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Abstract

The concepts of fuzzy r-minimal semicompact, almost fuzzy r-minimal semicompact, and nearly fuzzy r-minimal
semicompact on fuzzy r-minimal spaces are introduced. We also investigate the relationships between fuzzy r-M-
semicontinuous mappings and several types of fuzzy r-minimal semicompactness.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [7].
Chang [1] defined fuzzy topological spaces using fuzzy
sets. In [2], Chattopadhyay, Hazra and Samanta introduced
smooth topological spaces which are a generalization of
fuzzy topological spaces. In [5], we introduced the con-
cept of fuzzy r-minimal space which is an extension of
the smooth topological space. The concepts of fuzzy r-
minimal open sets and fuzzy r-M -continuous mappings
were also introduced and studied. In [3], we introduced
the concepts of fuzzy r-minimal semiopen sets and fuzzy
r-M-semicontinuous mappings, which are generalizations
of fuzzy r-minimal open sets and fuzzy r-M-continuous
mappings, respectively. Yoo et al. [6] introduced the con-
cepts of fuzzy r-minimal compactness on fuzzy r-minimal
spaces. The purpose of this paper is to extend the con-
cepts of fuzzy r-minimal compactness defined in [6]. So in
this paper, we introduce and study the concepts of fuzzy r-
minimal semicompactness, almost fuzzy r-minimal semi-
compactness, nearly fuzzy r-minimal semicompactness on
fuzzy r-minimal spaces. We also introduce the concept
of fuzzy r-M*-semiopen mapping, and investigate the re-
lationships among fuzzy r-M -semicontinuous mappings,
fuzzy r-M*-semiopen mappings and several types of fuzzy
r-minimal semicompactness.

2. Preliminaries

Let I be the unit interval [0, 1] of the real line. A mem-
ber A of IX is called a fuzzy set [7] of X. By 0 and 1,
we denote constant maps on X with value 0 and 1, respec-

Manuscript received Mar. 3, 2011; revised Apr. 25, 2011.

*Corresponding author.
2000 Mathematics Subject Classification of AMS: 54A40

tively. Forany A € IX, A° denotes the complement 1 — A.
All other notations are standard notations of fuzzy set the-
ory.

An fuzzy point o in X is a fuzzy set x, defined as
ify ==,

follows
(y) = «,
Tall¥) = 0, if y#x.

Let f: X — Y beafunctionand A € IX and B € I".
Then f(A) is a fuzzy setin Y, defined by

SUP,ep-1(y) A2),  if ) #0,
0, otherwise ,

ram = {

fory € Y and f~1(B) is a fuzzy set in X, defined by
fH(B)(x) = B(f(2)),z € X.

A smooth topology [2,4]on X isamap T : IX — [
which satisfies the following properties:

(H7T(0)=7(1)=1.

) T(A1NAg) >T(A1) NT(Az).

(3) T(UA4;) > AT (A)).

The pair (X, T) is called a smooth topological space.

Let X be a nonempty set and r € (0,1] = Iy. A fuzzy
family M : IX — I on X is said to have a fuzzy r-minimal
structure [5] if the family

M, ={AecI* | M(A)>r}
contains 0 and 1.

Then the (X, M) is called a fuzzy r-minimal space [5]
(simply, fuzzy r-FMS). Every member of M, is called a

fuzzy r-minimal open set. A fuzzy set A is called a fuzzy

r-minimal closed set if the complement of A is a fuzzy r-
minimal open set.
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Let (X, M) be an 7-FMS and r € Iy. The fuzzy r-
minimal closure of A, denoted by mC(A, ), is defined as

mC(A,r)=n{BecI*:1—-B¢cM,and AC B}.

The fuzzy r-minimal interior of A, denoted by mI(A,r),
is defined as

mI(A,7r)=U{BecI*:BecM,and BC A}.

Theorem 2.1 ([5]). Let (X, M) be an r-FMS and A, B €
I,

(1) mI(A,7) C A and if A is a fuzzy r-minimal open
set, then mI(A,r) = A.

(2) A C mC(A,r) andif Ais afuzzy r-minimal closed
set, then mC(A,r) = A.

3)If A C B, then mI(A,r) C mI(B,r) and
mC(A,r) C mC(B,r).

@ mI(A,r) N mI(B,r) 2 mI(A N B,r) and
mC(A,r) UmC(B,r) CmC(AUB,r).

) mI(mI(A,r),r) = mI(A,r)
mC(mC(A,r),r) =mC(A,r).

) 1—mC(A,r) =mI(1—A,r)and 1—mI(A,r) =
mC(1— A,r).

and

Let (X, M) be an r-FMS and A € I’X. Then a fuzzy
set A is called a fuzzy r-minimal semiopen set [3] in X if

A CmC(mI(A,r),r).

A fuzzy set A is called a fuzzy r-minimal semiclosed set if
the complement of A is fuzzy r-minimal semiopen.
We showed that any union of fuzzy r-minimal
semiopen sets is fuzzy r-minimal semiopen [3].
For A € IX, msC(A,r) and msI(A,r), respectively,
are defined as the following:
msC(A,r) =N{FeIX: ACF,
F is fuzzy r-minimal semiclosed};
msI(A,r)=U{U € I* : U C A4,
U is fuzzy r-minimal semiopen }.

Theorem 2.2 ([3]). Let (X, M) beanr-FMS and A € IX.
Then

(HymsI(A,r) CACmsC(A,r).

) If A C B, then msI(A,r) C msI(B,r) and
msC(A,r) C msC(B,r).

(3) A is r-minimal semiopen iff msI(A,r) = A.

(4) F is r-minimal semiclosed iff msC(F,r) = F.

(5) msI(msI(A,r),r) = msI(A,r)
msC(msC(A,r),r) =msC(A,r).

(6) msC(1 — A,r) = 1 — msI(A,r) and msI(1 —
A,r) =1—msC(A,r).

and
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3. Main Results

We recall the concepts of several types of fuzzy r-
minimal compactness introduced in [6]. Let (X, M) be
an r-FMS and A = {A; € I* : i € J}. Aiscalled a
fuzzy r-minimal cover if U{A; : i € J} = 1. It is a fuzzy
r-minimal open cover if each A; is a fuzzy r-minimal open
set. A subcover of a fuzzy r-minimal cover A is a subfam-
ily of it which also is a fuzzy r-minimal cover. A fuzzy set
Ain X is said to be

(1) fuzzy r-minimal compact if every fuzzy r-minimal
open cover A = {A; € M, : i € J} of A has a finite
subcover;

(2) almost fuzzy r-minimal compact (resp., nearly fuzzy
r-minimal compact) if for every fuzzy r-minimal open
cover A = {A; € I : i € J} of A, there exists Jy =
{j1,J2,-+,jn} C J such that A C UgejomC(Ag,1)
(resp., A C UgegomI(mC(Ag,r),r)).

Definition 3.1. Let (X, M) be an »-FMS and A = {A; €
IX :i € J} afuzzy r-minimal cover. Itis a fuzzy r-minimal
semiopen cover if each A, is fuzzy r-minimal semiopen.

Definition 3.2. Let (X, M) be an r-FMS. A fuzzy set A
in X is said to be

(fuzzy r-minimal semicompact if every fuzzy r-
minimal semiopen cover A = {4; € M, : i € J} of
A has a finite subcover;

(2) almost fuzzy r-minimal semicompact if for every
fuzzy r-minimal semiopen cover A = {A4; € IX :i € J}
of A, there exists Jo = {41,742, ,Jn} C J such that
A C UgejomsC(Ag,1);

(3) nearly fuzzy r-minimal semicompact it for every
fuzzy r-minimal semiopen cover A = {4; : ¢ € J}
of A, there exists Jo = {41,572, ,Jn} C J such that
A C UgegomsI(msC(Ag,r),r).

From the definitions of several types of fuzzy r-
minimal semicompactness, the following implications are
easily obtained but the converses may not be true as shown
in the next example.

fuzzy r-minimal semicompact = nearly fuzzy r-
minimal semicompact = almost fuzzy r-minimal semi-
compact

Example 3.3. Let X = Tandn € N — {1}. Let Ay, A,
B, C and D be fuzzy sets defined as follows

0.8, if 2 =0,
Ap(z) =S nx, f 0<z< i,
1, if L<x<;
1, if x=0,
Ar() = { 3, otherwise.
0.1, if z=0,
B(x) = { 0,  otherwise.



On Fuzzy r—Minimal Semicompactness on Fuzzy r—Minimal Spaces

1
C(z) = §,if zel
D(z) = —0.4x +0.9,if z € I.

(1) Consider a fuzzy r-minimal structure M : [X — T
on X as follows

=3 if A=0,1,

L if A=A
M A — n+1° . n)
( ) %, if A= Al,

0, otherwise.

Let A = {4, : n € N} be a fuzzy 3-minimal semiopen

cover of X. Since the semi-closure of any fuzzy 7-
semiopen set is 1, X is nearly fuzzy %—minimal semicom-
pact. But there does not exist a finite subcover of A, and so
X is not fuzzy %-minimal semicompact.

(2) Consider a fuzzy r-minimal structure M : IX — [
on X as follows

SIS

if o =B,C,D,0,1,

o if c=A
— 77,+1’ 1 mnH ~
M(o) 20 ifo=4y,1-D,
0, otherwise.

Obviously X is almost fuzzy %—minimal semicompact. Let
A={A, :n € N} be afuzzy 1-minimal semiopen cover
of X. Note that: msI(msC(A,)) = D forn € N. Conse-
quently, X is not nearly fuzzy %-minimal semicompact.

Let (X, M) and (Y,N) be r-FMS’s. Then a map-
ping f : (X,M) — (Y,N) is said to be fuzzy r-M-
semicontinuous [3] if for each point x, and each fuzzy
r-minimal open set V' containing f(z,), there exists a

fuzzy r-minimal semiopen set U containing x, such that
fu)cv.

Theorem 3.4 ([3]). Let f : (X, M) — (Y, N') be a map-
ping on -FMS’s (X, M) and (Y, ). Then the following
statements are equivalent:

(1) f is fuzzy r- M -semicontinuous.

(2) f~Y(V) is a fuzzy r-minimal semiopen set for each
fuzzy r-minimal open set V in Y.

(3) f~Y(B) is a fuzzy r-minimal semiclosed set for
each fuzzy r-minimal closed set Bin Y.

@) f(msC(A,r)) CmC(f(A),r) for A € IX.

(5) msC(f~Y(B),r) C f~*(mC(B,r)) for B I¥.

6) f~Y(mI(B,r)) CmsI(f~*(B),r) for Be IY.

Theorem 3.5. Let f : (X, M) — (Y, N) be a fuzzy r-M-
semicontinuous mapping on two r-FMS’s. If A is a fuzzy
r-minimal semicompact set, then f(A) is fuzzy r-minimal
compact.

Proof. Let {B; € IY : i € J} be a fuzzy r-minimal
open cover of f(A) in Y. Then since f is a fuzzy r-
M -semicontinuous mapping, {f~1(B;) : i € J}is a

fuzzy r-minimal semiopen cover of A in X. Since A is
fuzzy r-minimal semicompact, there exists a finite subset
Jo = {j1,72, -+, jn} C J such that A C Ugej, [~ (By).
It implies f(A) C Uge, By for the finite subset Jg of J,
and hence f(A) is fuzzy r-minimal compact. O

Theorem 3.6. Let f : (X, M) — (Y,N) be a fuzzy r-
M -semicontinuous mapping on two r-FMS’s. If A is an
almost fuzzy r-minimal semicompact set, then f(A) is al-
most fuzzy r-minimal compact.

Proof. Let {B; € IY : i € J} be a fuzzy r-minimal
open cover of f(A) in Y. Then {f~%(B;) : i € J} is
a fuzzy r-minimal semiopen cover of A in X. Since A
is almost fuzzy r-minimal semicompact, there exists a fi-
nite subset Jo = {j1,72, " ,Jn} < J such that A C
UkesomsC(f~1(Bx),r). From Theorem 3.4 (5), it fol-
lows

UkEJomSC(f_l(Bku 7")) - Uk?EJof_l(mC(Blﬁr))

= fﬁl(Uke_]OmC(Bk, 7”))

So f(A) C UkejomC(Bg,r) and f(A) is almost fuzzy
r-minimal compact. O

Definition 3.7. Let f : (X, M) — (Y,N) be a fuzzy
mapping on two -FMS’s. Then f is said to be fuzzy r-
M*-semiopen if for each fuzzy r-minimal semiopen set U
in X, f(U) is fuzzy r-minimal open.

Lemma3.8. Let f : X — Y be a function on two -FMS’s
(X, M) and (Y,N). If f is fuzzy r-M*-semiopen, then
f(A) =mlI(f(A),r) for every fuzzy r-minimal semiopen
set Ain X.

Proof. Obvious. O

Theorem 3.9. Let f : (X, M) — (Y, N) be a fuzzy map-
ping on two r-FMS’s.
(1) f is fuzzy r-M*-semiopen.
Q) f(msI(A,7)) CmI(f(A),r) for A € I,
By msI(f~Y(B),r) C f~Y(mI(B),r) for B € IY.
Then (1) = (2) < (3).
Proof. (1) = (2) For A € I,
F(msI(A),7)
= f(U{B € I* : BC A, B is fuzzy r-semiopen})
—UL(B) € I« J(B) € f(4),
f(B) is fuzzy r-minimal open}
CU{U eIV : U C f(A),U is fuzzy r-minimal open}
=mI(f(A),r).
Hence f(msI(A),r) CmI(f(A),r).

(2) = (3) For B € I", from (3) it follows that
FlmsI(f71(B),r)) € mI(f(f~1(B)),r) S mI(B,r).
This implies (3).

Similarly, we get the implication (3) = (2). O
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Example 3.10. Let X = I and let A, B be fuzzy sets de-
fined as follows:

1
A(z) = 3% xz el

1
B(z) = —5(:10 —-1), zel
Define
I, if o=A,B,
M(o)=4 3, if c=AUB,0,1,
0, otherwise.
Consider
%, if 0 =0,1,
N(o)=1< 5, if o=A4B,
0, otherwise

Note that A U B is fuzzy r-minimal semiopen. Let f :
(X, N) — (X, N) be the identity mapping. Then the map-
ping f satisfies the condition (2) of Theorem 3.9 but it is not
fuzzy £-M*-semiopen.

Let X be a nonempty set and M : IX — T a fuzzy
family on X. The fuzzy family M is said to have the prop-
erty (U) [5]if for A; € M (i € J),

M(UA) > AM(A;).

Theorem 3.11 ([5]). Let (X, M) be an r-FMS with the
property (U) and A € IX. Then

(1) A is fuzzy r-minimal open if and only if
mI(A,r)=A.

(2) A is fuzzy r-minimal closed if and only if
mC(A,r) = A.

Corollary 3.12. Let f : (X, M) — (Y,N) be a fuzzy
mapping on two r-FMS’s. If My has the property (U),
then the following are equivalent:

(1) f is fuzzy r-M*-semiopen.

() f(msI(A,7)) CmI(f(A),r)for A€ IX,

Q3)msI(f~1(B),r) C f~Y(mI(B,r)) for Be I¥.

Definition 3.13. Let (X, M) and (Y, N) be two r-FMS’s.
Then a function f : X — Y is called fuzzy r-M*-
semiclosed if for every fuzzy r-minimal semiclosed set A
in X, f(A) is a fuzzy r-minimal closed setin Y.

Lemma 3.14. Let f X — Y be a function on
two r-FMS’s (X, M) and (Y, N). If f is fuzzy r-M*-
semiclosed, then f(A) = mC(f(A),r) for every fuzzy
r-minimal semiclosed set A in X.

Proof. Obvious. O
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Theorem 3.15. Let f : X — Y be a function on two r-
FMS’s (X, M) and (Y, ).
(1) f is fuzzy r-M*-semiclosed.
)ymC(f(A),r) C f(msC(A,r)) for A € IX.
(3) f~YmC(B,r)) C msC(f~Y(B),r) for B € I".
Then (1) = (2) < (3).

Proof. Tt is similar to Theorem 3.9, O

From Theorem 3.11, obviously the next corollary is ob-
tained:

Corollary 3.16. Let f : X — Y be a function on two r-
FMS’s (X, M) and (Y, N). If N has the property (i), the
following are equivalent:

(1) f is fuzzy r-M*-semiclosed.

Q) mC(f(A),r) C f(msC(A,r)) for A € IX.

3) f~Y(mC(B,r)) CmsC(f~Y(B),r) for B IY.

Theorem 3.17. Let a mapping f : (X, M) — (Y, N) be
fuzzy r- M -semicontinuous and fuzzy r-M *-semiopen on
two r-FEMS’s. If A is a nearly fuzzy r-minimal semicom-
pact set, then f(A) is nearly fuzzy r-minimal compact.

Proof. Let {B; € IY : i € J} be a fuzzy r-minimal
open cover of f(A) in Y. Then {f~%(B;) : i € J} is
a fuzzy r-minimal semiopen cover of A in X. Since X
is nearly fuzzy r-minimal semicompact, there exists a fi-
nite subset Jo = {j1,72, - ,Jdn} < J such that A C

UkesomsI(msC(f~1(Bg),r),r). From Theorem 3.4 and
Theorem 3.9, it follows
FlA) S Ukeso f(msI(msC(f~"(By),r),7))
C  UresomI(f(msC(f~'(By),r)).7)
< UkEJom](f(f (mC By, )))’T)
- Uke.]omj(mC(Bk‘v )’ )

Hence f(A) is a nearly fuzzy r-minimal compact set. [
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