SHRX|SA AR SHS| =2 % 2011, Vol. 21, No. 3, pp. 389—394
DOI:10.5391/JKIIS.2011.21.3.389

Generalized Intuitionistic Fuzzy Soft Sets

Jin Han Park!, Young Chel Kwun?, Jinsoo Hwang?

! Department of Applied Mathematics, Pukyong National University, Busan 608-737, Korea
2 Department of Mathematics, Dong-A University, Busan 604-714, Korea
3 Department of Mathematics Education, Daegu University, Gyeongsan, Gyeongbuk 712-714, Korea

Abstract

The notion of generalized intuitionistic fuzzy soft set theory is proposed. Our generalized intuitionistic fuzzy soft
set theory is a combination of the generalized intuitionistic fuzzy set theory and the soft set theory. In other words,
our generalized intuitionistic fuzzy soft set theory is an extension of the intuitionistic fuzzy soft set theory. The
complement, “and” and “or” operations are defined on the generalized intuitionistic fuzzy soft sets. Their basic
properties for the generalized intuitionistic fuzzy soft sets are also presented and discussed.
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1. Introduction

The theories such as probability theory [1], fuzzy
set theory [2, 3], intuitionistic fuzzy set theory [4, 5],
vague set theory [6] and rough set theory [7], which
can be considered as mathematical tools for dealing
with uncertainties, have their inherent difficulties (see
[8]). The reason for these difficulties is possibly the
inadequacy of parameterization tool of the theories.
Molodtsov [8] introduced soft sets as a mathematical
tool for dealing with uncertainties which is free from
the above-mentioned difficulties. Since the soft set the-
ory offers mathematical tool for dealing with uncertain,
fuzzy and not clearly defined objects, it has a rich po-
tential for applications to problems in real life situation.
The concept and basic properties of soft set theory are
presented in [8, 9]. He also showed how soft set theory
is free from the parameterization inadequacy syndrome
of fuzzy set theory, rough set theory, probability theory
and game theory. However, several assertions presented
by Maji et al. [9] are not true in general [10].

Maji et al. [12] presented the concept of fuzzy soft
sets which is based on a combination of the fuzzy sets
and soft set models. Roy and Maji [13] provided its
properties and an application in decision making under
imprecise environment. Kong et al. [14] argued that the
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Roy-Maji method [13] was incorrect and presented a
revised algorithm. Zou and Xiao [15] used soft sets and
fuzzy soft sets to develop the data analysis approaches
under incomplete environment, respectively. Xu et al.
[16] introduced the notion of vague soft sets which is an
extension to soft sets and is based on a combination of
vague sets and soft set models. Majumdar and Samanta
[17] further generalized the concept of fuzzy soft sets,
in the other words, a degree is attached with the param-
eterization of fuzzy sets while defining a fuzzy soft set.
Maji and his coworker [18, 19, 20] introduced the no-
tion of intuitionistic fuzzy soft set theory which is based
on a combination of the intuitionistic fuzzy sets and soft
set models and studied the properties of intuitionistic
fuzzy soft sets.

The purpose of this paper is to combine the general-
ized intuitionistic fuzzy sets [21] and soft sets [8], from
which we can obtain a new soft set model: generalized
intuitionistic fuzzy soft set theory. Intuitively, general-
ized intuitionistic fuzzy soft set theory presented in this
paper is an extension of the intuitionistic fuzzy soft set
theory. The rest of this paper is organized as follows.
The following section briefly reviews some background
on soft sets, fuzzy soft sets and intuitionistic fuzzy soft
sets. In Section 3, we propose the concepts and oper-
ations of generalized intuitionistic fuzzy soft sets and
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discuss their properties in detail.

2. Preliminaries

Before introduce the notion of intuitionistic fuzzy
soft sets, let us give the concept of intuitionistic fuzzy
sets [4, 5]. Let E be a fixed set. An intuitionis-
tic fuzzy set (IFS) in E is an object having the form
A = {{z,pa(z),v4(2)) : x € E}, where the func-
tions pga : E — [0,1] and y4 : E — [0,1] de-
fine the degree of membership and the degree of non-
membership respectively of the element x € E to the
set A and satisfy the condition 0 < pa(z) +va(z) <1
forany x € E.

Definition 2.1. [18] Consider U and E as a universe
set and a set of parameters, respectively. ZF(U) de-
notes the set of all intuitionistic fuzzy sets of U. Let
A C E. A pair (F,A) is called an intuitionistic
fuzzy soft set over U, where F' is a mapping given by
F:A—TIFQ).

In the following, we will introduce the notion of
interval-valued fuzzy soft sets [22]. Let us briefly in-
troduce the concept of the interval-valued fuzzy sets
[23]. An interval-valued fuzzy set X on a universe U
is a mapping such that X : U — Int([0,1]), where
Int([0,1]) stands for the set of all closed subintervals
of [0, 1]. The set of all interval-valued fuzzy sets on U
is denoted by ZVF (U).

For X € TVF(U). px(x) = [ux (@), uk(2)] is
called the degree of membership of an element x to
X. Here, pux(z) and pu¥(x) are referred to as the
lower and upper degrees of membership of x to X and
0 < px(x) <pk(x) <1

Definition 2.2. Let U be an initial universe and E be
a set of parameters. ZVF(U) denotes the set of all
interval-valued fuzzy sets of U. Let A C E. A pair
(F, A) is called an interval-valued fuzzy soft set over
U, where F is a mapping given by F' : A — ZVF(U).

Remark 2.3. The equivalence between the structures
of interval-valued fuzzy sets and intuitionistic fuzzy
sets was proved by Deschrijver and Kerre [24]. That is,
there exists an isomorphism from ZF(U) to ZVF(U).
Then, for any parameter ¢ € A, there exist maps f and
g such that

(a) f assigns to every interval-valued fuzzy set
F(e) = {{ [ (@) i (@)]) = € U) an in-
tuitionistic fuzzy set H(¢) = f(F'(¢)) given by

HH () (1') = M;(E)(@ and YH(¢) (33) =1- N;(E) (33)

(b) g assigns to every intuitionistic fuzzy set
H(e) = {(z,pu)(2),vm10)(2)) + = € U} an
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interval-valued fuzzy set F'(¢) = g(H(c)) given by

M;‘(a)(CE) = HH(e) (x) and 'uj'—rl(g) (.’1?) =1- ’YF(s)(x)'

Thus intuitionistic fuzzy soft set and interval-valued
fuzzy soft set are equipollent extensions of fuzzy soft
set.

3. Generalized intuitionistic fuzzy soft sets

In this section, we present the generalized intuition-
istic fuzzy soft set theory which is an extension of the
intuitionistic fuzzy soft set theory.

3.1 Definitions

Obviously, by combining the generalized intuition-
istic fuzzy sets and soft sets, it is natural to define the
generalized intuitionistic fuzzy soft set model. First, let
us briefly introduce the concept of the generalized intu-
itionistic fuzzy sets.

Definition 3.1. [21] A generalized intuitionistic fuzzy
set (GIFS) A on X is an object having the form A =
{(@,114(@), 74 () : 7 € X}, where i : X — [0,1]
and v4 : X — [0, 1] denote membership function and
non-membership function, respectively, of A and sat-
isfy min{pa(z),va(z)} <0.5forall z € X.

Definition 3.2. Let U be an initial universe and E be a
set of parameters. GZF (U) denotes the set of all GIFSs
of U. Let A C E. A pair (F, A) is a generalized intu-
itionistic fuzzy soft set over U, where F' is a mapping
givenby F : A — GIF(U).

To illustrate this idea, let us consider the following
example. Some of it is quoted from [8, 10, 11, 16, 22,
25].

Example 3.3. Consider a generalized intuitionistic
fuzzy soft set (F, A), where U is a set of six houses
under the consideration of decision maker to purchase,
which is denoted by U = {hy, ho, h3, hq, hs, hg}, and
A is parameter set, where A = {e1,e9,€3,64,65} =
{expensive, beautiful, wooden, in good repair, in the
green surroundings}. The generalized intuitionistic
fuzzy soft set (F, A) describe the “attractiveness of the
houses” to the decision maker. Suppose that

F(e1) = {(h1,0.9,0.2), (ha,0.7,0.3), (hs, 0.5,0.4), (hs, 0.6,0.5),
(hs,0.6,0.4), (hg,0.7,0.4) };

F(e2) = {(h1,0.8,0.2), (h2,0.7,0.2), (h3, 0.7,0.4), (h4, 0.8,0.3),
(hs,0.5,0.4), (he,0.5,0.3)};

F(es) = {(h1,0.6,0.2), (ha,0.5,0.3), (hs, 0.4, 0.5), (hs,0.7,0.5),
(hs,0.6,0.4), (he,0.8,0.3)};

F(es4) = {(h1,0.4,0.6), (ha,0.9,0.3), (hs, 0.7,0.4), (hs,0.8,0.3),
(hs,0.8,0.4), (h,0.8,0.4) };

F(es) = {(h1,0.9,0.2), (ha,0.8,0.3), (hs,0.7,0.4), (hs, 0.6,0.5),
(hs,0.7,0.4), (he,0.7,0.2) }.



The generalized intuitionistic fuzzy soft set (F, A)
is a parameterized family {F(e;) : i 1,2,
3,4,5} of generalized intuitionistic fuzzy sets on
U, and (F,A) = {expensive houses {(h1,0.9,
0.2), (hs,0.7,0.3), (h3,0.5,0.4), (h4, 0.6, 0.5), (hs, 0.6,
0.4), (he,0.7,0.4) }, beautiful houses = {(h1,0.8,0.2),
(hs,0.7,0.2), (h3,0.7,0.4), (ha,0.8,0.3), (hs, 0.5,0.4),
(he,0.5,0.3) }, wooden houses = {(h1,0.6,0.2), (ha,
0.5,0.3), (h3,0.4,0.5), (ha,0.7,0.5Y, (hs, 0.6,0.4), (g,
0.8,0.3)}, in good repair houses = {(h1,0.4,0.6), (ha,
0.9,0.3), (h3,0.7,0.4), (hy, 0.8,0.3), (hs,0.8,0.4), (he,
0.8,0.4)}, in the green surroundings houses = {(hq,
0.9,0.2), (ha,0.8,0.3), (hs,0.7,0.4), (hs, 0.6,0.5), (hs,
0.7,0.4), (he,0.7,0.2) } }.

Table 1 gives the tabular representation of the gen-
eralized intuitionistic fuzzy soft set (F, A).

Table 1. Tabular representation of the generalized intu-
itionistic fuzzy soft set (F, A)

Generalized Intuitionistic Fuzzy Soft Sets

A = {e1,e2} = {expensive, beautiful}, B
{e1,€2,e3} = {expensive, beautiful, wooden}, and

F(e1) = {(h1,0.9,0.2), (ha,0.7,0.3), (hs, 0.5,0.4),
(h4,0.6,0.5), (hs,0.6,0.4), (he,0.7,0.4) };
F(e2) = {(h1,0.8,0.2), (ha,0.7,0.2), (hs,0.7,0.4),
(h4,0.8,0.3), (hs,0.5,0.4), (hg, 0.5,0.3) };
G(e1) = {(h1,0.9,0.1), (ha,0.8,0.3), (hs, 0.6,0.5),
(h4,0.7,0.4), (hs,0.6,0.4), (hg, 0.8,0.3) };
G(e2) = {(h1,0.8,0.1), (ha,0.9,0.2), (hs,0.7,0.3),
(h4,0.8,0.2), (hs,0.8,0.4), (he,0.8,0.3)};
G(es) = {(h1,0.9,0.2), (ha,0.8,0.3), (hs,0.7,0.4),
(h4,0.6,0.5), (hs,0.7,0.4), (he,0.7,0.2) }.

From Definition 3.4, we can obtain (F, A) C (G, B).

3.2 Operators and properties
Now we define some operations on generalized in-
tuitionistic fuzzy soft sets.

Definition 3.7. Let £ = {e1,e2,...,&,} be a set of
parameters. The not of E, denoted by | E, is defined by

WE = {_'517 TE2, -y _‘En}’ where —¢; = not ¢;.

U €1 €9 £3 €4 €5

hi (0.9,0.2) (0.8,0.2) (0.6,0.2) (0.4,0.6) (0.9,0.2)
ha {0.7,0.3) (0.7,0.2) (0.5,0.3) (0.9,0.3) (0.8,0.3)
hs (0.5,0.4) (0.7,0.4) (0.4,0.5) (0.7,0.4) (0.7,0.4)
ha (0.6, 0.5) (0.8,0.3) (0.7,0.5) (0.8,0.3) (0.6,0.5)
hs (0.6,0.4) (0.5,0.4) (0.6,0.4) (0.8,0.4) (0.7,0.4)
he (0.7,0.4) (0.5,0.3) (0.8,0.3) (0.8,0.4) (0.7,0.2)

Definition 3.8. The complement of a generalized in-
tuitionistic fuzzy soft set (F, A), denoted by (F, A)c,
is defined by (F,A)° (F°,1A), where F°

Definition 3.4. Let U be an initial universe and E be
a set of parameters. Suppose that A, B C E, (F, A)
and (G, B) are two generalized intuitionistic fuzzy soft
sets over U. Then (F, A) is said to be a generalized
intuitionistic fuzzy soft subset of (G, B) if

(HACB;

(2) for any ¢ € A, F(e) is a generalized fuzzy
subset of G(g), that is, for all z € U and ¢ € A,
1re) (T) < pae) () and Ve (2) > Yoo ().

This relationship is denoted by (F, A) C (G, B).
Similarly, (F, A) is said to be a generalized intuition-
istic fuzzy soft superset of (G, B), if (G, B) is called
a generalized intuitionistic fuzzy soft subset of (F, A).
We denote it by (F, A) J (G, B).

Definition 3.5. Let A, B C FE, (F,A) and (G, B)
be two generalized intuitionistic fuzzy soft sets over
a universe U. Then (F, A) and (G, B) are said to be
generalized intuitionistic fuzzy soft equal, denoted by
(F, A) = (G, B), if

(1) (F, A) is a generalized intuitionistic fuzzy soft
subset of (G, B);

(2) (G, B) is a generalized intuitionistic fuzzy soft
subset of (F, A).

Example 3.6. Given two generalized intuitionistic
fuzzy soft sets (F,A) and (G, B) over U, where
U = {hy,ha, h3, hy, hs, he} is the set of six houses,

1A — GIF(U) is a mapping given by F°(g) =
(T, 7P (=) (%), pp(-e)(x)) forall z € U and € €] A.

Example 3.9. For Example 3.3, the complement of the
generalized intuitionistic fuzzy soft set (F, A) is given
as follows:

(F, A)¢ = {not expensive houses = {(h1,0.2,0.9), (h2,0.3,0.7),
(hs,0.4,0.5), (hs,0.5,0.6), (hs,0.4,0.6), (hg,0.4,0.7)},
not beautiful houses = {(h1,0.2,0.8), (h2,0.2,0.7),
(h3,0.4,0.7), (h4,0.3,0.8), (hs,0.4,0.5), (hg,0.3,0.5)},
not wooden houses = {(h1,0.2,0.6), (h2,0.3,0.5),
(hs3,0.5,0.4), (ha,0.5,0.7), {hs,0.4,0.6), (hg,0.3,0.8) },
not in good repair houses = {(h1,0.6,0.4), (h2,0.3,0.9),
(h3,0.4,0.7), (ha,0.3,0.8), (hs, 0.4, 0.8), (hg, 0.4, 0.8) },
not in the green surroundings houses = {(h1,0.9,0.2),
(h2,0.3,0.8), (h3,0.4,0.7), (h4,0.5,0.6), (hs,0.4,0.7),
(h,0.2,0.7)}}.

Definition 3.10. A generalized intuitionistic fuzzy soft
set (F, A) is said to be a null generalized intuitionis-
tic fuzzy soft set, denoted by ®, if for any ¢ € A,
pre)(z) =0and ypy(z) = 1, forallz € U.

Definition 3.11. A generalized intuitionistic fuzzy soft
set (F, A) is said to be an absolute generalized intu-
itionistic fuzzy soft set, denoted by 3, if forany € € A,
pr@)(z) = 1and ypy(z) =0, forallz € U.

Definition 3.12. Let (F, A) and (G, B) be two gen-
eralized intuitionistic fuzzy soft sets over a universe
U. Then “(F,A) and (G, B)” is a generalized intu-
itionistic fuzzy soft set, denoted by (F, A) A (G, B),
is defined by (F, A) A (G,B) = (H, A x B), where
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H(a,B) = F(a) N G(P) for any (o, ) € A x B,
that is, H(a,B8)(z) = (min{pr)(z), ne) (@)}
max{Yp(a) (), Ya(s)(z)}), forall (o, 5) € A x B and
zecU.

Definition 3.13. Let (F, A) and (G, B) be two gen-
eralized intuitionistic fuzzy soft sets over a universe
U. Then “(F,A) or (G,B)” is a generalized intu-
itionistic fuzzy soft set, denoted by (F, A) V (G, B),
is defined by (F, A) V (G, B) = (O, A x B), where
O(a,8) = F(a) UG(P) for any (a, ) € A x B,
that is, O(a, B)(z) = (max{pp)(®), pa) (@)},
min{yp () (7),va(s)(x)}), forall (o, 3) € A x B and
zeU.

Theorem 3.14. For two generalized intuitionistic fuzzy
soft sets (F, A) and (G, B) over a universe U, the fol-
lowing properties hold:

(1) ((F, A) A (G, B))* = (F, A)° V (G, B)*;

(2) (F,A) vV (G,B))c = (F,A)° N (G, B)“.
Proof. (1) Suppose that (F, A) A (G, B) = (H, Ax B).
Then we have ((F, A) A (G, B))¢ = (H, A x B)¢ =
(H° (A x B)). Since (F Ay = (F°A) and

(G,B)¢ = (G°,]B), we have (F, A)° V (G, B)¢ =
(F°,1A) VvV (G° 1B). Assume that (F°A) V
(G°,1B) = (0O, ]Ax]|B) = (O, (A x B)). Then for
all (~a, —3) €]Ax|B and z € U, we have

(z

PO(a-p) () = max{ppe(-a)(T), hae(-p)(T)},

Yo(=a,-0)(T) = min{yre(-a) (@), Ve (-p)(T)}
Since (F, A)¢ = (F°]A) and (G, B)¢ = (G°,]B),
FC(_‘O[) = <z77F(a)(m)7uF(a)(x)> for all -« €1A

and z € U, and G°(—3) = (@, va(p) (), ke (s (x)) for
all =g €|Band z € U, ie., fipe(-a)(2) = Yr(a) (T),

YFe(=a)(T) = pF(a)(2)s fae(-a)(T) = VG (a)(x) and
YGe(=a)(T) = i (a) (). Therefore, for all (—a, -3) €
1(A x B) and « € U, we have

HO(~a,-pB) (l‘)

= max{Vp()(®),Ya) ()},
'VO(ﬂcx,—‘ﬂ)(x) )}

= min{pp)(2), pae) (T

Since (H,A x B)* = (H](A x B)), we
have HC(ma,=8) = (2,VH(a,8)(2): HH ((0,8)(2))
e, pige(a,-8)(T) = VH(ap)(T) an
VHe(~a,-p)(T) = HH(ap)(2). Since (-ma,—0) €
1(A x B), (a,0) € A x B. Since (F,A) A
(G,B) = (H,A x B), we have H(a,f3)(z) =

(min{pp(a) (), ke (@)}, max{vpa)(2), va(s) ()})
for all z € U. Therefore, we have

tr(e,p)(z) = min{upq) (@), pee) ()},

VH(ap) (@) = max{ypa)(2), 765 (2)}.
Consequently, H¢ and O are the same operators. Thus,
we have ((F, A) A (G, B))® = (F, A)° V (G, B)°.

(2) Similar to that of (1). O
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Theorem 3.15. For three generalized intuitionistic
fuzzy soft sets (F, A), (G, B) and (H,C) over a uni-
verse U, the following properties hold:

() (F,A) A ((G,B) A (H,C)) = ((F,A) A
(G,B)) A(H,C);

Q) (F,A) VvV ((G,B) V (H,C)) = (FA4)V
(G,B))V(H,C).
Proof. (1) Let (G,B) N (H,C) = (I,B x
C), where I(a,8) = G(a) N H(B) for all
(,8) € B x C. That is, I(a,f5)(z) =

<Inin{:U'G((y) (x)nuH(ﬁ) (x)}vmax{’YG(a) (x)77H(ﬂ) (1’)}>
for all (o,f) € B x C and x € U. Since
(F,AYAN((G,BYA(H,C)) = (F,AYA{I, B x C), we
suppose that (F, AY A (I, Bx C) = (K, Ax (B x(C)),
where K(6,a,8) = F(§) N I(a, ), (6,c,8) €
Ax (BxC)=Ax B xC.Hence, forall z € U, we
have

K (6, e, B) ()
< mln{,uF(é) (), Bi(a,p) (@)}, max{yp(s) (@),
V() (@)})
< mln{up((;) (w), min{pc(a)

max{yr(s)(z), maX{VG(a)

(l‘),umﬁ)(af)}}
(%), vu ﬂ) r }}>

Suppose that (F,A) A (G,B) = (JJA x
B), where J(d,) = F(§) N G(o) for all
(6,a) € A x B. Hence we have J(J,a) =
(min{pr ) (@), pe(a) (@)} max{vr@) (), Y6 (a) (2)})
for all (5,a) € A x B and x € U. Since
((F,AYN(G,B))N(H,C) = (J,Ax BYAN(H,C), we
suppose that (J, A x B) A(H,C) = (O, (Ax B) xC),
where O(9, o, §) = J(0,a) N H(B), for all (J, r, 5) €
(Ax B)xC =Ax B xC.Hence, forall z € U, we
have

0(8, o, B) ()
= (min{p(5,0) (), (g
Yr) (T)})
= (min{min{pp@) (), e (@)}, 1) (@)},
max{max{vr(s) (), (a)(®)}, YH(3) ()}
o (@),
) (@),

) (@)}, max{y,(5,0) (%),

= (min{upes)(x), min{pga) (), ) ()},
max{yp(s) (), max{yg(a)(x ’YH(B)(QC)}D
=K(d,a, ) (z).

Consequently, K and O are the same operators. Thus,
(F,A) A ((G,B) AN (H,C)) = ((F,A) A (G, B)) A
(H,C).

(2) Similar to that of (1). O



4. Conclusions

In this paper, the notion of the generalized intuition-
istic fuzzy soft set theory is proposed. Our generalized
intuitionistic fuzzy soft set is a combination of the gen-
eralized intuitionistic fuzzy set and the soft set. The
complement, “and”, “or” operations are then defined on
the generalized intuitionistic fuzzy soft sets. This new
extension not only provides a significant addition to ex-
isting theories for handling uncertainties, but also leads
to potential areas of further field research and pertinent
applications.
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