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Abstract

We investigate the relations between various connections on set and those on power set. Moreover, we give their exam-
ples.
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1. Introduction and Preliminaries

An information consists of (X, Y,R) where X is a set
of objects, Y is a set of attributes and R is a relation be-
tween X and Y . Wille [11] introduced the formal concept
lattices by allowing some uncertainty in data as examples
as Galois, dual Galois, residuated and dual residuated con-
nections. Formal concept analysis is an important math-
ematical tool for data analysis and knowledge processing
[1-5,8,9,11].

In this paper, we show that Galois, dual Galois, residu-
ated and dual residuated connections on set induce various
connections on power sets. In particular, we give their ex-
amples.

Let X be a set. A relation eX ⊂ X ×X is called a par-
tially order set (simply, poset)if it is reflexive, transitive and
anti-symmetric. We can define a poset eP (X) ⊂ P (X) ×
P (X) as (A,B) ∈ eP (X) iff A ⊂ B for A,B ∈ P (X). If
(X, eX) is a poset and we define a function (x, y) ∈ e−1

X

iff (y, x) ∈ eX , then (X, e−1
X ) is a poset.

Definition 1.1. [10] Let (X, eX) and (Y, eY ) be posets and
f : X → Y and g : Y → X maps.

(1) (eX , f, g, eY ) is called a Galois connection if for all
x ∈ X, y ∈ Y , (y, f(x)) ∈ eY iff (x, g(y)) ∈ eX .

(2)(eX , f, g, eY ) is called a dual Galois connection if
for all x ∈ X, y ∈ Y , (f(x), y) ∈ eY iff (g(y), x) ∈ eY .

(3) (eX , f, g, eY ) is called a residuated connection if
for all x ∈ X, y ∈ Y , (f(x), y) ∈ eY iff (x, g(y)) ∈ eY .

(4) (eX , f, g, eY ) is called a dual residuated connection
if for all x ∈ X, y ∈ Y , (y, f(x)) ∈ eY iff (g(y), x) ∈ eY .

(5) f is an isotone map if (f(x1), f(x2)) ∈ eY for all
(x1, x2) ∈ eX .

(6) f is an antitone map if (f(x2), f(x1)) ∈ eY for all
(x1, x2) ∈ eX .

Theorem 1.2. [10] Let (X, eX) and (Y, eY ) be a poset and
f : X → Y and g : Y → X maps.

(1) (eX , f, g, eY ) is a Galois connection if f, g are an-
titone maps and (y, f(g(y))) ∈ eY and (x, g(f(x))) ∈ eX .

(2) (eX , f, g, eY ) is a dual Galois connection if f, g are
antitone maps and (f(g(y)), y) ∈ eY and (g(f(x)), x) ∈
eX .

(3) (eX , f, g, eY ) is a residuated connection if f, g are
isotone maps and (f(g(y)), y) ∈ eY and (x, g(f(x))) ∈
eX .

(4) (eX , f, g, eY ) is called a dual residuated connec-
tion if f, g are isotone maps and (y, f(g(y))) ∈ eY and
(g(f(x)), x) ∈ eX .

Theorem 1.3. [9] (1) (eP (X), F,G, eP (Y )) is a Galois con-
nection iff F (

⋃
i∈Γ Ai) =

⋂
i∈Γ F (Ai).

(2) (eP (X), F, G, eP (Y )) is a residuated connection iff
F (

⋃
i∈Γ Ai) =

⋃
i∈Γ F (Ai).

(3) (eP (X), F,G, eP (Y )) is a dual Galois connection iff
F (

⋂
i∈Γ Ai) =

⋃
i∈Γ F (Ai).

(4) (eP (X), F,G, eP (Y )) is a dual residuated connec-
tion iff F (

⋂
i∈Γ Ai) =

⋂
i∈Γ F (Ai).

2. Galois and Residuated Connections on Sets
and Power Sets

Theorem 2.1. Let (X, eX) and (Y, eY ) be a poset and
f : X → Y and g : Y → X maps. For each A ∈ P (X)
and B ∈ P (Y ), we define operations as follows:

F1(A) = {y ∈ Y | (∀x ∈ X)(x ∈ A → (f(x), y) ∈ eY )},

F2(A) = {y ∈ Y | (∀x ∈ X)(x ∈ A → (y, f(x)) ∈ eY )},
G1(B) = {x ∈ X | (∀y ∈ Y )(y ∈ B → (x, g(y)) ∈ eX)},
G2(B) = {x ∈ X | (∀y ∈ Y )(y ∈ B → (g(y), x) ∈ eX)},
H1(B) = {x ∈ X | (∃y ∈ Y )(y ∈ B & (x, g(y)) ∈ eX)},
H2(B) = {x ∈ X | (∃y ∈ Y )(y ∈ B & (g(y), x) ∈ eX)},
I1(A) = {y ∈ Y | (∃x ∈ X)(x ∈ A & (y, f(x)) ∈ eY )},
I2(A) = {y ∈ Y | (∃x ∈ X)(x ∈ A & (f(x), y) ∈ eY )},
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J1(B) = {x ∈ X | (∀y ∈ Y )((x, g(y)) ∈ eX) → y ∈ B)},
J2(B) = {x ∈ X | (∀y ∈ Y )((g(y), x) ∈ eX) → y ∈ B)},
K1(A) = {y ∈ Y | (∀x ∈ X)((f(x), y) ∈ eY ) → x ∈ A)},
K2(A) = {y ∈ Y | (∀x ∈ X)((y, f(x)) ∈ eY ) → x ∈ A)},
L1(B) = {x ∈ X | (∃y ∈ Y )(y ∈ Bc & (x, g(y)) ∈ eX)},
L2(B) = {x ∈ X | (∃y ∈ Y )(y ∈ Bc & (g(y), x) ∈ eX)},
M1(A) = {y ∈ Y | (∃x ∈ X)(x ∈ Ac & (y, f(x)) ∈ eY )},
M2(A) = {y ∈ Y | (∃x ∈ X)(x ∈ Ac & (f(x), y) ∈ eY )},

Then the following statements hold:
(1) F1({x}) = I2({x}) = M2(({x})c) = (eY )f(x),

F2({x}) = I1({x}) = M1(({x})c) = (eY )−1
f(x),

K2(({x})c) = ((eY )−1
f(x))

c, K1({x}c) = (eY )c
f(x).

(2) G1({y}) = H1({y}) = L1({y}c) = (eX)−1
g(y),

G2({y}) = H2({y}) = L2({y}c) = (eX)g(y).
J1(({y})c) = ((eX)−1

g(y))
c, J2({y}c) = (eX)c

g(y).
(3) (eX , f, g, eY ) is a Galois connection iff

(eP (X), F2, G1, eP (Y )) is a Galois connection iff
(eP (X),K2,H1, eP (Y )) is a dual residuated connection
iff (eP (X),M1, L1, eP (Y )) is a dual Galois connection iff
(eP (X), I1, J1, eP (Y )) is a residuated connection.

(4) (eX , f, g, eY ) is a residuated connection iff
(eP (X), F1, G1, eP (Y )) is a Galois connection iff
(eP (X),K1,H1, eP (Y )) is a dual residuated connection
iff (eP (X),M2, L1, eP (Y )) is a dual Galois connection iff
(eP (X), I2, J1, eP (Y )) is a residuated connection.

(5) (eX , f, g, eY ) is a dual Galois connection
iff (eP (X), F1, G2, eP (Y )) is a Galois connection iff
(eP (X),K1,H2, eP (Y )) is a dual residuated connection
iff (eP (X),M2, L2, eP (Y )) is a dual Galois connection iff
(eP (X), I2, J2, eP (Y )) is a residuated connection.

(6) (eX , f, g, eY ) is a dual residuated connection
iff (eP (X), F2, G2, eP (Y )) is a Galois connection iff
(eP (X),K2,H2, eP (Y )) is a dual residuated connection
iff (eP (X),M1, L2, eP (Y )) is a dual Galois connection iff
(eP (X), I1, J2, eP (Y )) is a residuated connection.

(7) If f(∨i∈Γxi) = ∧i∈Γf(xi) for xi ∈ X , there ex-
ists a function g : Y → X such that (eX , f, g, eY ) is a
Galois connection. Moreover, (eP (X), F2, G1, eP (Y )) is a
Galois connection, (eP (X),K2,H1, eP (Y )) is a dual resid-
uated connection, (eP (X),M1, L1, eP (Y )) is a dual Galois
connection and (eP (X), I1, J1, eP (Y )) is a residuated con-
nection.

(8) If f(∨i∈Γxi) = ∨i∈Γf(xi) for xi ∈ X , there ex-
ists a function g : Y → X such that a residuated connec-
tion. Moreover, (eP (X), F1, G1, eP (Y )) is a Galois connec-
tion, (eP (X),K1,H1, eP (Y )) is a dual residuated connec-
tion, (eP (X),M2, L1, eP (Y )) is a dual Galois connection
and (eP (X), I2, J1, eP (Y )) is a residuated connection.

(9) If f(∧i∈Γxi) = ∨i∈Γf(xi) for xi ∈ X , there exists
a function g : Y → X such that (eX , f, g, eY ) is a dual

Galois connection. Moreover, (eP (X), F1, G2, eP (Y )) is a
Galois connection, (eP (X),K1,H2, eP (Y )) is a dual resid-
uated connection, (eP (X),M2, L2, eP (Y )) is a dual Galois
connection and (eP (X), I2, J2, eP (Y )) is a residuated con-
nection.

(10) If f(∧i∈Γxi) = ∧i∈Γf(xi) for xi ∈ X , there ex-
ists a function g : Y → X such that (eX , f, g, eY ) is a dual
residuated connection. Moreover, (eP (X), F2, G2, eP (Y ))
is a Galois connection and (eP (X),K2,H2, eP (Y )) is a dual
residuated connection, (eP (X), M1, L2, eP (Y )) is a dual
Galois connection and (eP (X), I1, J2, eP (Y )) is a residu-
ated connection.

Proof. (1) y ∈ F1({x}) iff (∀z ∈ X)(z ∈ {x} →
(f(z), y) ∈ eY ) iff (f(x), y) ∈ eY . Similarly, F2({x}) =
(eY )−1

f(x). We have K1({x}c) = (eY )c
f(x) from: y ∈

K1({x}c) iff (∀z ∈ X)((f(z), y) ∈ eY → z ∈ {x}c) iff
(∀z ∈ X)(z ∈ {x} → (f(z), y) 	∈ eY ) iff (f(x), y) 	∈ eY .
Similarly, K2(({x})c) = ((eY )−1

f(x))
c.

Other cases and (2) are similarly proved as in (1).

(3) First, if (x, g(y)) ∈ eX iff (y, f(x)) ∈ eY , then
(A,G1(B)) ∈ eP (X) iff (B,F2(A)) ∈ eP (Y ).

(B,F2(A)) ∈ eP (Y )

iff (∀y ∈ Y )((y ∈ B) → y ∈ F2(A))
iff (∀y ∈ Y )

(
(y ∈ B) → (∀x ∈ X)(x ∈ A

→ (y, f(x)) ∈ eY )
)

iff (∀y ∈ Y )(∀x ∈ X)
(
x ∈ A → (y ∈ B

→ (x, g(y)) ∈ eX)
)

iff (∀x ∈ X)
(
x ∈ A → (∀y ∈ Y )(y ∈ B

→ (x, g(y)) ∈ eX)
)

iff (∀x ∈ X)
(
x ∈ A → x ∈ G1(B)

)

iff (A,G1(B)) ∈ eP (X).

Conversely, put A = {x} and B = {y}. Since
F2({x}) = (eY )−1

f(x) and G1({y}) = (eX)−1
g(y) from (1)

and (2), we have

(y, f(x)) ∈ eY iff ({y}, F2({x})) ∈ eP (Y )

iff ({x}, G1({y})) ∈ eP (X) iff (x, g(y)) ∈ eX .

Second, if (x, g(y)) ∈ eX iff (y, f(x)) ∈ eY , then
(H1(B), A) ∈ eP (X) iff (B, K2(A)) ∈ eP (Y ).



(H1(B), A) ∈ eP (X)

iff (∀x ∈ X)(x ∈ H1(B) → x ∈ A)
iff (∀x ∈ X)

(
(∃y ∈ Y )((x, g(y)) ∈ eX & y ∈ B)

→ x ∈ A
)

iff (∀x ∈ X)(∀y ∈ Y )
(
y ∈ B → ((x, g(y)) ∈ eX

→ x ∈ A)
)

iff (∀y ∈ Y )
(
y ∈ B → (∀x ∈ X)((y, f(x)) ∈ eY

→ x ∈ A)
)

iff (∀y ∈ Y )
(
y ∈ B → y ∈ K2(A)

)

iff (B,K2(A)) ∈ eP (X).

Put A = {x}c and B = {y}. Since K2({x}c) =
((eY )−1

f(x))
c and H1({y}) = (eX)−1

g(y) from (1) and (2),
we have

(x, g(y)) 	∈ eX iff (H1({y}), {x}c) ∈ eP (X)

iff ({y},K2({x}c)) ∈ eP (Y ) iff (y, f(x)) 	∈ eY .

Third, if (x, g(y)) ∈ eX iff (y, f(x)) ∈ eY , then
(L1(B), A) ∈ eP (X) iff (M1(A), B) ∈ eP (Y ).

(M1(A), B) ∈ eP (Y )

iff (∀y ∈ Y )(y ∈ M1(A) → y ∈ B)
iff (∀y ∈ Y )((∃z ∈ X)(z ∈ Ac & (y, f(z)) ∈ eY )
→ y ∈ B)

iff (∀y ∈ Y )(∀z ∈ X)((z ∈ Ac → ((y, f(z)) ∈ eY

→ y ∈ B)
iff (∀z ∈ X)((z ∈ Ac → (∀y ∈ Y )((y, f(z)) ∈ R
→ y ∈ B)

iff (∀z ∈ X)((∃y ∈ Y )((z, g(y)) ∈ eX & y ∈ Bc)
→ z ∈ A)

iff (L1(B), A) ∈ eP (X).

Put A = {x}c and B = {y}c. Since M1({x}c) =
(eY )−1

f(x) and L1({y}c) = (eX)−1
g(y) from (1) and (2), we

have

(y, f(x) 	∈ eY iff y ∈ M1({x}c)c iff
(M1({x}c), {y}c) ∈ eP (Y ) iff (L1({y}c), {x}c) ∈ eP (X)

iff x ∈ L1({y}c)c iff (x, g(y) 	∈ eX .

Forth, if (x, g(y)) ∈ eX iff (y, f(x)) ∈ eY , then

(I1(A), B) ∈ eP (Y ) iff (A, J1(B)) ∈ eP (X).

(I1(A), B) ∈ eP (Y )

iff (∀y ∈ Y )(y ∈ I1(A)
→ y ∈ B)
iff (∀y ∈ Y )((∃x ∈ X)(x ∈ A & (y, f(x) ∈ eY ) → y ∈ B)
iff (∀y ∈ Y )(∀x ∈ X)(x ∈ A → ((y, f(x) ∈ eY

→ y ∈ B)
iff (∀x ∈ X)(x ∈ A → (∀y ∈ Y )((x, g(y) ∈ eX

→ y ∈ B)
iff (∀x ∈ X)(x ∈ A → x ∈ J1(B))
iff (A, J1(B)) ∈ eP (X).

Put A = {x} and B = {y}c. Since I1({x}) =
(eY )−1

f(x) and J1({y}c) = ((eX)−1
g(y))

c from (1) and (2),
we have

(y, f(x) 	∈ eY iff y ∈ I1({x})c iff
(I1({x}), {y}c) ∈ eP (Y ) iff ({x}, J1({y}c)) ∈ eP (X)

iff x ∈ J1({y}c) iff (x, g(y)) 	∈ eX .

(4) Let (x, g(y)) ∈ eX iff (f(x), y) ∈ eY be given.
Then (A,G1(B)) ∈ eP (X) iff (B, F1(A)) ∈ eP (Y ) from:

(B,F1(A)) ∈ eP (Y )

iff (∀y ∈ Y )((y ∈ B) → y ∈ F1(A))
iff (∀y ∈ Y )

(
(y ∈ B) → (∀x ∈ X)(x ∈ A

→ (f(x), y) ∈ eY )
)

iff (∀y ∈ Y )(∀x ∈ X)
(
x ∈ A → (y ∈ B

→ (x, g(y)) ∈ eX)
)

iff (∀x ∈ X)
(
x ∈ A → (∀y ∈ Y )(y ∈ B

→ (x, g(y)) ∈ eX)
)

iff (∀x ∈ X)
(
x ∈ A → x ∈ G1(B)

)

iff (A,G1(B)) ∈ eP (X).

Conversely, put A = {x} and B = {y}. Since F1({x}) =
(eY )f(x) and G1({y}) = (eX)−1

g(y) from (1) and (2), we
have

(f(x), y) ∈ eY iff y ∈ F1({x})

iff ({y}, F1({x})) ∈ eP (Y ) iff ({x}, G1({y})) ∈ eP (X)

iff x ∈ G1({x}) iff (x, g(y)) ∈ eX .

Second, if (x, g(y)) ∈ eX iff (f(x), y) ∈ eY , then



(H1(B), A) ∈ eP (X) iff (B, K1(A)) ∈ eP (Y ) from:

(H1(B), A) ∈ eP (X)

iff (∀x ∈ X)(x ∈ H1(B) → x ∈ A)
iff (∀x ∈ X)

(
(∃y ∈ Y )((x, g(y)) ∈ eX & y ∈ B)

→ x ∈ A
)

iff (∀x ∈ X)(∀y ∈ Y )
(
y ∈ B → ((x, g(y)) ∈ eX

→ x ∈ A)
)

iff (∀y ∈ Y )
(
y ∈ B → (∀x ∈ X)((f(x), y) ∈ eY

→ x ∈ A)
)

iff (∀y ∈ Y )
(
y ∈ B → y ∈ K1(A)

)

iff (B,K1(A)) ∈ eP (Y ).

Put A = {x}c and B = {y}. Since K1({x}c) =
(eY )c

f(x) and H1({y}) = (eX)−1
g(y) from (1) and (2), we

have
(x, g(y)) 	∈ eX iff x 	∈ H1({y})

iff (H1({y}, {x}c) ∈ eP (X)iff ({y},K1({x}c)) ∈ eP (Y )

iff y ∈ K1({x}) iff (f(x), y) 	∈ eY .

Third, if (x, g(y)) ∈ eX iff (f(x), y) ∈ eY , then
(L1(B), A) ∈ eP (X) iff (M2(A), B) ∈ eP (Y ).

(M2(A), B) ∈ eP (Y )

iff (∀y ∈ Y )(y ∈ M2(A) → y ∈ B)
iff (∀y ∈ Y )((∃z ∈ X)(z ∈ Ac & (f(z), y) ∈ eY )
→ y ∈ B)

iff (∀y ∈ Y )(∀z ∈ X)((z ∈ Ac → ((f(z), y) ∈ eY

→ y ∈ B)
iff (∀z ∈ X)((z ∈ Ac → (∀y ∈ Y )((f(z), y) ∈ R
→ y ∈ B)

iff (∀z ∈ X)((∃y ∈ Y )((z, g(y)) ∈ eX & y ∈ Bc)
→ z ∈ A)

iff (L1(B), A) ∈ eP (X).

Put A = {x}c and B = {y}c. Since M2({x}c) =
(eY )f(x) and L1({y}c) = (eX)−1

g(y) from (1) and (2), we
have

(f(x), y) 	∈ eY iff y ∈ M2({x}c)c iff
(M2({x}c), {y}c) ∈ eP (Y ) iff (L1({y}c), {x}c) ∈ eP (X)

iff x ∈ L1({y}c)c iff (x, g(y) 	∈ eX .

Forth, if (x, g(y)) ∈ eX iff (f(x), y) ∈ eY , then
(I2(A), B) ∈ eP (Y ) iff (A, J1(B)) ∈ eP (X).

(I2(A), B) ∈ eP (Y )

iff (∀y ∈ Y )(y ∈ I2(A) → y ∈ B)
iff (∀y ∈ Y )((∃x ∈ X)(x ∈ A & (f(x), y) ∈ eY ) → y ∈ B)
iff (∀y ∈ Y )(∀x ∈ X)(x ∈ A → ((f(x), y) ∈ eY → y ∈ B)
iff (∀x ∈ X)(x ∈ A → (∀y ∈ Y )((x, g(y) ∈ eX → y ∈ B)
iff (∀x ∈ X)(x ∈ A → x ∈ J1(B))
iff (A, J1(B)) ∈ eP (X).

Put A = {x} and B = {y}c. Since I2({x}) =
(eY )f(x) and J1({y}c) = ((eX)−1

g(y))
c from (1) and (2),

we have

(f(x), y) 	∈ eY iff y ∈ I1({x})c iff
(I1({x}), {y}c) ∈ eP (Y ) iff ({x}, J1({y}c)) ∈ eP (X)

iff x ∈ J1({y}c) iff (x, g(y)) 	∈ eX .

(5) and (6) are similarly proved as in (3) and (4).
(7) Define g(y) =

∨{x | y ≤ f(x)}. If y ≤ f(x), then
x ≤ g(y). If x ≤ g(y), then f(x) ≥ f(g(y)) = f(∨x) =
∧f(x) ≥ y. Hence (eX , f, g, eY ) is a Galois connection.
Others follow (3).

(8) Define g(y) =
∨{x | f(x) ≤ y}. If f(x) ≤ y,

then x ≤ g(y). If x ≤ g(y), then f(x) ≤ f(g(y)) =
f(∨x) = ∨f(x) ≤ y. Hence (eX , f, g, eY ) is a residuated
connection. Others follow (4).

(9) Define g(y) =
∧{x | f(x) ≤ y}. If f(x) ≤ y, then

g(y) ≤ x. If g(y) ≤ x, then f(x) ≤ f(g(y)) = f(∧x) =
∨f(x) ≤ y. Hence (eX , f, g, eY ) is a dual Galois connec-
tion. Others follow (5).

(10) Define g(y) =
∧{x | y ≤ f(x)}. If y ≤ f(x),

then g(y) ≤ x. If g(y) ≤ x, then f(x) ≥ f(g(y)) =
f(∧x) = ∧f(x) ≥ y. Hence (eX , f, g, eY ) is a dual resid-
uated connection. Others follow (6).

Example 2.2. Let (X = {a, b, c, d}, eX) and (Y =
{x, y, z}, eY ) be a poset with

eX = {(a, a), (a, b), (a, c), (a, d), (b, b), (b, d),

(c, c), (c, d), (d, d)}.

eY = {(x, x), (x, y), (x, z), (y, y), (z, y), (z, z)}.

(1) Let f : X → Y as f(a) = x, f(b) = z, f(c) =
f(d) = y. Then f(∨i∈Γxi) = ∨i∈Γf(xi) for xi ∈ X . De-
fine g(w) =

∨{s ∈ X | f(s) ≤ w}. Then g : Y → X
as g(x) = a, g(y) = d, g(z) = b. Then (eX , f, g, eY ) is a
residuated connection.

By Theorem 2.1 (1) and (2), we obtain

(F1 = I2)({a}) = M2({a}c) = {x, y, z} = (eY )f(a),
(F1 = I2)({b}) = M2({a}c) = {y, z} = (eY )f(b),
(F1 = I2)({c}) = M2({a}c) = {y} = (eY )f(c),
(F1 = I2)({d}) = M2({a}c) = {y} = (eY )f(d).

K1({a}c) = ∅ = (eY )c
f(a),

K1({b}c) = {x} = (eY )c
f(b),

K1({c}c) = {x, z} = (eY )c
f(c),

K1({d}c) = {x, z} = (eY )c
f(d).



(G1 = H1)({x}) = L1({x}c) = {a} = (eX)−1
g(x),

(G1 = H1)({y}) = L1({y}c) = X = (eY )−1
g(y),

(G1 = H1)({z}) = L1({z}c) = {a, b} = (eY )−1
g(z).

J1({x}c) = {b, c, d} = ((eX)−1
g(x))

c,

J1({y}c) = ∅ = ((eY )−1
g(y))

c,

J1({z}c) = {c, d} = ((eY )−1
g(z))

c.

We obtain F1 : P (X) → P (Y ) and G1 : P (Y ) →
P (X) as follows:

F1(A) =

⎧⎨
⎩

Y if A ∈ {∅, {a}},
{y, z} if A ∈ {{b}, {a, b}},
{y} otherwise,

G1(B) =

⎧⎨
⎩

X if B ∈ {∅, {y}},
{a, b} if B ∈ {{z}, {y, z}},
{a} otherwise.

Then (eP (X), F1, G1, eP (Y )) is a Galois connection.
We obtain K1 : P (X) → P (Y ) and H1 : P (Y ) →

P (X) as follows:

K1(A) =

⎧⎪⎪⎨
⎪⎪⎩

Y if A = X,
{x} if a ∈ A, {a, b} 	⊂ A,
{x, z} if {a, b} ⊂ A 	= X,
∅ otherwise,

H1(B) =

⎧⎪⎪⎨
⎪⎪⎩

∅ if B = ∅,
X if y ∈ B,
{a, b} if z ∈ B, y 	∈ B,
{a} otherwise.

Then (eP (X),K1,H1, eP (Y )) is a dual residuated connec-
tion.

We obtain M2 : P (X) → P (Y ) and L1 : P (Y ) →
P (X) as follows:

M2(A) =

⎧⎪⎪⎨
⎪⎪⎩

∅ if A = X,
{y} if A ∈ {{a, b}, {a, b, c}, {a, b, d}},
{y, z} if A ∈ {{a}, {a, d}, {a, c, d}},
Y otherwise,

L1(B) =

⎧⎪⎪⎨
⎪⎪⎩

∅ if B = X,
{a} if B = {y, z},
{a, b} if B ∈ {{y}, {x, y},
X otherwise.

Then (eP (X),M2, L1, eP (Y )) is a dual Galois connection.
We obtain I2 : P (X) → P (Y ) and J1 : P (Y ) →

P (X) as follows:

I2(A) =

⎧⎪⎪⎨
⎪⎪⎩

∅ if A = ∅,
{z} if A ∈ {{c}, {d}, {c, d}},
{y, z} if A ∈ {{b}, {b, c}, {b, d}, {b, c, d}},
Y otherwise,

J1(B) =

⎧⎪⎪⎨
⎪⎪⎩

X if B = Y,
{b, c, d} if B = {y, z},
{c, d} if B ∈ {{y}, {x, y}},
∅ otherwise.

Then (eP (X), I2, J1, eP (Y )) is a residuated connection.
(2) Let f : X → Y as f(a) = y, f(b) = z, f(c) =

f(d) = x. Then f(∨i∈Γxi) = ∧i∈Γf(xi) for xi ∈ X . De-
fine g(w) =

∨{s ∈ X | f(s) ≥ w}. Then g : Y → X
as g(x) = d, g(y) = a, g(z) = b. Then (eX , f, g, eY ) is a
Galois connection.

By Theorem 2.1 (1) and (2), we obtain

(F2 = I1)({a}) = M1({a}c) = Y = (eY )−1
f(a),

(F2 = I1)({b}) = M1({b}c) = {x, z} = (eY )−1
f(b),

(F2 = I1)({c}) = M1({c}c) = {x} = (eY )−1
f(c),

(F2 = I1)({d}) = M1({d}c) = {x} = (eY )−1
f(d).

(G1 = H1)({x}) = L1({x}c) = X = (eX)−1
g(x),

(G1 = H1)({y}) = L1({y}c) = {a} = (eY )−1
g(y),

(G1 = H1)({z}) = L1({z}c) = {a, b} = (eY )−1
g(z).

J1({x}c) = ∅ = ((eX)−1
g(x))

c,

J1({y}c) = {b, c, d} = ((eY )−1
g(y))

c,

J1({z}c) = {c, d} = ((eY )−1
g(z))

c.

K2({a}c) = ∅ = (e−1
Y )c

f(a),

K2({b}c) = {y} = (e−1
Y )c

f(b),

K2({c}c) = {y, z} = (e−1
Y )c

f(c),

K2({d}c) = {y, z} = (e−1
Y )c

f(d).

We obtain F2 : P (X) → P (Y ) and G1 : P (Y ) →
P (X) as follows:

F2(A) =

⎧⎨
⎩

Y if A ∈ {∅, {a}},
{x, z} if A ∈ {{b}, {a, b}},
{x} otherwise,

G1(B) =

⎧⎨
⎩

X if B ∈ {∅, {x}},
{a, b} if B ∈ {{z}, {x, z}},
{a} otherwise.

Then (eP (X), F2, G1, eP (Y )) is a Galois connection.
We obtain K2 : P (X) → P (Y ) and H1 : P (Y ) →

P (X) as follows:

K2(A) =

⎧⎪⎪⎨
⎪⎪⎩

Y if A = X,
{y} if a ∈ A, {a, b} 	⊂ A,
{y, z} if {a, b} ⊂ A 	= X,
∅ otherwise,

H1(B) =

⎧⎪⎪⎨
⎪⎪⎩

∅ if B = ∅,
X if x ∈ B,
{a, b} if z ∈ B, x 	∈ B,
{a} otherwise.

Then (eP (X),K2, H1, eP (Y )) is a dual residuated connec-
tion.



We obtain M1 : P (X) → P (Y ) and L1 : P (Y ) →
P (X) as follows:

M1(A) =

⎧⎪⎪⎨
⎪⎪⎩

∅ if A = X,
{x} if A ∈ {{a, b}, {a, b, c}, {a, b, d}},
{x, z} if A ∈ {{a}, {a, c}, {a, d}, {a, c, d}},
Y otherwise,

L1(B) =

⎧⎪⎪⎨
⎪⎪⎩

∅ if B = Y,
{a} if B = {x, z},
{a, b} if B ∈ {{x}, {x, y}},
X otherwise.

Then (eP (X),M1, L1, eP (Y )) is a dual Galois connection.
We obtain I1 : P (X) → P (Y ) and J1 : P (Y ) →

P (X) as follows:

I1(A) =

⎧⎪⎪⎨
⎪⎪⎩

∅ if A = ∅,
{z} if A ∈ {{c}, {d}, {c, d}},
{x, z} if A ∈ {{b}, {b, c}, {b, d}, {b, c, d}},
Y otherwise,

J1(B) =

⎧⎪⎪⎨
⎪⎪⎩

X if B = Y,
{b, c, d} if B = {x, z},
{b, d} if B ∈ {{x}, {x, y}},
∅ otherwise.

Then (eP (X), I1, J1, eP (Y )) is a residuated connection.

References
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