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Abstract

Kaneko et al.[4] etc many authors extended with multi-valued maps for the notion of compatible maps in complete
metric space. Recently, O’Regan et al.[5] presented fixed point and homotopy results for compatible single-valued maps
on complete metric spaces. In this paper, we will establish some common fixed point theorems using compatible maps in
intuitionistic fuzzy metric space.
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1. Introduction

In 1986, Jungck[3] introduced the notion of compati-
ble maps, Beg and Azam[1], Kaneko et al.[4] extended to
multi-valued maps for for the notion of compatible maps in
complete metric space.

Recently, O’Regan et al.[5] presented fixed point and
homotopy results for compatible single-valued maps on
complete metric spaces.

In this paper, we will establish some common fixed
point theorem for compatible maps in intuitionistic fuzzy
metric space.

2. Preliminaries

Throughout this paper, N denote the set of all positive
integers. Now, we begin with some definitions, properties
in intuitionistic fuzzy metric space as following:

Let us recall(see [9]) that a continuous t−norm is a op-
eration ∗ : [0, 1]× [0, 1]→ [0, 1] which satisfies the follow-
ing conditions: (a)∗ is commutative and associative, (b)∗ is
continuous, (c)a ∗ 1 = a for all a ∈ [0, 1], (d)a ∗ b ≤ c ∗ d
whenever a ≤ c and b ≤ d (a, b, c, d ∈ [0, 1]). Also, a con-
tinuous t−conorm is a operation � : [0, 1]× [0, 1]→ [0, 1]
which satisfies the following conditions: (a)� is commuta-
tive and associative, (b)� is continuous, (c)a � 0 = a for all
a ∈ [0, 1], (d)a � b ≥ c � d whenever a ≤ c and b ≤ d
(a, b, c, d ∈ [0, 1]).

Also, let us recall (see [6]) that the following conditions
are satisfied: (a)For any r1, r2 ∈ (0, 1) with r1 > r2, there
exist r3, r4 ∈ (0, 1) such that r1 ∗r3 ≥ r2 and r4 �r2 ≤ r1;
(b)For any r5 ∈ (0, 1), there exist r6, r7 ∈ (0, 1) such that

r6 ∗ r6 ≥ r5 and r7 � r7 ≤ r5.

Definition 2.1. ([8])The 5−tuple (X,M,N, ∗, �) is said to
be an intuitionistic fuzzy metric space if X is an arbitrary
set, ∗ is a continuous t−norm, � is a continuous t−conorm
and M,N are fuzzy sets on X2 × (0,∞) satisfying the
following conditions; for all x, y, z ∈ X , such that

(a)M(x, y, t) > 0,
(b)M(x, y, t) = 1⇐⇒ x = y,
(c)M(x, y, t) = M(y, x, t),
(d)M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s),
(e)M(x, y, ·) : (0,∞)→ (0, 1] is continuous,
(f)N(x, y, t) > 0,
(g)N(x, y, t) = 0⇐⇒ x = y,
(h)N(x, y, t) = N(y, x, t),
(i)N(x, y, t) �N(y, z, s) ≥ N(x, z, t+ s),
(j)N(x, y, ·) : (0,∞)→ (0, 1] is continuous.
Note that (M,N) is called an intuitionistic fuzzy metric

on X . The functions M(x, y, t) and N(x, y, t) denote the
degree of nearness and the degree of non-nearness between
x and y with respect to t, respectively.

Let X be an intuitionistic fuzzy metric space. For any
t > 0, the open ball B(x, r, t) with center x ∈ X and ra-
dius 0 < r < 1 is defined by

B(x, r, t) = {y ∈ X : M(x, y, t) > 1−r, N(x, y, t) < r}

Let X be an intuitionistic fuzzy metric space. Let τ be the
set of all A ⊂ X with x ∈ A if and only if there exist
t > 0 and 0 < r < 1 such that B(x, r, t) ⊂ A. Then τ is
a topology on X(induced by the intuitionistic fuzzy metric
(M,N)).

Definition 2.2. ([8]) Let X be an intuitionistic fuzzy met-
ric space. Then
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(a) A sequence {xn} ⊂ X is convergent to x in X if
limn→∞M(xn, x, t) = 1, limn→∞N(xn, x, t) = 0 for
each t > 0.

(b) A sequence {xn} ⊂ X is called Cauchy sequence if
limn→∞M(xn+p, xn, t) = 1, limn→∞N(xn+p, xn, t) =
0 for each t > 0 and p ∈ N.

(c) X is complete if every Cauchy sequence in X is
convergent.

Lemma 2.3. [7]Let X be an intuitionistic fuzzy metric
space. If a sequence {xn} ⊂ X is such that for any n ∈ N,

M(xn, xn+1, t) ≥M(x0, x1, k
nt),

N(xn, xn+1, t) ≤ N(x0, x1, k
nt)

for all k > 1, then the sequence {xn} ⊂ X is a Cauchy
sequence.

Lemma 2.4. ([2])Let the function φ(t) : [0,∞)→ [0,∞)
satisfying the following condition:

φ(t) is strictly increasing, φ(0) = 0 and
limn→∞ φn(t) = ∞ for all t > 0, where φn(t) denotes
the n− th iterative function of φ(t).

Then φ(t) > t, φn(t) > φn−1(t) for all t > 0 and
n ∈ N.

3. Main Results

Definition 3.1. [7]Let F,G be mappings from an intuition-
istic fuzzy metric space X into itself. Then the mappings
F and G are said to be compatible if for all t > 0,

limn→∞M(FGxn, GFxn, t) = 1,
limn→∞N(FGxn, GFxn, t) = 0

whenever {xn} ⊂ X such that limn→∞ Fxn =
limn→∞Gxn = x for some x ∈ X .

Let X be a complete intuitionistic fuzzy metric space
and G : X → X . If x0 ∈ X and r > 0, we set

B(Gx0, r, t)
= {x ∈ X|M(Gx0, x, t) > 1− r,N(Gx0, x, t) < r},
B(x0, r, t)
= {x ∈ X|M(x0, x, t) > 1− r,N(x0, x, t) < r}

and

G−1(B(Gx0, r, t) = {x ∈ X|Gx ∈ B(Gx0, x, t)}.

Let

F : (B(Gx0, r, t) ∪G−1(B(Gx0, r, t)))→ X

satisfying FG−1(B(Gx0, r, t)) ⊆ G(X). Then F and G
are said to be compatible on B(Gx0, r, t) if

lim
n→∞

M(FGxn, GFxn, t) = 1,

lim
n→∞

N(FGxn, GFxn, t) = 0

whenever {xn} ⊂ G−1(B(Gx0, r, t)) such that

lim
n→∞

Fxn = lim
n→∞

Gxn = z

for some z ∈ B(Gx0, r, t)

Remark 3.2. If F andG are compatible and Fx = Gx for
some x ∈ G−1(B(Gx0, r, t)), then FGx = GFx. That is,
F and G commute at coincidence point.

Theorem 3.3. Let X be a complete intuitionistic fuzzy
metric space with t ∗ t ≥ t and t � t ≤ t for all t ∈ [0, 1].
Let F : (B(Gx0, r, t) ∪ G−1(B(Gx0, r, t))) → X and
G : X → X are compatible maps for x0 ∈ X , r > 0
on B(Gx0, r, t) and FG−1(B(Gx0, r, t)) ⊆ G(X). Sup-
pose that G is continuous and there exists a continuous
strictly increasing function φ : [0,∞) → [0,∞) satisfy-
ing φ(t) > t and limt→∞[φ(t) − t] = ∞ for t > 0 such
that for x, y ∈ B(Gx0, r, t)∪G−1(B(Gx0, r, t))), we have

M(Fx, Fy, t) ≥M(x, y, φ(t)), (1)
N(Fx, Fy, t) ≤ N(x, y, φ(t))

where

M(x, y, t)
≥ min{M(Gx,Gy, φ(t)),M(Gx,Fx, φ(t))

,M(Gy, Fy, φ(t)),
M(Gx,Fy, φ(t)) ∗M(Gy, Fx, φ(t)},

N(x, y, t)
≤ max{N(Gx,Gy, φ(t)), N(Gx,Fx, φ(t))

, N(Gy, Fy, φ(t)),
N(Gx,Fy, φ(t)) �N(Gy, Fx, φ(t)}.

Also, suppose

M(Gx0, Fx0, φ(t)) > 1− r, N(Gx0, Fx0, φ(t)) < r. (2)

Then there exists a unique x ∈ B(Gx0, r, t) with x =
Fx = Gx.

Proof. Since FG−1(B(Gx0, r, t)) ⊆ G(X) and Gx0 ∈
B(Gx0, r, t) let Gx1 = Fx0 for some x1 ∈ X . Then by
(2),

M(Gx1, Gx0, t) > 1− r, N(Gx1, Gx0, t) < r.

and so Gx1 ∈ B(Gx0, r, t). Also, since Gx1 ∈
B(Gx0, r, t) and FG−1(B(Gx0, r, t)) ⊆ G(X), we can
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set Gx2 = Fx1. For n ∈ N(n ≥ 3), we let Gxn =
Fxn−1. Now we show for n ∈ N,

M(Gxn, Gxn+1, t) ≥M(Gxn−1, Gxn, φ(t)),
N(Gxn, Gxn+1, t) ≤ N(Gxn−1, Gxn, φ(t))

and Gxi ∈ B(Gx0, r, t) for i ∈ {0, 1, 2, · · · , } and by
Lemma 2.4,

M(Gx1, Gx2, t)
= M(Fx0, Fx1, t)
≥M(x0, x1, φ(t))
≥ min{M(Gx0, G1, φ(t)),M(Gx1, Gx2, φ(t))

M(Gx0, Gx1, φ(t)− t) ∗M(Gx1, Gx2, t}
≥M(Gx0, G1, φ(t)) > 1− r,
N(Gx1, Gx2, t)
= N(Fx0, Fx1, t)
≤ N(x0, x1, φ(t))
≤ max{N(Gx0, G1, φ(t)), N(Gx1, Gx2, φ(t))

N(Gx0, Gx1, φ(t)− t) �N(Gx1, Gx2, t}
≤ N(Gx0, G1, φ(t)) < r.

Hence

M(Gx0, Gx2, φ(t))
≥M(Gx0, Gx1, φ(t)− t) ∗M(Gx1, Gx2, t)
≥M(Gx0, Gx1, φ(t)) > 1− r,
N(Gx0, Gx2, φ(t))
≤ N(Gx0, Gx1, φ(t)− t) �N(Gx1, Gx2, t)
≤ N(Gx0, Gx1, φ(t)) < r.

Therefore Gx2 ∈ B(Gx0, r, t).
Essentially the same argument as above yields

M(Gx2, Gx3, t) > 1− r, N(Gx2, Gx3, t) < r.

Suppose that there exists k ∈ {2, 3, · · · } with

M(Gxm, Gxm+1, t) ≥M(Gxm−1, Gxm, φ(t)),

N(Gxm, Gxm+1, t) ≤ N(Gxm−1, Gxm, φ(t))

and Gxm ∈ B(Gx0, r, t) for m ∈ {1, 2, · · · , k}.
Now, we will prove Gxk+1 ∈ B(Gx0, r, t) using

M(Gxk, Gx1, φ(t)) > 1− r, N(Gxk, Gx1, φ(t)) < r.

If k = 2, this is obvious.
For k = 3, since Gx2, Gx3 ∈ B(Gx0, r, t) and

M(Gx3, Gx2, t) ≥M(Gx1, Gx0, φ
3(t)),

N(Gx3, Gx2, t) ≤ N(Gx1, Gx0, φ
3(t)),

thus

M(Gx3, Gx1, t)
= M(Fx2, Fx0, t)
≥M(x2, x0, φ(t))
≥ min{M(Gx2, Gx0, φ(t)),M(Gx2, Fx2, φ(t))

,M(Gx0, Fx0, φ(t))
,M(Gx2, Fx0, φ(t)) ∗M(Gx0, Fx2, φ(t))},

N(Gx3, Gx1, t)
= N(Fx2, Fx0, t)
≤ N(x2, x0, φ(t))
≤ max{N(Gx2, Gx0, φ(t)), N(Gx2, Fx2, φ(t))

, N(Gx0, Fx0, φ(t))
, N(Gx2, Fx0, φ(t)) �N(Gx0, Fx2, φ(t))}.

Since φ3(t) ≥ t, we have

M(Gx3, Gx1, t) > 1− r, N(Gx3, Gx1, t) < r.

If k = 4, then since Gx3, Gx4 ∈ B(Gx0, r, t),

M(Gx4, Gx1, t)
= M(Fx3, Fx0, t)
≥M(x3, x0, φ(t))
≥ min{M(Gx3, Gx0, φ(t)),M(Gx3, Fx3, φ(t))

,M(Gx0, Fx0, φ(t))
,M(Gx3, Fx0, φ(t)) ∗M(Gx0, Fx3, φ(t))}

> 1− r,
N(Gx4, Gx1, t)
= N(Fx3, Fx0, t)
≤ N(x3, x0, φ(t))
≤ max{N(Gx3, Gx0, φ(t)), N(Gx3, Fx3, φ(t))

, N(Gx0, Fx0, φ(t))
, N(Gx3, Fx0, φ(t)) �N(Gx0, Fx3, φ(t))}

< r.

Continuing this process, we obtain for k ∈ {5, 6, · · · },

M(Gxk, Gx1, t) > 1− r, N(Gxk, Gx1, t) < r.

Also, since Gxm ∈ B(Gx0, r, t) for m ∈ {1, 2, · · · , k},

M(Gx0, Gxk+1, φ(t))
≥M(Gx0, Gx1, φ(t)− t) ∗M(Gx1, Gxk+1, t)
≥M(Gx0, Gx1, φ(t)− t) ∗M(Fx0, Fxk, t)
≥M(Gx0, Gx1, φ(t)− t) ∗M(x0, xk, φ(t))
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≥M(Gx0, Gx1, φ(t)− t)
∗min{M(Gx0, Gxk, φ(t)),M(Gx0, Gx1, φ(t))
,M(Gxk, Gxk+1, φ(t)),M(Gx0, Gxk, φ(t)− t)
∗M(Gxk, Gxk+1, t) ∗M(Gxk, Gx1, φ(t))}

> 1− r,
N(Gx0, Gxk+1, φ(t))
≤ N(Gx0, Gx1, φ(t)− t) �N(Gx1, Gxk+1, t)
≤ N(Gx0, Gx1, φ(t)− t) �N(Fx0, Fxk, t)
≤ N(Gx0, Gx1, φ(t)− t) �N(x0, xk, φ(t))
≤ N(Gx0, Gx1, φ(t)− t)

�max{N(Gx0, Gxk, φ(t)), N(Gx0, Gx1, φ(t))
, N(Gxk, Gxk+1, φ(t)), N(Gx0, Gxk, φ(t)− t)
�N(Gxk, Gxk+1, t) �N(Gxk, Gx1, φ(t))}

< r.

Furthermore,

M(Gxk, Gxk+1, φ(t))
≥M(xk, xk+1, φ(t))
≥ min{M(Gxk, Gxk+1, φ(t)),M(Gxk, Fxk, φ(t))

,M(Gxk+1, Fxk+1, φ(t))
M(Gxk, Fxk+1, φ(t)) ∗M(Gxk+1, Fxk, φ(t))}

≥M(Gxk, Gxk+1, φ(t)),
N(Gxk, Gxk+1, φ(t))
≤ N(xk, xk+1, φ(t))
≤ max{N(Gxk, Gxk+1, φ(t)), N(Gxk, Fxk, φ(t))

, N(Gxk+1, Fxk+1, φ(t))
N(Gxk, Fxk+1, φ(t)) �N(Gxk+1, Fxk, φ(t))}

≤ N(Gxk, Gxk+1, φ(t)).

Thus by mathematical induction, Gxn ∈ B(Gx0, r, t) for
n ∈ {0, 1, 2, · · · } and

M(Gxn, Gxn+1, t) ≥M(Gxn−1, Gxn, φ(t)),
N(Gxn, Gxn+1, t) ≤ N(Gxn−1, Gxn, φ(t))

for n ∈ {1, 2, · · · }. This implies that

M(Gxn, Gxn+1, t) ≥M(Gx0, Gx1, φ
n(t)),

N(Gxn, Gxn+1, t) ≤ N(Gx0, Gx1, φ
n(t)).

Also, for n,m ∈ N and n < m,

M(Gxn, Gxm, φ(t))
= M(Fxn−1, Fxm−1, t)
≥M(xn−1, xm−1φ(t))
≥M(xk, xk+1, φ(t))

≥ min{M(Gxn−1, Gxm−1, φ(t))
,M(Gxn−1, Gxn, φ(t)),M(Gxm−1, Gxm, φ(t))
,M(Gxn−1, Gxm, φ(t)) ∗M(Gxm, Gxn, φ(t))},

N(Gxn, Gxm, φ(t))
= N(Fxn−1, Fxm−1, t)
≤ N(xn−1, xm−1φ(t))
≤ N(xk, xk+1, φ(t))
≤ max{N(Gxn−1, Gxm−1, φ(t))

, N(Gxn−1, Gxn, φ(t)), N(Gxm−1, Gxm, φ(t))
, N(Gxn−1, Gxm, φ(t)) �N(Gxm, Gxn, φ(t))}.

Therefore

M(Gxn, Gxm, t) > 1− r, N(Gxn, Gxm, t) < r.

Hence {xn} is a Cauchy sequence. Since X is com-
plete, there exists x ∈ B(Gx0, r, t) with Gxn → x as
n → ∞. Also, Gxn+1 = Fxn → x as n → ∞. Since
limn→∞ Fxn = x = limn→∞Gxn and Fxn = Gxn+1 ∈
B(Gx0, r, t) for n ∈ {1, 2, · · · }, by the compatibility of
F,G and continuity of G,

lim
n→∞

M(FGxn, Gx, φ(t))

= lim
n→∞

M(FGxn, GFxn, φ(t)) = 1,

lim
n→∞

N(FGxn, Gx, φ(t))

= lim
n→∞

N(FGxn, GFxn, φ(t)) = 0.

Thus limn→∞ FGxn = Gx. Also, since

M(Fx,Gx, φ(t))
≥M(Fx, FGxn, t) ∗M(FGxn, Gx, φ(t)− t)
≥M(x,Gxnφ(t)) ∗M(FGxn, Gx, φ(t)− t)
≥ min{M(Gx,GGxn, φ(t)),M(Gx,Fx, φ(t))

,M(GGxn, FGxn, φ(t)),
M(Gx,Gxn, φ(t)) ∗M(GGxn, Fx, φ(t))}
∗M(FGxn, Gx, φ(t)− t),

N(Fx,Gx, φ(t))
≤ N(Fx, FGxn, t) �N(FGxn, Gx, φ(t)− t)
≤ N(x,Gxnφ(t)) �N(FGxn, Gx, φ(t)− t)
≤ max{N(Gx,GGxn, φ(t)), N(Gx,Fx, φ(t))

, N(GGxn, FGxn, φ(t)),
N(Gx,Gxn, φ(t)) �N(GGxn, Fx, φ(t))}
�N(FGxn, Gx, φ(t)− t).

From above inequality, taking the limit as n → ∞, since
limn→∞ FGxn = Gx and limn→∞Gxn = x,

M(Fx,Gx, t) ≥M(Gx,Fx, φ(t)),
N(Fx,Gx, t) ≤ N(Gx,Fx, φ(t)).
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Furthermore since limn→∞ FGxn = Gx and
limn→∞ Fxn = x,

M(Fxn, FGxn, φ(t))
≥ min{M(Gxn, GGxn, φ(t)),M(Gxn, Fxn, φ(t))

,M(GGxn, FGxn, φ(t))
M(Gxn, FGxn, φ(t)) ∗M(GGxn, Fxn, φ(t))},

N(Fxn, FGxn, φ(t))
≤ max{N(Gxn, GGxn, φ(t)), N(Gxn, Fxn, φ(t))

, N(GGxn, FGxn, φ(t))
N(Gxn, FGxn, φ(t)) �N(GGxn, Fxn, φ(t))}

Taking limit as n→∞,

M(x,Gx, t) ≥M(x,Gx, φ(t)),
N(x,Gx, t) ≤ N(x,Gx, φ(t)).

Hence x = Gx = Fx.
If y = Gy = Fy with x 6= y, then

M(x, y, t)
= M(Fx, Fy, t) ≥M(x, y, φ(t))
≥ min{M(Gx,Gy, φ(t)),M(Gx,Fx, φ(t))

,M(Gy, Fy, φ(t))
M(Gx,Fy, φ(t)) ∗M(Gy, Fx, φ(t))}

= M(Fx, Fy, φ(t))
≥M(x, y, φ2(t)),
N(x, y, t)
= N(Fx, Fy, t) ≤ N(x, y, φ(t))
≤ max{N(Gx,Gy, φ(t)), N(Gx,Fx, φ(t))

, N(Gy, Fy, φ(t))
N(Gx,Fy, φ(t)) �N(Gy, Fx, φ(t))}

= N(Fx, Fy, φ(t))
≤ N(x, y, φ2(t)).

Therefore x = y. Hence there exists a unique x ∈
B(Gx0, r, t) with x = Fx = Gx.

Corollary 3.4. Let X be a complete intuitionistic fuzzy
metric space with t ∗ t ≥ t and t � t ≤ t for all t ∈ [0, 1].
Let F : (B(x0, r, t)→ X . Suppose that there exists a con-
tinuous strictly increasing function φ : [0,∞) → [0,∞)
satisfying φ(t) > t and limt→∞[φ(t) − t] = ∞ for t > 0
such that for x, y ∈ B(x0, r, t), we have

M(Fx, Fy, t) ≥M(x, y, φ(t)),
N(Fx, Fy, t) ≤ N(x, y, φ(t))

where

M(x, y, t)
≥ min{M(x, y, φ(t)),M(x, Fx, φ(t))
,M(y, Fy, φ(t)),M(x, Fy, φ(t)) ∗M(y, Fx, φ(t)},
N(x, y, t)
≤ max{N(x, y, φ(t)), N(x, Fx, φ(t))
, N(y, Fy, φ(t)), N(x, Fy, φ(t)) �N(y, Fx, φ(t)}.

Also, suppose

M(x0, Fx0, φ(t)) > 1− r, N(x0, Fx0, φ(t)) < r.

Then there exists a unique x ∈ B(Gx0, r, t) with x =
Fx = Gx.
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