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A GENERAL ITERATIVE METHOD BASED ON THE
HYBRID STEEPEST DESCENT SCHEME FOR VARIATIONAL
INCLUSIONS, EQUILIBRIUM PROBLEMS'
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ABSTRACT. To the best of our knowledge, it would probably be the first
time in the literature that we clarify the relationship between Yamada’s
method and viscosity iteration correctly. We design iterative methods
based on the hybrid steepest descent algorithms for solving variational
inclusions, equilibrium problems. Our results unify, extend and improve
the corresponding results given by many others.
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1. Introduction

Let H be a real Hilbert space with the inner product (-, -) and the norm || - ||,
respectively. T : H — H is nonexpansive if | Ta—Ty|| < ||z—y| for all z, y € H.
The set of fixed points of T is the set Fix(T) := {z € H : Tx = x}. Let C
be nonempty closed convex subset of H, and 2 denotes the family of all the
nonempty subsets of H.

Let A: H — H be a single-valued nonlinear mapping, and let M : H — 21
be a set-valued mapping. We consider the following variational inclusion, which
is to find a point u € H such that

0 e A(u) + M(u), (1)

where 6 is the zero vector in H. The set of solutions of problem (1) is denoted by
I(A,M). If A =0, then problem (1) becomes the inclusion problem introduced
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by Rockafellar [18]. If H = R™, then problem (1) becomes the generalized equa-
tion introduced by Robinson [19]. It is known that (1) provides a convenient
framework for the unified study of optimal solutions in many optimization re-
lated areas including mathematical programming, complementarity, variational
inequalities, optimal control, mathematical economics, equilibria, game theory,
and so forth. Also various types of variational inclusions problems have been
extended and generalized (see [1] and the references therein.)

Let F be a bifunction from C' x C to R, where R is the set of real numbers.
The equilibrium problem for F: C x C — R is to find z € C such that

F(z,y) >0, VyeC. (2)

The set of solutions of (2) is denoted by EP(F'). The problem (2) is very general
in the sense that it inclues, as special cases, optimization problems, variational
inequalities, minimax problems, Nash equilibrium problem in noncooperative
games, and others; for more details (see [3]).

Recall that a mapping f : C' — C'is called contractive if there exists a constant
B € (0,1) such that

Ifz = fyl < Bllz —yl, Va,yeC.

Moudafi [12] introduced the viscosity approximation method for nonexpansive
mapping. Let f be a contraction on H, starting with an arbitrary initial o € H,
define a sequence {x,} recursively by

Tn4+1 = Oénf(xn) + (1 - an)Txna n Z 07 (3)

where {a, } is a sequence in (0,1). Xu [23] proved that under certain appropriate
condition on {a, }, the sequence {x,,} generated by (3) strongly converges to the
unique solution z* in C of the variational inequality

(I-fla*yz—a*) >0, forzeC

where C = Fix(T).
In [22], sequence {z,} defined by the iterative method below with the initial
guess g € H chosen arbitrarily,

Tpt1 = apb+ (I — an,A)Tx,, n >0,

where A is strongly positive bounded linear operator. That is a constant ¥ > 0
with the property
(Az,z) > 7||z||?, Vz € H.
Marino and Xu [13] consider the following general iterative method:
Tnt1 = apyf(zn) + (I — ayA) Tz, n >0,
it is proved that if the sequence {«,,} satisfies appropriate conditions, then the
sequence {x,} converges strongly to the unique solution of the variational in-
equality
(vf—-A)z,x2—%) <0, z€C,
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Some methods have been proposed to solve the variational inclusion, equilib-
rium problem; see, for instance, [14] [17] and the references therein. Recently,
S. Plubtieng and W. Sriprad [17] introduced the following iterative scheme for
finding a common element of the set of solutions to the problem (1), the set
of solutions of an equilibrium problem, and the set of fixed points problem of
nonexpansive mappings in Hilbert space. Starting with z; € H, define sequence

{zn}, {yn} and {u,} by
F(unay) + L<y — Up, Un — zn> >0, Vye H,

Tn

Tpt1 = anYf(xn) + (I — @y B)Spyn, (4)
Yn = Jua(un — AMuy), Yn >0,

for all n € N, B is a strongly positive bounded linear operator, where A € (0, 2a],
{an} C [0,1], and {r,} C (0,00), {S,} is a sequence of nonexpansive mappings
on H. They proved that under certain appropriate conditions imposed on {a,}
and {r,} ,the sequences {x,}, {y,} and {u, } generated by (4) converge strongly
toz €y F(Sn)NI(A, M) EP(F), where z = Po(I — B+ ~f)(2).

A mapping T : C — H is said to be k-strictly pseudo-contractive if there
exists a constant k € [0,1) such that

| T — Tyl < lle — y|> + k(I = T)x — (I — Ty, Va,y € C.

Note that the class of k-strictly pseudo-contractions strictly includes the class of
nonexpansive mappings. That is, T' is nonexpansive if and only if T" is O-strictly
pseudo-contractive. It is also said to be pseudo-contractive if £k = 1. Clearly,
the class of k-strictly pseudo-contractions falls into the one between classes of
nonexpansive mappings and pseudo-contractions.

Lots of methods have been proposed to solve the equilibrium problem and
fixed point problem; see, for instance, [8] [9] [11] [15] [16] and the references
therein. In [11], Ying Liu introduced the following iterative scheme. Let S be a
k-strictly pseudo-contractive nonself mapping, B be a strongly positive bounded
linear operator, 1 € C' and let {x,} be generated by

F(tn,y) + 5=y = tUn, tn — ) >0, Vy €C,
Yn = ﬂnun + (1 - ﬁn)sun;
Tna1 = anyf(zn) + (I — apnB)yn, Yn €N,

Under suitable conditions, they proved that the sequence {x,,} converge strongly
to the unique solution of the variational inequality

(B=~f)g,p—q) >0, Vpe F(S)NEP(F).

On the other hand, Yamada [24] introduced the following hybrid iterative
method for solving the variational inequality

Tpy1 = Txp — pr F(Txy), n >0,

where F' be a k-Lipschitz and n-strongly monotone operator on H with & > 0,
n>0and 0 < u < 2n/k?, then he proved that if {\,} satisfies appropriate
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conditions, the sequence {z,} converges strongly to the unique solution of the
variational inequality
(Fz,x —%) >0, z€C.
Very recently, Tian [20] proposed a general iterative method for nonexpansive
mappings that contains algorithms defined by Marino, Xu and Yamada:

Tnt1 = anVf(2n) + (I — pa, F)Tay,, n> 0.

To the best of our knowledge, it would probably be the first time in the lit-
erature that we clarify the relationship between Yamada’s method and viscosity
iteration correctly. Then extend and generalized the iterative method introduced
by Tian [20] and consider the following general iterative method:

F/(un7y) + %ﬂ<y — Un, Up — xn) >0, Vvyel

Yn = JMA,)\(un - )\A’U,n),

Zn = BnYn + (1 - Bn)Tyru

Tn+l = O‘n')/g(xn) + (I - ManF)Zna Vn €N,
for all n € N, where A € (0,2a], {a,} C [0,1], and {A\,} C (0,00); where
g is K-Lipschitz mapping on H with coefficient K > 0, F' is L-Lipschitzian
and 7-strongly monotone operator, and T be a k-strictly pseudo-contractive
nonself mapping. Under suitable conditions, some strong convergence theorems
for approximating to this common elements are proved.

2. Preliminaries

Throughout this paper, we always assume that C' is a nonempty closed subset
of a Hilbert space H. We write z,, — z to indicate that the sequence {z,}
converges weakly to z. x, — x imply that {x,} converges strongly to . We
denoted by N and R the sets of positive integer and real numbers, respectively.

In a Hilbert space H, it is well known that for all z,y € H and A € [0, 1],
there holds

Az + (1= Nyl = Az ]* + (1 = Nyl = A1 = N)]lz - yl*

For any x € H, there exists a unique nearest point in C, denoted by Pox, such
that || « — Pez ||<|| z — y ||, Yy € C. Such a Pg is called the metric projection
of H onto C. It is known that P¢ is nonexpansive. Furthermore, for x € H and
u 1nC,

u=Pox <= (z —u,u—y) >0, VyeC. (5)
It is easy to see that (5) is equivalent to
lz = ylI* > llz — ul® + lly —ul®, VzeH, yeC.

It is also known that H satisfies Opial condition [21], that is, for any sequence

{zn} C H with z,, = x, as n — oo, the inequality

liminf ||z, — 2| < liminf ||z, — y||,
n—oo n—o0

holds for every y € H with y # x.
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For solving the equilibrium problem for a bifunction F' : C x C — R, let us
assume that F' satisfies the following conditions:

(Al) F(z,z) =0, VzeC;
(A2) F is monotone, that is, F(z,y) + F(y,z) <0, Vz, y€ C;

(A3) for each z, y, z € C,
. B < .
lim F(tz + (1 = t)a,y) < F(z,y);

(A4) for each x € C, y+ F(z,y) is convex and low semicontinuous.

Recall that a mapping A : H — H is called a-inverse strongly monotone, if there
exists an o > 0 such that

(Az — Ay,x —y) > af| Az — Ay|]®, Vo, y € H.

Let I be the identity mapping on H. It is well known that if A: H — H is an
a-inverse strongly monotone, then A is é—LipSChitZ continuous and monotone
mapping. In addition, if 0 < A < 2a, then I — AA is a nonexpansive mapping.

A set-valued M : H — 2 is called monotone if for all z, y € H, f € Mz
and g € My imply (z —y,f —g) > 0. A monotone mapping M : H — 2
is maximal if its graph G(M) := {(z,f) € Hx H | f € M(x)} of M is not
properly contained in the graph of any other monotone mapping. It is known
that a monotone mapping M is maximal if and only if for (z,f) € H x H,
(x —y, f—g) >0 for every (y,g9) € G(M) implies f € M.

Let the set-valued mapping M : H — 27 be maximal monotone. We defined
the resolvent operator Jjs,» associated with M and A as follows:

Jur(u) = (I +AM) " (u), Yuc H, (6)

where ) is a positive number. It is worth mentioning that the resolvent operator
Jum,n is single-valued, nonexpasive, and l-inverse strongly monotone, see for
example [5] and that a solution of problem (1) is a fixed point of the operator
Jua(I — AA) for all A > 0, see for instance [10].

The following lemmas are useful for our paper.

Lemma 1. ([6]) Let F be a bifunction from C x C into R satisfying (A1)-(A4).
Then, for any r > 0 and x € H, there exists z € C such that
1
F(z,y)—l—;(y—z,z—x) >0, Vyed.
Further, if
1
Trx:{zGC:F(z,y)—&—;(y—z,z—@ >0, Yy € C},

then the following hold:
(1) T, is single-valued;
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(2) T, is firmly nonexpansive, that is, for any x, y € H,

| Tre — Tyl < (Trx — Ty, —y), Vo, y € H;
(3) F(T,) = EP(F);
(4) EP(F) is closed and convex.

Lemma 2. ([25]) If S : C — H is a k-strict pseudo-contraction, then the fived
point set F(S) is closed convex so that the projection Pp(g) is well defined.

Lemma 3. ([4]) Let S : C — H be k-strict pseudo-contraction. Define T :
C — HbyTex =X x+ (1— NSz for each x € C. Then, as X € [k,1), T is a
nonezpansive mapping such that F(T) = F(S5).

Lemma 4. ([7]) In a Hilbert space H, there holds the inequality:

lz+yl* < llel* + 2(y. 2 +y), Va, y € H.

Lemma 5. ([5]) Let M : H — 2 be a mazimal monotone mapping and A :
H — H be a Lipschitz continuous mapping. Then the mapping S = M + A :
H — 2" is a mazimal monotone mapping.

Remark ([14]) Lemma 2.5 implies that I(A, M) is closed and convex if M :
H — 2" is a maximal monotone mapping and A : H — H be an inverse strongly
monotone mapping.

Lemma 6. ([21]) Assume {a,} is a sequence of nonnegative real numbers such
that
ant+1 < (1 —yp)an + 6, n >0,
where v, is a sequence in (0,1) and {6, } is a sequence in R such that
(1) 2211 Yn = OQ;
(2) imsup,, oo On/7m <0 0r > 07 |8, |< .
Then lim,,_yoo a, = 0.

Lemma 7. ([20]) Let H be a Hilbert space, f : H — H a contraction with
coefficient 0 < o < 1, and F is k-Lipschitz continuous operators and n-strongly
monotone operator with k > 0, n > 0. Then for 0 <y < un/a,

(@ =y, (WF =7 )z = (uF =7 f)y) > (un —~a)llz —y|*, Vz, y € H.
That is, uF — v f is strongly monotone with coefficient un — ya.

Lemma 8. ([2]) Let H be a Hilbert space, K be a closed convex subset of H. For
any integer N > 1, assume that, for each 1 <i < N, T; : K — H is a k;-strictly
pseudo-contractive mapping for some 0 < k; < 1. Assume that {n;}}, is a
positive sequence such that Zfil n; = 1. Then Zi\; n;T; is a non-self-k-strictly
pseudo-contractive mapping with k = max{k; : 1 <i < N}.

Lemma 9. ([2]) Let {T;}Y., and {n;}}, be given as in Lemma 2.9. Suppose
that {T;}X_, has a common fized point in K. Then F(Zf\;l niT;) = NN, F(T;).
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3. Main results

Throughout the rest of this paper, we always assume that g is a K-Lipschitz

mapping on H with coefficient K > 0, and F is L-Lipschitz and 7-strongly
monotone operator on H with L > 0, 5 > 0. Let T : C — H be k-strict
pseudo-contractive nonself mapping. Let A : H — H be a a—inverse strongly
monotone mapping, M : H — 27 be a maximal monotone mapping and let
Jarx be defined as in (6). Let 0 < pu < 2n/L?, 0 <y < u(n — ”TLQ)/K =7/K.
Let {T),} be a sequence of mappings defined as Lemma 1. Define a mapping
Sp: C — H by Sp,x = Bz + (1 — 8,)Tx, Vo € C, where 5, € [k,1). Then,by
Lemma 3, S,, is nonexpansive and F(S,) = F(T).
Proposition. Let H be a real Hilbert space, let S be a nonexpansive mapping
on H. Let F be a L-Lipschitz and n-strongly monotone operator on H with
L>0,7>0and 0 < pu < 2n/L? then Yamada’s method: ¢y € H arbitrarily,
Tnt1 = (I — pan F) Sz, belongs to the viscosity iteration method.

Proof. We make a transformation
Tn+1 = (I — po, F) Sz, — ap Sy, + @ Sxy
=an(I — pF)Szy, + (1 — ay)Szp,
let T = (I — uF)S, then for Va, y € H, we have

|Tw = Tyl = (I = uF)Sz — (I - uF)Sy|
k2
< [1 = uln = B )lle — gl

So T is a contraction, hence Yamada’s method is also a viscosity iteration. [

Theorem 1. Let H be a real Hilbert space, let F' be a bifunction from H x H —
R satisfying (A1)-(A4) and let T : C — H be a k-strict pseudo-contractive
mapping. Let A: H — H be a a-inverse strongly monotone mapping, M : H —
2 be a mazimal monotone mapping such that Q.= F(T)NEP(FYNI(A, M) #
0. Let g be a K-Lipschitz mapping on H with coefficient K > 0 and let F' be
L-Lipschitz and n-strongly monotone operator on H with L > 0, n > 0 and
0<p<2n/L? 0<~vy<pln— “52)/1{ =7/K. Let {x,} be sequence generated
by 1 € H and

F'(un,y) + ,\%L<y — Up, Up — Tn) > 0,Vy € C
Yn = JM,)\(un - )\Aun), (7)
Zn = BnYn + (1 - Bn)Tyna
Tnt1 = apyg(xyn) + (I — pa, F)z,,Vn € N,
where wy, = T, Tn, 2n, = Snyn, A € (0,2a]. If {an}, {Bn} and {\,} satisfy the
following conditions:
(1) {an}t C(0,1), lim, oo =0, > 07 ay =00 and Y0 g1 —ay| <
05
(i) 0<k<Bn<A<1limp oo Bn=Aand > .7 |Bns1 — Bnl| < 00;
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(ii)) {An} C (0,00), iminf, oo Ay >0 and > 07 1 [Aps1 — An| < 00.
Then, {x,} converges strongly to a point z € Q := F(T)NEP(F')NI(A, M),
which solves the variational inequality:
(g —pF)z,x —2) <0, VoeQ. (8)
Equivalently, z = Po(I +vg — uF)z.

Proof. Take v € F(T)N EP(F')NI(A,M) = Q. Since u, = T, x,, and
v =T»,v, then, from Lemma 1, we know that, for any n € N,

[un = vl| = |Tx, 20 = Tx, 0l < [lan — o] (9)

We note from v € Q that v = Jy a(v — AAv). As I — AA is nonexpansive, we
have

[yn — vl = [T (un — Aug) — Jna(v — AAv)|
< wn — AAuy) — (v — AAv)|
< lun =
< lzn —vll-
Further, since S,v = v, we have
2n = vll = [1Snyn — Spvll < llyn — vl < [lun — 0|l < [lzn — vl

Then, we have

[2nt1 = vl = lanyg(zn) + (I — pon F)zn —
= |lan(vg(zn) — pFv) + (I — pon F)zy — (I — poy F)o||
< anllvg(en) — pFoll+ (1 = an7)|2n — 0|
< anlly(g(@n) — 9(v) + (v9(v) — pFo)|| + (1 — anT)||2n — o
< anyKl|zn — ol + anllvg(v) — pFoll + (1 = an7)|lzn — vl
= (1= an(r =7K))||zn — vl + anllvg(v) — pFol|

[vg(v) — pFvll}.

1
< max{||z, — v, P——e
(11)

It follows from (11) and induction that

[£n = vl < max{[|lz; — o],

— uF N.
i 9W) = pFul} me

Hence {z,} is bounded and therefore {u,}, {yn}, {zn}, {9(xn)}, {Aun}, {Fz,}
are also bounded.
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Next, we show that ||x,+1 — zn| = 0, as n — co. We have
[@nt1 — 2|l = [lanyg(zn) + (I — panF)zn — an-179(zn-1)
— (I = pon—1F)zn ||
= [lanv9(@n) — anvg(Tn-1) + anyg(Tn-1) — An-17g(Tn-1)
+ (I —ponF)zn — (I — ponF)zn—1+ (I — panF)zn-1
— (I = pon—1F)zn ||
< anllg(@n — g(zn-1))ll + lan — an-1|yllg(zn-1)ll
I = panF)zn — (I = ponF)zn-1| + |an — an—1|pl|Fzn—1 |
< anYK|[#n — Zpa || + |an — an1|Ki + (1 — anT)llzn — 201l
where K1 = sup{7y||g(z,)| + pl|Fz.] : » € N} < co. On the other hand, we
note that
[2n = zn-1ll = ISnyn — Sn—1yn—1]|
< Hsnyn - nynle + HSnynfl - Snflynle
< yn = yn—all + |Snyn—1 — Sn—1yn—1]|
S Bnyn—1 + (L= Bn)Tyn—1 — (Brn-1yn—1 + (1 = Bn-1)Tyn—1)|l
+lyn — Yn-1l
<|[yn = Yn—1l| + [Bn — Bu—1| Kz,

where Ky = sup{|lyn, — Tyn|l : n € N} < co. Since I — AA is nonexpansive, it
follows that

Yn = yn—1ll = | Taa(un — AAun) = Iva(tn—1 — AMup—1)|
< up — Auy) — (up—1 — Mu,—1)|| (14)

< Hun —Up—1]|-

(13)

From u,, =T\, x, and up+1 = T, ., Tn+1, We have

n+1
F(ung1,y) + )\71@/ — Upt1,Uns1 — Tpg1) > 0, Vy e C, (15)
n+
and
1
F(un,y) + 5=y = tn,un = wn) 20, Vy € C. (16)

Putting y = u, in (15) and y = u,41 in (16), we have

F(un+17un) + <un - un+17un+1 - xn+1> Z Ou

An+1

and

1
F(un, upy1) + /\—(unﬂ — Uy Uy, — Tpy) > 0.
n

So, from (A2) we have
Up — Tp, Un4+1 — Tn+1

(Upt1 — Unp, N — - y > 0.
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Since lim,,_yoo A, > 0, we assume that there exists a real number a such that
An > a > 0 for all n € N. Thus, we have

An

7)(un+1 - xn+1)>

||un+1 - unH2 S <un+1 — Un,Tn+1 — Tn + (1 - )\
n+1

An

< unt1 = unl[{llTns1 — zal + 1 - b\ [[unt1 — Zns1ll},
n+1
and hence

1
lunsr — tnl| < (| Tng1 — 20l + )\7|)‘n+1 = Anllltngr — ol
n+1 (17)

1
< #nt1 = @all + a\)\nﬂ — | K,

where K3 = sup{||un, — || : n € N} < co. From (12) we have

|Tn1 — 2nl| < anyK||2n — 2p_ 1| + | — an—1| K1 + |Bn — Bn-1]| K2
+ (1 = onT)llyn = yn-1ll

< apyK||xn — X1 + |an — an—1|K1 + |Brn — Brn-1|K2
+ (1= an7)llun — tn—1]|

< anyK|zy — zpo1 |l + [an — an—1|K1 + |Bn — Bn-1|Ka
K
+ 73|/\n — A1+ (1 —anT)||Tn — Tt
< (= an(r —vK) |20 — Tn—1l|
+ Ky(lon — an—1| + [Bn — Bu—1| + [An — An=1l)s

where Ky = max{K;, Ko, %} Hence, by Lemma 7, we have ||2,11 — 2, | — 0,
asn — oo. From (17) and |Ap+1 —An| — 0, as n — oo we have ||up41 —un| — 0,
as n — oo. Moreover, we have from (14) that ||yn+1 — ynl| — 0, as n — oo.
From (13) we have ||zp4+1 — 2zn|| = 0, as n — oo.

Now, we prove that for any given v € Q, ||Au,, — Av|| = 0, as n — oo. It
follows from Lemma 1 that

[un —v||* = | Ty, 20 — T, v|*
S <T)\nxn - T)\nU,xn - U>
= (Up — U, Ty, — V)
1

3 ln = vl + flwn = 0[* = flwn = unl®),

So, we have

”un_UH2 < ||$n_UH2_ Hxn_unn2 (18)
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Therefore, we have
[#n+1 = ol* = llan(vg(@n) = uFv) + (I = panF)zn — (I — pan F)v|)?
< (1= anm)?llzn = v||* 4+ 2an(yg(xn) — pFv, Tny1 — v)
< (1= an7)?|lyn — oll* + 200 (vg(xn) — pFo,2n 41 — v)
< (1= an7)?(lyn = vl* + 2an7(9(zn) — g(v), Tnt1 — v)
+ 20 (vg(v) — pFv, Tpy1 —v)
< (1= an7)?|lyn — oll* + 2007K |20 — vl [€nt1 — ol
+ 2anlvg(v) = pFo|||zn 1 — vl (19)
< (1= an7)?|lun = v|? + 200y K||lzn — vlll|znt1 — v]|
+ 2an|lvg(v) — pFo||lznsr — vl
< (1= an7)?(|lzn = vl* = lzn — un|?) + 2anyK|lzn — ol[€nt1 — |l
+ 2an[lvg(v) — pFvll[|zni1 — vl
< (1= anm)*(len = vl|* = llzn — unl?) + anyKllzn — o|?
+ anvK ||en+1 = ol + 2an|l7g(v) — pFo||zn+1 — o,
and hence
(1= ant)2lzn = wnll? < anr?ln — ol]® + 20nllyg(®) — pFollllznss — o
+ anvK||zn = ol + (|20 = v]|* = [lznt1 — o]*)
< anr?lzn — vl + 20nllvg(v) — pF o l2ns1 — vl
+ l|znt1 — zall([zn — vl + |01 —v])
+ anyK||zn — v]|.
Since {z,} is bounded, o, — 0 and ||xn4+1 — z,]| — 0, as n — oo, it follows
that ||z, — un|| = 0, as n — oo.
Put My = sup{|vg(v) — uFvl|/||xn, — v|| : n € N}, it follows from (19), the
nonexpansive of Jys » and the inverse strongly monotone of A that
lZnt1 = vl < (1 = ant)?lyn — o|* + 200 7K |20 — vll|z0t1 — v]| + 200 M,
< (1= an)?||(un — Muy,) — (v — MNAV)||* + 20, M
+an VK (|2 — v])? + [lzngs — of*)
< (1= an)?(JJun — v||* + AA = 20) || Auy, — Av||?) + 200, My
+an VK (2 — v])? + [lzngs — of*)
< (1= an)?||zn — 0] + (1 = an7)? A\ = 20) || Ay, — Av|)?
+ an YK (|2 — v||* 4 |20 — v||?) + 200, M,
< (1 —an(2r —9K) + (O‘nT)Q)”xn - v”2 + an VK [|2p41 — U||2
+ 20, My + (1 — a, 7)2 A\ — 20) || Au,, — Av||?
< lzm —v)2 + (1 = an)?A(\ — 20a) || Au,, — Av||?

+ 20, My + YK || Ty 1 — v]|* + anT? ||z — v]|?,
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and hence
(1 — an7)?A(2a — V|| Aun — Av)|? < ant?||zn — v)|2 + anvK ||zt — ||
+ (lon = oll® = llzns1 — oll?) + 200 My
S ant?l|lzn = vf* + anvK [[2ns1 — of®
Fl[zn+1 = znll(ln = ol + [|2n+1 = ©]))
+ 2a0n, M7 .

Since o, — 0 and ||z,+1 — x,|| — 0, as n — oo, we have ||Au, — Av|| — 0, as
n — oo.
Since Jjs,y is 1-inverse-strongly monotone and I — XA is nonexpansive, we
have
llyn — vl = [ITa1,2 (un — AMup) = Jara (v — AAw) |2
< ((un — Auyn) — (v — AAV), yn — V)

%{Il(un = Aun) = (v = AA) |1 + flyn — ]}
1
= 50 = A4v) = (yn — )

1
5 Ulun = vl +llyn = vll* = llun = yn — A(Aun — Av)||?}

IN

1
5 Ulum — 0l + llyn — ol = llun — ynll}

1
+ 2X(un — Yn, Aup — Av) — iAQ\\Aun — Av|)%
Thus, we have

lyn — U||2 < Hun - v||2 — [Jun — yn||2 + 2\ (un, — Yn, Aty — AU>
— )\2||Aun — A’U||2.

From (9), (20) and (19), we have

lnt1 = vl2 < (1 = an7)?llyn — oll? + 207K 120 — vl l2ns1 — ol + 200 My

< (1= ant){llun — o2 = Jun — yal® + 2\{un — yn, Aun — Av)}
— (1= an)222 | Aun — Av| + 203Kl — vllllzns — o]
+ 2a, M1

< (A= ant)?llzn — ol = (1 = an7)?|lun — ynll® + 20n M
— (1 — an7)?22|| Auy, — Avl?
+anyK(|lzn = v)|? + [eni1 —ol?)
+2(1 — an7)?Aun — yn, Au, — Av)

= (1 = an(27 = 7K) + (an7)?)l|lzn = v]1* = (1 = an7)*lun — yall®
— (1 — an7)?X?||Aun — Av||? + anyK||zns1 — v||? + 2an M
+2(1 — an7)®AMun — yn, Au, — Av)

< llen = v)? + ant?|lzn —ol? = (1 = ant)[lun — ynl|® + 200 M
— (1 — an7)? 22| Aup, — Av||? 4+ an YK ||l2ne1 — o2
+2(1 — an7)?AMun — Yn, Aun — Av).
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Thus, we obtain

(1 — anT)?[Jtn — Ynll? < anT?||zn — v||* + 2(1 — @n7)* Mty — Yn, Auy, — Av)
— (1 — a,7)? N2 Auy, — Av||? + 20, My
T an K znss — ol + (ln — ol = 2ns1 — v]?)

< anT?|zn — v 4+ 2(1 — ) My — Yn, Au, — Av)
— (1 = a,7)? N2 Auy, — Av||? + 200, My
+llznt1 = znll(l2n — ol + 202 = ol))
+ an YK || Tyt — v|?
Since a,, — 0, ||zp+1 — x| — 0 and ||Au, — Av|| — 0, as n — oo, we have

ltn — ynll = 0, as n — oc.
Notice that

Tny1 = an’}/g(mn) + (I - ManF)Snyna
we have

Hmn - nynH S ||xn - Snynfln + ||Snyn71 - SnynH
S Oén—l”’}/g(xn—l) - /JFSn—lyn—ln + H‘S’n—lyn—l - Snyn—l‘l

+ [[yn—1 = Ynll
< an,1||’yg(mn,1) - ,UIFSnflynfln + |Bn - 6n71|||yn71 + Tynle
+|Yn-1 = Ynll-

Since a,, — 0, |Bn — Bn-1] — 0 and ||yn+1 — ynl| — 0, as n — oo, we have
|z — Snyn|l = 0, as n — co. Moreover, we note that

15nyn = ynll < [1Snyn = 2nll + 20 = unll + lun = yall

From ||z, — u,|| = 0 and ||u, — yn|| — 0, as n — oo, we have ||S,y, — yn|| — O,
as n — 0o.
Next we show that

limsup((yg — pf)z,zn — 2) <0,

n—oo

where z = Po(I+7vg— puF')z is a unique solution of the variational inequlity (8),
we choose a subsequence {x,,} of {x,} such that

lim ((yg — pF)z,xp, — z) = limsup{(yg — uF)z,z, — 2).
71— 00 n—oo
Since {uy,} is bounded, there exists a subsequence {unJ} of {uy,} which
converges weakly to x. Without loss of generality, we can assume that u,, — z,
as i — oo. From ||u, — yn|| — 0, as n — oo, we obtain y,,, — x, as i — oo.
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Let we show x € F(T). Assume z ¢ F(S,). Since y,, — z, as i — 0o, and
x # Spx, it follows from the Opial condition that

liminf ||y, — z| < liminf ||y, — Spx||
< lminf([[yn, — Snyn, | + [[Snyn, — Snzl)
n—oo

< lim |y, — |-

n—oo

This is a contradiction. So, we get « € F(S,,) and hence x € F(T).
Let us show « € EP(F’). It follows by (7) and (A2) that

1
r(y — Un, Un — $n> Z F/(yvun>
n
Replacing n by n;, we have
Up, — T,
<y — Un,, %> Z F/(y7um)'
ng

Since % — 0 and u,, — z, as i — o0, it follows from (A4) that 0 > F'(y, z)

for all y EiC’. Put z; =ty + (1 — t)z for all t € (0,1] and y € C. Then, we have
z € C and hence F'(z,z) < 0. So, from (Al) and (A4) we have

0=F'(z,2) <tF'(z,y) + (1 — t)F' (2, ) < tF' (24, y).

and hence 0 < F'(z,y). From (A3), we have 0 < F'(x,y) for all y € C and
hence x € EP(F").
Next we show x € I(A, M). In fact, since A is a-inverse-strongly monotone,
A is an 1/a-Lipschiz continuous monotone mapping and D(A) = H. It follows
from Lemma 5 that M + A is maximal monotone. Let (p, f) € G(M, A), that
is, f — Ap € M(P). Again since y, = Jarx(un — Auy, ), we have u, — AAu, €
(I +AM)(yn), that is
1
X(un —Yn — /\Aun) € M(yn)
By the maximal monotonicity of M, we have
1
<p - yna.f - Ap - X(un —Yn — AAun» Z 07
and so

1

1
= <p - ymAp - Ayn + Ayn — Auy, + X(un - yn)>

1
2 0+ (p = Y, Ayn = Aun) + (P = yn, 1 (
It follows from |lu, — yn|| = 0, ||Au, — Ay,|| — 0 and y,, — , as n — oo, that

Jim (p—yn, f) = (p— 2, f) > 0.

Up — yn)>
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Since A + M is maximal monotone, this implies that § € (M + A)(x), that is,
xz € I(A,M). Hence, x € Q:= F(T)NEP(F')NI(M,A).
This implies that

lim sup((vg — uF)2 @0 — 2) = lim (19 — 4F)2, 2n, — 2)
n— o0 71— 00
((vg — pF)z,x — z) <0.

Finally we prove that x,, — z, as n — co. From (7), we have

|Znt1 = 2l” = llanyg(@n) + (I = penF)Spys — 2|12
= llan(yg(wn) = pF2) + (I = pon F)Spyn — (I — pe F)z||?
<(@1- O‘nT)znyn - ZH2 + 200 (Y9(Tn) — pF'z, Tpi1 — 2)
< (1= ant)?llyn — 217 + 2007 (g(2n) = 9(2), Tnt1 = 2)
+ 200 (79(2) — pFz, 2pi1 — 2)
<(@1- an7)2”xn - Z||2 + 207K |20 — 2| 2041 — 2]
+ 2an(79(2) — pF'z, ant1 — 2)
< (1= a2 — 21 + @y K (on — 2| + lfonsr — 21)
+ 2an(v9(2) — pFz,2n41 — 2).
This implies that
1 — 20,7 + (@, 7)% + apyK

s — 2P < ) bRy, e
+ %hg(z) — puFz, 2000 — 2)

<= 2By, g T, o
T 00(2) — P2 = 2)

< (1 =rp)llzn — ZHQ + 0n,

where v, := (20, (71—7K))/(1—ap,vK) and §,, := o,/ (1—a, YK ) {an 72|20 —2]?
+2(vg(2)—pFz, xp41—2)}. It easily verified that v, — 0, asn — 00, Y 00 | p =
oo and limsup,, , o 0n /7 < 0. Hence, by Lemma 7, the sequence {z,} converges

strongly to z.
O

Theorem 2. Let H be a real Hilbert space, let F' be a bifunction from H x H —
R satisfying (A1)-(A4) and let T; : C — H be a k;-strict pseudo-contractive
mapping for some 0 < k; < 1 and NN, F(T;) # 0. Assume that {n;}Y is a
positive sequence such that Ef\il n; =1. Let A: H — H be a a—inverse strongly

monotone mapping, M : H — 2H be a mazimal monotone mapping such that
Q:=F(T)NEPF')NI(A,M) # 0. Let g be a K-Lipschitz mapping on H with
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coefficient K > 0 and let F' be L-Lipschitz and n-strongly monotone operator on
H with L>0,7>0and0< p<2n/L% 0<v<pun-1-)/K=r7/K. Let
{zn} be sequence generated by x1 € H and

F/(Umil/) + Tln<y — Up, Unp — $n> 2 O,Vy S C
Yn = JM,A(Un — )\Aun),

Zn = Bnyn + (1 - ﬁn) Zfil 1 LsYn
Tnt+1 = an’)/g(xn) + (I - ManF)vavn eN,

where up, = Th, Tn, A € (0,2a]. If {an}, {Bn} and {\.} satisfy the following
conditions:
(i) {an}t C(0,1), lim, oo =0, > 00 ay =00 and Yoo i1 —ay| <
05
(ii)) 0 <k <Bn <A<l limpse Bn=Aand Y " |Bns1 — Bnl < 005
(ii)) {An} C (0,00), iminf, oo Ay >0 and > 071 [Aps1 — An| < 00.

Then, {x,} converges strongly to a point z € Q = (X, F(T;) N EP(F') N
I(A, M), which solves the variational inequality (8).

Proof. Define a mapping T': C — H by Tx = 25:1 n;T;x. By Lemma 9 and
Lemma 10, we conclude that T : C' — H is a k-strict pseudo-contractive mapping
with k& = max{k; : 1 <i < N} and F(T) = F(XIL, nT3) = NN, F(T;). From
Theorem 1, we obtain desired conclusion easily. This completes the proof. [

Remark 1. If T'is nonexpansive, F' is strongly positive bounded linear operator,
Bn=0,u=1, F =1 and g is a contractive mapping, then Theorem 1 reduces
to Theorem 3.1 of Peng, Wang, Shyu and Yao [14].

Remark 2. If F is strongly positive bounded linear operator, u = 1, A = 0,
M =0 and g is a contractive mapping, then Theorem 1 reduces to Theorem 3.2
of Liu [11].
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