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Abstract

Kaneko et al.[4] etc many authors extended with multi-valued maps for the notion of compatible maps in complete
metric space. Recently, O’Regan et al.[5] presented fixed point and homotopy results for compatible single-valued maps
on complete metric spaces. In this paper, we will establish some common fixed point theorems using compatible maps in

intuitionistic fuzzy metric space.
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1. Introduction

In 1986, Jungck[3] introduced the notion of compati-
ble maps, Beg and Azam([1], Kaneko et al.[4] extended to
multi-valued maps for for the notion of compatible maps in
complete metric space.

Recently, O’Regan et al.[5] presented fixed point and
homotopy results for compatible single-valued maps on
complete metric spaces.

In this paper, we will establish some common fixed
point theorem for compatible maps in intuitionistic fuzzy
metric space.

2. Preliminaries

Throughout this paper, N denote the set of all positive
integers. Now, we begin with some definitions, properties
in intuitionistic fuzzy metric space as following:

Let us recall(see [9]) that a continuous {—norm is a op-
eration x : [0, 1] x [0, 1] — [0, 1] which satisfies the follow-
ing conditions: (a)* is commutative and associative, (b)* is
continuous, (c)a x 1 = aforalla € [0,1], (d)a*xb < cx*d
whenever a < cand b < d (a,b, ¢, d € [0, 1]). Also, a con-
tinuous ¢—conorm is a operation ¢ : [0,1] x [0, 1] — [0, 1]
which satisfies the following conditions: (a)¢ is commuta-
tive and associative, (b)o is continuous, (c)a © 0 = a for all

€ [0,1], (daob > cod whenever a < cand b < d
(a,b,c,d € [0,1]).

Also, let us recall (see [6]) that the following conditions
are satisfied: (a)For any r1,r2 € (0, 1) with r; > 79, there
exist 3, r4 € (0,1) suchthatry xr3 > ro and ryore < 7q;
(b)For any 75 € (0, 1), there exist 7,77 € (0, 1) such that
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¢ *xTg > rsand r7 o ry < rs.

Definition 2.1. ([8])The 5—tuple (X, M, N, x,¢) is said to
be an intuitionistic fuzzy metric space if X is an arbitrary
set, * iS a continuous ¢{—norm, ¢ is a continuous ¢{—conorm
and M, N are fuzzy sets on X2 x (0,00) satisfying the
following conditions for all x,y, z € X, such that

@M (z,y,t) >

(b)YM (z,y, )*1<:>$fy,
(©OM(z,y,t) = M(y,z,1),

(DM (z,y,t) *x M(y,z,5) < M(z,z,t+ s),
@M (z,y,-) : (0,00) — (0,1] is continuous,
ON(z,y,t) >0,

(@N(z,y,t) =0z =y,

(DN (2,y,t) = N(y,z,1),

ON(z,y,t) o N(y,z,8) > N(z,z,t+ s),

(N (z,y,-) : (0,00) — (0, 1] is continuous.

Note that (M, N) is called an intuitionistic fuzzy metric
on X. The functions M (z,y,t) and N (x,y,t) denote the
degree of nearness and the degree of non-nearness between
x and y with respect to ¢, respectively.

Let X be an intuitionistic fuzzy metric space. For any
t > 0, the open ball B(z,r,t) with center z € X and ra-
dius 0 < r < 1 is defined by

B(z,r,t)={y e X : M(z,y,t) > 1—r, N(z,y,t) <r}

Let X be an intuitionistic fuzzy metric space. Let 7 be the
set of all A C X with x € A if and only if there exist
t > 0and 0 < r < 1 such that B(z,r,t) C A. Then 7 is
a topology on X (induced by the intuitionistic fuzzy metric
(M, N)).

Definition 2.2. ([8]) Let X be an intuitionistic fuzzy met-
ric space. Then
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(a) A sequence {z,,} C X is convergent to z in X if
lim, oo M (2,2, t) = 1, lim,— 0o N(zp,2,t) = 0 for
eacht > 0.

(b) A sequence {x,,} C X is called Cauchy sequence if
limy, oo M(Tptp, Tn,t) = 1, limp oo N(Tpgp, T, t) =
0 foreacht > 0 and p € N.

(c) X is complete if every Cauchy sequence in X is
convergent.

Lemma 2.3. [7]Let X be an intuitionistic fuzzy metric
space. If a sequence {x, } C X is such that for any n € N,
M(:Ena Tn+1, t) 2 M(:EOu X, knt)7
N(mn; xn—&-lat) S N(:E(Jyl'la knt)

for all k& > 1, then the sequence {z,} C X is a Cauchy
sequence.

Lemma 2.4. ([2])Let the function ¢(t) : [0, 00) — [0, c0)
satisfying the following condition:

¢(t) is strictly increasing, ¢(0) = 0 and
lim,, o ¢™(t) = oo for all ¢ > 0, where ¢"(¢) denotes
the n — th iterative function of ¢(¢).

Then ¢(t) > t, ¢"(t) > ¢ '(¢) forall ¢ > 0 and
n € N.

3. Main Results

Definition 3.1. [7]Let F', G be mappings from an intuition-
istic fuzzy metric space X into itself. Then the mappings
F and G are said to be compatible if for all ¢ > 0,

lim, o M(FGz,,GFz,,t) =1,
lim, oo N(FG2p, GF2p,t) =0

whenever {z,} <C X such that lim, . Fz, =
lim,,_, o Gz, = x forsome z € X.

Let X be a complete intuitionistic fuzzy metric space
andG: X - X.Ifzg € X and r > 0, we set

B(Gxg,r,t)
= {z € X|M(Gzg,z,t) > 1 —1r,N(Gxg,z,t) <1},
B(zg,r,t)
={z € X|M(zo,z,t) >1—1r N(zo,z,t) <r}
and
G~ (B(Gxg,r,t) = {x € X|Gz € B(Gxg,x,1)}.
Let
F : (B(Gxg,r,t) UG (B(Gxg, 7, 1)) — X

satisfying FG~1(B(Gzo,r,t)) C G(X). Then F and G
are said to be compatible on B(Gxq,,t) if

lim M(FGz,, GFz,,t) =1,

n—oo

lim N(FGx,,GFz,,t)=0

n—oo

whenever {x,,} C G~1(B(Gzg,r,t)) such that

lim Fz, = lim Gz, =z

n—oo n—oo
for some z € B(Gxo,r,t)

Remark 3.2. If F' and G are compatible and F'z = Gz for
some z € G~1(B(Gxo,r,t)), then FGxr = GFx. That s,
F and G commute at coincidence point.

Theorem 3.3. Let X be a complete intuitionistic fuzzy
metric space with ¢ xt > tandtot < ¢ forallt € [0, 1].
Let F : (B(Gzg,r,t) UG (B(Gzo,r,t))) — X and
G : X — X are compatible maps for zog € X, r > 0
on B(Gxg,r,t) and FG~Y(B(Gzo,r,t)) € G(X). Sup-
pose that G is continuous and there exists a continuous
strictly increasing function ¢ : [0,00) — [0, 00) satisfy-
ing ¢(t) > t and lim;_,o[¢p(t) — t] = oo for t > 0 such
that for z,y € B(Gxo,r,t)UG~Y(B(Gzo,1,t))), we have

M(Fx, Fy,t) > M(z,y, ¢(t)), (1)
N(Fz,Fy,t) < N(z,y,¢(t))

where

M(z,y,1)
> min{M (Gz, Gy, ¢(t)), M(Gz, Fx, $(t))
 M(Gy, Fy, (1)),
M(Gz, Fy, ¢(t)) * M(Gy, Fz, ¢(t)},
N(z,y,t)
< max{N(Gz, Gy, ¢(t)), N(Gzx, Fx, $(t))
N(Gy, Fy, 6(1)),
N(Gz, Fy, $(t)) o N(Gy, Fa, p(t)}.

Also, suppose
M(G'I07FI05¢(t)) >1- T, N(GanFx07¢(t)) <r (2)

Then there exists a unique z € B(Gxg,r,t) with x =
Fzx = Gx.

Proof. Since FG~(B(Gxg,r,t)) € G(X) and Gz €
B(Gzxo,r,t) let Gy = Fxy for some 21 € X. Then by
2),

M(Gz1,Gxo,t) > 1 —r, N(Gz1,Gxo,t) <.
and so Gx; € B(Gxzg,r,t). Also, since Gr; €

B(Gxg,r,t) and FG~1(B(Gwo,7,t)) € G(X), we can
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set Grg = Fa;. Forn € N(n > 3), we let Gz, =
Fz,_1. Now we show for n € N,

M(eru Gzn—&-la t) 2 M(Gxn—la G‘Tnv ¢(t))7
N(Gzp,Grpat,t) < N(Gxpo1, Gy, ¢(t))

and Gz; € B(Gxo,r,t) fori € {0,1,2,---
Lemma 2.4,

,} and by

M(Gz1,Gxa,t)

= M(Fx, Fx,t)

> M (o, w1, $(t))

> min{ M (Gzg, G1, $(t)), M(Gz1,Gxa, (t))
M(Gzo, Gzy, ¢(t) — t) * M(Gxy, Gaa,t}

> M(Gzo,Gr1,6(t)) > 1 -,

N(Gzy,Gxa,t)

= N(Fxg, F11,t)

< N(zo, z1,9(t))

< max{N(Gzo,G1,¢(t)), N(Gxy1, Gxa, ¢(t))
N(Gzg,Gx1,¢(t) —t) o N(Gay, Gxa, t}

N(Gzo,G1,0(t)) <.

Hence

M(Gxo, Gza, (1))
> M(Gzo, Gry, o(t) — t) * M(Gx1,Gxa,t)
> M(Gzo, Gz, d(t)) >1—r,

N(Gzo, Gxa, ¢(t))
< N(Gzo, Gz, o(t) —
< N(Gxg, Gz, ¢(t)) <

)ON(GQH,GJJ% t)

Therefore Gzo € B(Gxg,1,t).
Essentially the same argument as above yields

M(Gzq,Gxs,t) > 1 —r, N(Gra,Grs,t) <r
Suppose that there exists k € {2,3, - -- } with
M(Gxp, Grma1,t) > M(Gp—1, G, 9(1)),

N(Gzpm, G, t) < N(Grp—1, Gom, (1))

and Gz, € B(Gxg,r,t) form € {1,2,--- ,k}.
Now, we will prove Gzy1 € B(Gxg,r,t) using

MGz, Gxy,0(t)) > 1 —r, N(Grg, Gry, d(t)) <r

If £ = 2, this is obvious.
For k = 3, since G2, Gz € B(Gxo,r,t) and

M(Gzs, Gxa,t) > M(Gz1, Gro, ¢° (1)),
N(Gw37 Gl’g,t) S N(Gl’l, GZEO, ¢3<t))7

110

vol. 11, no. 2, June 2011

thus

M(Gzxs,Gx,t)

= M(Fzy, Fxg,t)

> M (w2, 0, (1))

> min{M (G2, G, (1)), M(Grz, Fag, ¢(t))
M(Gxo, Fo, 4(t))
M(Gzsy, Fxg, ¢(t)) * M(Gzo, Fxo, (1))},

N(Gz3,Gxq,t)

= N(Fzq, Fxg,t)

< N(xa, 0, 9(1))

< max{N(Gza, Gxg, #(t)), N(Gza, Fxa, ¢(t))
N(Gzo, Fxo, ¢(t))
N(Gza, Fxo,9(t)) © N(Gxo, Fxa, ¢(t))}.

Since ¢3(t) > t, we have
M(Gz3,Gzq,t) > 1 —r, N(Gaz,Gry,t) <.
If k = 4, then since Gz3, Gxy € B(Gxo,1,t),

M (Gzy4,Gry,t)
= M(Fzs, Fxo,t)
> M (x3, 0, ¢(t))
> min{ M (Gzxs, Gz, (1)),
M (Gxo, Fxo, (t))
M (Gas, Frro, ¢(1)) * M(Gzo, Fs, (1))}
>1-r,
N(Gzy4,Gxy,t)
= N(Fx3, Fao,t)
< N(xs, o, o(t))
< max{N(Gz3, Gz, $(t)),
N(Gzo, Fxo, ¢(t))
N(Gx3, Fxo, ¢(t)) ©

M(Gxs, Frs, (1))

N(Gas, Fas, ¢(t))

N(Gzo, Fx3, (1))}
<.

Continuing this process, we obtain for k& € {5,6,--- },
MGz, Gzy,t) > 1 —7r, N(Gzg, Gz, t) < T

Also, since Gx,,, € B(Gxo,r,t) form € {1,2,-- ,k},

M(Gzo, Gy, (1))
> M(Gzo, Gz1,¢9(t) — t) * M(Gz1, Grgyr,t)
o(t) = t) * M(Fzo, Fr, t)

(t) —

t) x M (2o, xk, 4(t))

> M(Gx(),GIl, t
> M(G$0,Gl‘1 o(t
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Z M(Gl‘o, th ¢(t) - t)
*min{ M (Gzo, Gz, ¢(t)), M(Gxo, Gy, (1))

Z min{M(Gxn_1, me—la (b(t))
) M(Gl’n,h Gxna ¢(t))7 M(mefh me" ¢<t))
3M(Gx’n—17 GTm, d’(t)) * M(mev Gy, ¢’(t))}7

5 M(kav Gmk—‘rla Qf)(t))? M(GSC(), sza ¢(t) - t)
*M(ka, G$k+1, t) * M(G$k7 lea ¢(t))}
>1-—r,

N(Gxo, Grpy1, 9(1))

< N(Gzo,Gzy, ¢(t) — t) o N(Gx1, Griq,t)
< N(Gxo, Gzy, ¢(t) — t) © N(Fxg, Frg,t)

< N(Gwo, Gy, §(t) — t) o N (2o, xk, $(1))

< N(Gzo, Gzy, o(t) — t)

omax{N(Gzq, Gz, d(t)), N(Gxo, Gx1,d(t))

) N(G.Tk, kar-‘rla (b(t))a N(G-TOa kan ¢(t) - t)

ON(G(E}C, G$k+1, t) <o N(G$k7 leu ¢(t))}
<.

Furthermore,

M (Gzg, Grgi1, (1))
> M (g, 241, 9(t))
> min{ M (Grg, Gz, d(t)), M(Gay, Frg, ¢(t))
S M(Grpg1, Fopgr, o(t))
M(Gay, Fogir, ¢(t)) * M(Gapyr, Fog, 6(1)) }
> M(Gzg, Gz, o)),
N(Gzg, Grri1, o(t))
< N(zg, Try1, 9(1))
< max{N(Gzg, Gxpi1, ¢(t)), N(Gzy, Fay, 4(t))
yN(Grgy1, Frpiq, 6(t))
N(Gay, Fagir, d(t)) © N(Gapyr, Fag, ¢(t))}
< N(Gzy, Gy, 6(t)).

Thus by mathematical induction, Gz,, € B(Gxg,r,t) for
n € {0,1,2,---} and

M(Gzp,Grpyr,t) > M(Gxpo1, Gy, o(1)),
N(me G'Tn-‘rla t) < N(Gmn—ly Gz, (b(t))

forn € {1,2,---}. This implies that

M(Gzp, Grpyr,t) > M(Gxo, Gz, 9" (1)),
N(Gzxy,Grpi,t) < N(Gxo, Gzy, ¢"(t)).

Also, forn,m € N and n < m,

= M(Fxnfl, Fzp_a, t)
M(I’n_h xm—lgb(t))

>
> M(zp, g1, 0(1))

N(Gzp, Gxpm, d(1))

=N(Fap_1,Fr;,_1,t)

<N(@p—1,Tm-16(t))

< N(zg, Trt1, 6(t))

< max{N(Gzp_1,GTm_1,9(t))
s N(Gap—1, Gap, ¢(1)), N(Gm—1, G, $(1))
S N(Grp—1, Gy, 6(t)) © N(Gay, Gy, 0(1)) }-

Therefore
M(Gzp, Gy t) > 1 —r, N(Gap, Gz, t) < 7.

Hence {z,} is a Cauchy sequence. Since X is com-
plete, there exists x € B(Gxo,r,t) with Gx,, — x as
n — oo. Also, Gxy41 = Fz,, — x as n — oo. Since
lim, oo Fz,, = ¢ = lim, o Gz, and Fa,, = Gr,qq €
B(Gzg,r,t) forn € {1,2,---}, by the compatibility of
F, G and continuity of G,

n—oo

= lim M(FGxy,GFz,,¢(t)) =1,

n—oo

lim N(FGz,,Gz,¢(t))
= lim N(FGz,,GFx,,¢(t)) =0.

n—oo

Thus lim,, oo F'Gx,, = Gz. Also, since

M(Fz,Gz, (t))
> M(Fz, FGxyp,t) * M(FGxy, Gz, ¢(t) — t)
> M(z,Gxpo(t)) * M(FGxy,, Gz, ¢(t) — t)
> min{M (Gz, GGz, §(t)), M(Gz, Fz, (t))
) M<GG'/I"’I’L7 FGmn7 ¢(t))a
M(Gx, Gy, d(t)) * M(GGxp, Fz, $(t))}
«*M(FGx,, Gz, ¢(t) — 1),
N(Fz,Gz, ¢(t))
< N(Fz, FGzp,t) o N(FGxp, Gz, ¢(t) — t)
< N(z,Gz,¢(t)) o N(FGxy, Gz, ¢(t) —t)
< max{N(Gz, GGx,, ¢(t)), N(Gx, Fx, $(t))
, N(GGzy, FGxy, $(1)),
N(Gz,Grn, ¢(t)) © N(GGxn, Fu, §(t))}
oN(FGxy, Gz, p(t) — ).

From above inequality, taking the limit as n — oo, since
lim,, o FGz, = Gz and lim,,_,, Gz, = x,

M(Fz,Gz,t) > M(Gz, Fz, ¢(t)),
N(Fz,Gzx,t) < N(Gz, Fz, ¢(t)).
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Furthermore since lim,_ .. FGx, = Gx and

lim, .o Fzx, =x,
M(Fx,, FGx,, ¢(t))
> min{M(Gz,, GGxyn, d(t)), M(Gxy, Fxy, §(t))
M(GGxy, FGxy, ¢(t))
M(Gxy, FGzp, (1)) * M(GGxp, Fxy, d(1))},

Also, suppose
M(ZL’(),F(E(h d)(t)) >1-— T, N(.’Eo, Fan ¢(t)) <r

Then there exists a unique z € B(Gxo,r,t) with x =
Fzx = Gx.

N(Fz,, FGx,, ¢(1))
< max{N(Gz,, GGz, (1)), N(Gzy, Fr,, d(t))
N(GGzy,, FGxy,, (1))
N(Gzy, FGxy, $(t)) © N(GGxyp, Fxy, 6(1))}
Taking limit as n — oo,
M(z,Gz,t)
N(z,Gx,t)
Hence x = Gx = Fx.
If y = Gy = Fy with x # y, then
M(z,y,t)
= M(Fz,Fy,t) > M(z,y,¢(t))
> min{ M (Gz, Gy, ¢(t)), M(Gz, Fz, ¢(t))
M(Gy, Fy, ¢(t))
M(Gz, Fy, (1)) « M(Gy, Fz, ¢(t))}
= M(Fz, Fy, ¢(t))
> M(x,y,¢%(t)),
N(z,y,t)
= N(Fz,Fy,t) < N(z,y,¢(t))
< max{N(Gz, Gy, ¢(t)), N(Gz, Fx, $(t))
N(Gy, Fy, ¢(1))
N(Gz, Fy,¢(t)) o N(Gy, Fz, $(t))}

M(l.7 Gm7 ¢(t))’
N(z,Gz, ¢(t)).

>
<

N(Fz,Fy, ¢(t))

N(z,y,¢*(t)).
Therefore + = y. Hence there exists a unique z €
B(Gzg,r,t) withx = Fx = Gz. O

Corollary 3.4. Let X be a complete intuitionistic fuzzy
metric space witht x ¢t > tandt ot < ¢ forall ¢t € [0, 1].
Let F' : (B(zg,r,t) — X. Suppose that there exists a con-
tinuous strictly increasing function ¢ : [0,00) — [0, 00)
satisfying ¢(t) > t and limy_, oo [¢p(t) — ¢] = oo for ¢t > 0
such that for z,y € B(zg,r,t), we have
M(Fz,Fy,t) > M(x,y, 6(t)),
N(Fz,Fy,t) < N(z,y,¢(t))
where
M(z,y,t)
> min{M (z,y, ¢(t)),
, M(y, Fy, o(t)),
N(z,y,t)
< max{N(z,y, d(t)), N(z, Fz,$(t))
Ny, Fy, (1)), N(z, Fy, (1)) o N(y, F, ¢(t)}.

M(z, Fx, $(t))

M(z, Fy, ¢(t)) * M(y, Fz, ¢(t)},
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