scheme
(13) below to a common element of M EP(F, ¢) and ﬂi\[:l F(T;) for a finite family
of k;-strictly pseudo-contractions in the framework of Hilbert spaces.

Theorem 1. Let H be a real Hilbert space, C' a nonempty closed convex subset
of H. Let F : C x C — R be a bifunction satisfying (A1)-(A5) and let ¢ :
C — R U{+o0} be a proper lower semicontinuous and convex function such
that C Ndomy # 0. Let T; : C — C be a k;-strict pseudo-contraction for
some 0 < k; < 1 such that © := ﬂfvzl F(T;)NMEP(F,¢) # 0 and let f be a
contraction of H into itself with coefficient o € (0,1). Assume that for each n,
{ngn)}ﬁl is a finite sequence of positive number such that XV 17]2(”) =1 for all

n and 17%(") >0 for all1 <i < N. Let k = max{k; : 1 <i < N}. Assume that
either (B1) or (B2) holds. Let A be a strongly positive bounded linear operator
with coefficienty > 0 and 0 < v < L. Starting with an arbitrary x, € H,u, € C

and define the sequences {x,} and {u,} by

1
F(un,y) + ‘P(y) - ‘P(un) + r<y = Up, Un — xn> >0, Vyel
Yn = Ynln + (1 - %)Efvzmgn)Tiun

Tpy1 = AV f(@n) + Bntn + (1 = Bu)l — anA)yn, (13)

where {an}, {Bn}, {7} C [0,1] and {r,} C (0,00). If the sequences {cn},{Bn},
{n} and {r,} satisfies the following conditions:

(C1) limy,_y00 t, = 0 and X vy, = 00,

(C2) 0 < liminf,, o B, < limsup,,_,.. Bn < 1,

(C3) liminf, oo mp > 0 and lim, o0 |71 — 70| =0,

(C4) limp oo [0 = ™| =0, for all i =1,2,3, ..., N,

(C5) k<a<vy, <b<1andlim, oo [Ynt1 — Yn| =0, for some a,b € R.
Then {z,} and {u,} converge strongly to z, where z = Po(I — A+ ~f)z, which
solves the unique solution of the variational inequalities (14), i.e.,

((A=~f)z,e—2z) >0, Vre0, (14)
which is the optimality condition for the minimization problem (8).

Proof. Note that by Lemma 9, u,, can be rewritten as u, = T, x, for each
n € N. Let p € ©, then p =T, p. For any n € N, by nonexpansiveness of T;. ,
we have
[un = pll = [T, 20 — Ty, pll < [l2n — pl|-

From the condition lim,,_, . a,, = 0, we may assume, without loss of generality,
that a,, < (1—,)[|A]|~!. Since 4 is a strongly positive bounded linear operator
on H, then | A|| = sup{|{Az,z)| : x € H, ||| = 1}. Observe that

(=B —anA)z,z) = 1= By — an(Az,z) > 1 = B, — anl|A]| = 0,
that is to say (1 — 8,)] — a, A is positive. It follows that
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11 = Bu)I — an Al = sup{{((1 = Bn)I — anA)z,x) : x € H, ||z]| =1}
=sup{l — B, — an<Ax,x> cx € H,||z|]| =1}
S 1- ﬁn - an7~
We now show that {z,} is bounded. Indeed pick any p € ©, we define a
mapping S, by

Sx—ENln( )Tx Vo e C.

K3

From Lemma 7, each S, is a k-strict pseudo-contraction on C' and by Lemma 8,
F(S,) =N F(T;). Tt follows that

yn — p”2 = |lvnun + (1 = ¥0)Snun *PHQ

[yn(tn —p) + (1 = 1) (Snun _p)”2

Yo llun — pH2 + (1 = v) [ Snun — p”2 = Yn(1 =) lun — Snun||2
Yo llun — pH2 + (1 =) [l[un _pH2 + kllun — Snun||2]

= (1 = vn)lun — Snun||2

lun = plI* + (1 = ) (k = W )llun — Snunll* < llun — pll?,

IN

it follows that ||y, — p| < ||un — pl|. We observe that

”xn-ﬁ-l —pH = Han'}/f(xn) BrTn + ((1 - IBn)I - anA)yn _pH
||06n(’Yf(CCn) A ) + 5n($n - ) + ((1 - ﬁn)l - O‘nA)(yn - p)”
lan(vf(zn) — A )II + Bnllzn — pll
(1 = B — canA)lllyn — 1l
(vf(z )—’vf( ) +7f(p) — Ap)|| + Bullzn — pll

+(1 = Bn — an¥)|[lun — pl|
anyallz, —pll + anlvf(p) — Apll + Ballzn — pll
+(1 = Bn — an¥)|llzn — pll
= (1—an(¥ =) |zn — pll + anllvf(p) — Ap||
v/ (p) — Apll

(7 —nva)

IN

IN

o,

IN

= (I —an(¥ —ya)llzn = pll + an(¥ — ya)

By induction that ||z, —p|| < max{|z; —pl, M} n > 0, and hence {z,}

is bounded. We also obtain that {u,}, {f(xn)} and {yn} are also bounded.
Define the mapping V,, : C — C by V,, = v, I + (1 —v,) Sy, for any z,y € C, we
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have
[Vaz = Vayl® = e+ (1= 1)Sn® — (yny + (1 — 72)Suy) I
= ullz = ylI> + (L = ) ISz — Snyll®
*'Vn(l - 'Yn)”(l - Sn)x - (I - Sn)y||2

< llr =yl + (1 =)l —ylI?

+E|(I = Sp)z — (I — Sp)yll*]

— (L =) = Sp)x — (I = Sn)yl?
= |z —ylP+ A =)k =) = Sp)x — (I = Sp)yl?
<z =yl

which implies that V;, is nonexpansive. We compute

1Ynt1 = Ynll = Varrtnsr — Vaunl||
< ||Vn+1un+1 - VnJrlunH + HVn+1un - VnunH
< ||un+1 - un” + ||'Yn+1un + (]- - '7n+1)Sn+1un

—(Yntn + (1 = vn) Snun) ||

< lungr = unll + [yt 1un + (1 = Ynt1) Sngrtn
_(1 - '7n+1)Snun + (1 - '7n+1)SnUn
—(Ynun + (1 = ¥n)Snun) ||
< unsr — unll + (a1 — ¥n)un
(1 = nt1) = (1 = 70)]Snta|
+H(1 - 'Yn+1)(sn+lun - Snun)”
< ngr = tnll + [Yog1 — Yolllun — St ||

+(1 = Yt 1) [[Snt1un — Spunl|
< ||un+1 - un” + |'Yn+1 - 'Yn|M1
+(1 = Y ) S I = | T | (15)
where My = sup{||u, — Spun|| : n € N}. Observing that u, = Tz, € dom ¢

and upy1 =T, Tny1 € dom @, we get

1
F(un,y) + ¢(y) — @(un) + 7(3/ = Up, Up — Tp) >0, Yy € C, (16)

n

<y = Un+1, Un4+1 — .’13n+1> >0, vy eC.
Tn+1 (17)

Take y = w41 in (16) and y = u,, in (17), by using condition (A2), we obtain

F(uny1,y) +o(y) — o(tni1) +

Up — Ty, o Up4+1 — Tn+1

<un+1 — Un, > 0.
Tn Tn+1
Thus (Up41 —Un, Uy, —Upt1+Tpt1 — T+ (1— r:L ) (Unt1—2Znt1)) > 0. Without

loss of generality, let us assume that there exists a real number ¢ such that
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rn > ¢,¥n > 1. Then, we have

-
lunsr = wnll® < s = wnll{lenss = zall + 1= = lunss = 2o}
Tn+1
and hence
||un+1 - Un” < ||xn+1 - an + |rn+1 - rn|||un+1 - mn-!-l”
Tn+1
1
< wpgr — 2|l + E|rn+1 — 7| Ma, (18)

where My = sup{||u, — x| : n € N}. Substituting (18) into (15), we arrive at

[Ynt1 = ynll < 2041 — znll + dn (19)
where dy, := L[y 1 =7 | Ma+ 41— My (1= ) S [0 =0 || Tia .
Next, we show that ||x,+1 — 25| = 0. Define the sequence {w,} such that
Tpt1 = Bnn + (1 = Br)wy, n>0.
Observe that from the definition of w,, we obtain

Trnt2 = Pni1Tnir Loyl — Pnln

Wp41 — Wy =

1 - 5n+1 1 - ﬂn
_ 1Y f (Tng1) + ((1 — Bry1)] — an+1A)yn+1
]- - ﬂn—i—l
_ an’Yf(xn) + ((1 - Bn)l - anA)yn
1- /377,
[e770S]
= ———(f(@n+1) — AYnt1)
1- 5n+1
«
+1 _nﬁ (Ayn - ’Yf(xn)) + Yn+1 — Yn-
Thus,
Q41
lwni1 — wall = |0 = Tpp1ll < ——I7f(Tnt1) — AYnt1]]
]- - 5n+1
Qo
Jrl — 3 ”Ayn - ’Yf(xn)” + Hyn-i-l - ynH
—llzn — Tna]
Q41
< v f(@ns1) — Avaaa
]- - 5n+1
v = 3 )| +
By the conditions (C1)-(C5) and taking the limit superior that
limsup(|lwp41 — wall = |Tn41 — 20]) < 0. (20)
n— oo

From 0 < liminf,, o 8, < limsup,,_,., < 1, Lemma 3 and (20), we have

lim ||w, — z,| = 0. (21)

n—oo
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Note that ||zn+1 — zn|l = [|(1 — Bn)wn + Bnn — zn|| = (1 — Bn)l|wn — @nl|, by
(21), we get

n—00

applying (C2)-(C5) in (18) and (19), we obtain lim, e ||tnt+1 — un|| = 0 and
limp, o0 [[Ynt1 — Ynll = 0.
Next, we show that lim,, o ||z, — u,|| = 0. For any p € ©, we have

Hun - p”2 ”TTnxn - TrnPHz S <Trnxn - Trnpa Ty — p> = <un — Dy Tn — p>

1
= 5 lun =Pl + llzn = pI* = llun = 2a®)-

It follow that |ju,, — p||? < ||xn — p||* = ||*n — unl|?. Therefore, we have
|l Zn+1 _pH2 = |lanyf(@n) + Bnrn + (1 = Bu)l — anA)yn _pH2

||Oén(’)/f(.’L‘n) - Ap) + 571(-7771 - p)
+((1 = Ba)I — a A)(yn —p)||2

< anlvf(@n) — Apl* + Bullzn — pl?
+(1 = Bn — an?)llyn — pII?

< anlvf (@) — Apl* + Bullzn — pl?
+(1 = Bn — an?)lun — ||

< anllyf(n) — Ap||2 + Bullzn — p||2

+(1 = Bn — an¥)(lzn —p||2 — |lzn - un||2)
= aulvf(za) = Apl* + (1 — an¥)lls — p?
—(1 = Bn — an¥)|lun — InHz
It follows that

(1= Bn — anYltn — zal® < anllvf(z,) — Ap|?
+(1 = an¥)2n — oI = [|2ns1 — pII?
< anllvf(za) — Ap|?

Fllens1 = zall(lzn = pll + 041 — plD)-
By (C1), (C2) and (22), imply that

lim |lu, — 2,] = 0. (23)
n— o0
Since liminf,,_, o, 7, > 0, we have lim,, ||%|| = lim, oo i”xn —uy|| = 0.
Next, we prove that lim,,_,« ||Spun — un| = 0. We consider

[Zn —ynll < lTn — Zngall + [ Zns1 — ynll
= ||-Tn - -Tn-i-l” + Han’)/f(xn) + ann + ((1 - BN)I - anA)yn - ynH
< Hxn - anrl” + anH’Yf(xn) - Ayn” + Bn”xn - ynHu
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it follows that (1 — B,)||zn — ynll < |20 — Tnaa |l + anl|vf (2n) — Ay, || from (C1),
(C2) and (22), we have

Tl — gl = 0. (24)
We note that
[yn = unll < llyn = Znll + [l2n — unll = 0 as n = oo. (25)
Then, we have
lyn =2l = Ilvntn + (1= 72)Snun — pl®

[ (un = p) + (1 = 7n) (Snun _p)”2
Yo lltin, — pH2 + (1 = vn) [ Sntin — p”2 = (1 =) [t — Snun||2

< Yallun — pH2 + (1 = ) [llun —p||2 + kllun — Snun||2]
_’Yn(l - 7n)||un - SnunH2
< ||un_pH2+(1_'Yn)(k_’Yn)Hun_SnuHFa

it follows that

(1 - ’Yn)('}/n - k)”un - Sn“n“2 <
<

hence from (C5) and (25), we obtain that

nli)n;o [1Sntn — un|| = 0. (26)
Next, we show that
limsup((A —vf)z,z — xp) <0, (27)
n—oo

where z = Po(I — A+ ~f)z, is a unique solution of the variational inequality
(14). We can choose a subsequence {uy, } of {uy,} such that

lim (A —~f)z, 2 — up,) = limsup((A — vf)z, 2 — uy). (28)

k—oc0 n— 00
Since {uy, } is bounded, there exists a subsequence {unkj } of {uy, } such that
Uy, — W Without loss of generality, we can assume that u,, — w. Since C' is
closed and convex, w € C. We first show that w € N, F(T}). To see that we
observe that we may assume that n(nk) —n; (ask — o0) fori=1,2,3,...,N.

i

It is easy to see that ; > 0 and X 7, = 1. We also have
Sp,x — Sz (as k — o0) Vo e C, (29)

where S = ¥ 0, T;. From Lemma 7, S is k-strictly pseudo-contraction and
from Lemma 8, F(S) = NY., F(T;). Since

||unk - Sunk ” < ||unk - Snk:unk ” + HSnku’nk - Sunk ”

tny, — Sntin || + S 0™ = 0| T |

IN
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it follows from (26) and ngn’“) —n; (as k — oo) that

lm ||tp, — Stn,| = 0. (30)
k—o00

Thus, we get Su,, — w. Now, we show that w € MEP(F,¢), Since u, =
T, x, € dom ¢ and (13) it follows from (A2), we also have ¢(y) — o(u,) +
Ly —up, upy — 2,) > Fy,uy,), Yy € C, and hence

Tn

Up,y, — Tn

np

Since u"’;& — 0 and u,, — w, it follows by (A4), (A5) and the weakly lower
n
semicontinuity of ¢ that

F(y,w) +p(w) —p(y) <0, VyeC.

Fort with0 <t <1landye€C,let ys =ty+ (1 —t)w. Since y € C and w € C,
we have y; € C and hence F(y;, w)+ o(w) —o(y:) < 0. So, from (A1), (A4) and
the convexity of ¢, we have

0 = Fyuy)+ o) —eye)
< tE(ye,y) + (1= 0 F(ye,w) +to(y) + (1 — t)p(w) — ¢(y:)
< HF(yey) +e(y) —e(ur))-

Dividing by ¢, we get F(y:,y) + ¢(y) — p(y¢) > 0. From (A3) and the weakly
lower semicontinuity of ¢, we have F'(w, y)+¢(y)—p(w) > 0 for all y € CNdomep
and hence w € MEP(F, ). Next, we show that w € F(S) = ﬂfvzl F(T;). We
defined H : C — C by Hx = kx + (1 — k) Sz for all x € C. Tt is clear that H is
nonexpansive and from (30) we obtain

||unk - Hunk” = Hunk - kunk - (1 - ]{?)S’U,nkH = (1 - k)Hunk - Sunk” —0

as k — oo. From Lemma 1, we have F(H) = F(5) = ﬂfil F(T;). We can
show that w € F(H). Assume that w # Hw. From Opial’s condition and
|Htp, — tn, || — 0, we have

liminf ||u,, —w| < lminf||u,, — Hw|
k—o0 k—o0
= likrninf||(unk — Huy,) + (Huy, — Hw)||
— 00

= liminf||Huy,, — Hw| < liminf ||u,, — w].
k—o0 k—o0

This is a contradiction. So, we have w € F'(S). Therefore w € O. It follows that

lim Supn—>oo<(A7’yf)Za Z*In> = lim Supn—>oo<(A77f)Za Z*Un> = hmk—>00<(A7

)z, 2 — upn, ) = (A —~f)z,z —w) < 0, as required. Finally, we prove that

Xy — z, where z = Po(I — A+ v f)z. From bounded of {z,} and {u,}, we set
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M > ||[vf(xn) — 2||? + || Tpun — 2||[|7f(2n) — Az||. We note that

41 — 2|12
||04n7f(-73n) + Bn®n + ((1 - ﬁn)l - anA)yn - ZH2
1B (zn — 2) + (1 = Bu) ] — anA)(Yn — 2) + an(Vf(20) — Az)”2

< 1Balwn = 2) + (1 = Bu)I = anA)(yn — 2)|?
o {(vf(xn) — Az, Tps1 — 2)

< [Ballzn = 2l + (1 = Br — an)llyn — 27
200 (Vf(Tn) = 7f(2), Tng1 — 2) + 200 (Vf(2) — Az, Tpp1 — 2)

< [Ballzn =2+ (1 = Bn — an¥)[lun — ZH]2 + 20 yal|zy — 2| Tng1 — 2|
200 (7f(2) — Az, Tn41 — 2)

< [Ballzn = 2l + (1 = B — an?)|lzn — 2[I)”

+apya(||z, — Z||2 + |znt1 — Z||2)
20 (7f(#n) — Az, Tns1 — 2)

= (11— an¥)?|zn — 2l” + anya(llz, — 2|2
w1 — z||2) + 200 (v f(20) — Az, 2011 — 2),

which implies that

(1= amya)znss — 212 < (1= aw?)? + anya)lfen — 2|
+205n<’}/f($n) - AZ, Tp41 — Z>,

and hence
[2nt1 = 2|
(1 = 20,7 + @27 + apya)
< | — 21|
(1 - Oén’)/Oé)
2a
A _
Tt (1 Y ) <’Yf($n) 2y Tn41 Z>
2 _ 22
< 1— an O"Y) an”y )Hxn —Z||2
1 — apyQ) (1 — apya)
+ Tp)— Az, Tpi1 — 2
(1 anya )<7f( ) +1 >
(20, (¥ — a)) 0472172
< (1-ConlO @y opry 0T, e
(1 - ayvya) (1 - apya)
2a
+(1 o ’70[) <’Yf( ) ’Yf(z)axn-i-l - Z>
20y,
+ (1f(2) = Az, znp1 — 2)

(1 - an’ya)
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200, (7 — o272
< (1 TGl e ol s =l
(1 - apvya) (1 — anya)
2ayan 20y,
T—amay 1o~ #lMllewn =2+ G5 25 07(2) = Az i =
+(1 7%70[)”% z||||@ng1 — 2]l + T ara) (7 f(2) — Az, 2pi1 — 2)
= (1=m)llzn — 2% + 6,
20, « « v
where g = 2 and b, = (28 e — 2P+ e e — = s -
z|| + m(’)’f( z) — Az, 241 — 2z). From (C1), then 22,4, = oo and by

% < 0. Hence, by Lemma 2, the sequence {z,}

converges strongly to z. Moreover, since ||z, — u,| — 0, we also have u,, — z.
The proof is complete.

(27), we obtain limsup,, .,

Corollary 1. [22, Theorem 3.1] Let H be a real Hilbert space, C a nonempty
closed convex subset of H. Let F: C x C — R be a bifunction satisfying (A1)-
(A5) and let ¢ : C — R U {+o00} be a proper lower semicontinuous and convex
function such that C Ndome # 0. Let T; : C — C be a k;-strictly pseudo-
contraction for some 0 < k; < 1 such that © := ﬂfil F(T;)N MEP(F,p) # 0
and let f be a contmction of H into itself with coefficient o € (0,1). Assume that

for each n, {77Z N | is a finite sequence of positive number such that X 1771(71)

1 for alln andni )>0f0rall1§z<N. Let k = max{k; : 1 <i < N}. Assume

that either (B1) or (B2) holds. Starting with an arbitrary ©1 € H,u, € C and
define the sequences {x,} and {u,} by

1
F(un,y) +¢(y) — o(un) + 7(@/ — Up,Up — Tp) >0, Vy el

Yn = Tnln + (1 - 'VH)EN 1771( )Tun
Tn4+1 = oznf(l‘n) + Bnan + (1 = Bn — an)ym (31)

where {an}, {Bnt, {1}t C[0,1] and {r,} C (0,00). If the sequences {cn}, {Bn},
{n} and {r,} satisfies the conditions (C1)-(C5) in Theorem 1. Then {x,} and
{un} converge strongly to z, where z = Po(f)z.

Proof. Taking A =1 and v = 1. By Theorem 1, the sequence {z,} converges
strongly to z = Po(f)z.

Corollary 2. [22, Theorem 3.2] Let H be a real Hilbert space, C a nonempty
closed convex subset of H. Let F: C x C — R be a bifunction satisfying (A1)-
(A5) and let ¢ : C — R U {+o0} be a proper lower semicontinuous and convex
function such that C Ndome # 0. Let T; : C — C be a k;-strictly pseudo-

contraction for some 0 < k; < 1 such that © := ﬂf\’ L F(T;) N MEP(F, ) # 0.
Assume that for each n, {nZ } Y, 18 a finite sequence of positive number such
that XN 177( =1 for all n and ngn) >0 for all 1 <i < N. Let k = max{k; :

7

1< i< N} Assume that either (B1) or (B2) holds. Starting with an arbitrary
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x1 =u € H,u, € C and define the sequences {x,} and {u,} by

1
F(urwy) + Qp(y) - @(un) + 7<y — Up, Up — ZL’n> > 07 Vy eC

n

Yn = Ynln + (1 - ’Vn)zzjiﬂh(n)Tzun
Tpy1 = Oplh + BTy + (1 — B — an)yna (32)

where {an}, {Bn},

{m} € [0,1] and {rn} C (0,00). If the sequences {an},{Bn},{m} and {r,}
satisfies the conditions (C1)-C(5) in Theorem 1. Then {x,} and {u,} converge
strongly to z, where z = Pgu.

Proof. If setting f(z,) = u for all z € C, by Theorem 1, we obtain that the
desired result.

Theorem 2. Let H be a real Hilbert space, C' a nonempty closed convex subset
of H. Let F : C x C — R be a bifunction satisfying (A1)-(A5) and let ¢ :
C — R U {+oo} be a proper lower semicontinuous and convex function such
that CNdomp # 0. Let T : C — C be a k-strictly pseudo-contraction for some
0 <k <1 such that © :== F(T) N EP(F,p) # 0 and let f be a contraction of
H into itself with coefficient o € (0,1). Assume that either (B1) or (B2) holds.
Let A be a strongly positive bounded linear operator with coefficient 7 > 0 and
0 <y <2 Let{xn} and {u,} be the sequences generated by x1 € H,u, € C
and
Fun,y) + o(y) — p(un) + ri<y — Up, Up — Tp) >0, Yy e C

Tny1 = QY f(2n) + Batn + (1 — Bu)l — anA)yn, (33)

for all n € N, where u, = T, (x, — rnBxy), {an}, {Bn}, {m} C [0,1] and
{rn} C (0,00). If the sequences {a, },{Bn}, {1} and {r,} satisfies the following
conditions (C1)-(C8) and (C5) for some a,b,c,d € R. Then {x,} and {u,}
converge strongly to z, where z = Po(I — A + ~vf)z, which solves the unique
solution of the variational inequalities (14), which is the optimality condition
for the minimization problem (8).

Proof. Fori=1,2,3,... ,N,and set Ty =1} = ... =Txy =T by theorem 1,
we obtain the desired result.
Put v, =0, for all n € N, we have the following corollary:

Corollary 3. Let H be a real Hilbert space, C' a nonempty closed convex subset
of H. Let F : C x C — R be a bifunction satisfying (A1)-(A5) and let ¢ :
C' — RU{+o0} be a proper lower semicontinuous and convex function such that
CnNdomp #0. Let T : C — C be a k-strictly pseudo-contractive mapping for
some 0 < k < 1 such that © := F(T)NEP(F,¢) # 0 and let f be a contraction
of H into itself with coefficient oo € (0,1). Assume that either (B1) or (B2)
holds. Let A be a strongly positive bounded linear operator with coefficient > 0
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and 0 < v < g Let {z,} and {u,} be the sequences generated by x1 € H and
Uy € C,

1
F(un,y) + ¢(y) — @(un) + 7(?/ — Up,Up — Tp) >0, Vy €C

n

Tn41 = O‘n'Yf(xn) + Bnxn + ((1 - ﬂn)I - O‘TLA)TUM (34)

for all n € N, where u, = Ty, (x, — rnBxyn),{an}, {8} C [0,1] and {r,} C
(0,00). If the sequences {ay},{Bn} and {r,} satisfies the following conditions
(C1)-(C3) and (C5) in Theorem 2. Then {x,} and {u,} converge strongly to z,
where z = Po(I — A+ v f)z, which solves the unique solution of the variational
inequalities (14), which is the optimality condition for the minimization problem

(8).

Remark
(1) If we take 8, = 0 for all n € N then the iterative scheme (34) reduces to
the following scheme:

1
F(un,y) + o(y) — o(un) + r<y — Up, Up — Tp) >0, Vy € C

n

Tnt1 = anVf(@n) + (1 — anA)Tun, (35)

which extend and improve Theorem 3.1 of Plubtieng and Panpaeng in [16] from
EP(F) to MEP(F,p)

(2) If we take ¢ = 0 in Corollary 3, the iterative scheme (34) reduces to the
following scheme:

1
F(un7y)+ r<y_unaun _mn> >0, VyeC

n

which is a modification of the iterative scheme in the previous results, and by
Corollary 3, we obtain strong convergence of the sequence {x,} generated by
(36) under some sufficient conditions.

(3) If we take 8, = 0, for all n € N then the iterative scheme (36) reduces
to the iterative scheme in Theorem 3.1 of Plubtieng and Panpaeng in [16] from
nonexpansive mappings to more general k-strictly pseudo-contractions in Hilbert
spaces.

(4) If v = 1 and A = I then the iterative scheme (36) reduces to Theorem
3.2 of S. Takahashi and W. Takahashi [18] from nonexpansive mappings to more
general k-strictly pseudo-contractions in Hilbert spaces.
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