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Two-Dimensional Analytical Model for Deriving the
Threshold Voltage of a Short Channel Fully Depleted
Cylindrical/Surrounding Gate MOSFET

Chung Ha Suh

Abstract—A two-dimensional analytical model for
deriving the threshold voltage of a short channel fully
depleted (FD) cylindrical/surrounding gate MOSFET
(CGT/SGT) is suggested. By taking into account the
lateral variation of the surface potential, introducing
the natural length expression, and using the Bessel
functions of the first and the second kinds of order
zero, we can derive potentials in the gate oxide layer
and the silicon core fully two-dimensionally. Making
use of these potentials, the minimum surface potential
can be obtained to derive the threshold voltage as a
closed-form expression in terms of various device
parameters and applied voltages. Obtained results
can be used to explain the drain-induced threshold
voltage roll-off of a CGT/SGT in a unified manner.

Index Terms—Short channel cylindrical/surrounding
gate MOSFET, CGT/SGT, natural length, drain-
induced threshold voltage roll-off

I. INTRODUCTION

Recently, a surrounding gate MOSFET (SGT) has
drawn much attention because of its fundamental
advantages. Compared with conventional planar
MOSFETs, SGTs have several superior characteristics

such as high packing density, high current drive

capability, and immunity to the short channel effect [1-6].

In a cylindrical/surrounding gate MOSFET (CGT/SGT),
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a rectangular-shaped silicon core in the original SGT has
been replaced with a cylindrical silicon core (pillar).
Then due to the cylindrical structure, a CGT/SGT can
avoid the narrow gate effect. This unique feature may
give potentiality to play an important role in ULSI.
Moreover, cylindrical/surrounding gate MOSFETs have
been popularly considered nowadays since they can be
yarn-type (flexible) electronic devices and can provide
noticeable possibility for the application to textile
(woven) electronics. However, as the channel length is
shortened into the deep sub-micrometer regime, the short
channel effects become significant. Among the several
short channel effects, the drain-induced threshold voltage
roll-off is the most important and principally due to the
lateral field effect. An accurate estimation of the
threshold voltage for a FET is crucial in the device
optimization for circuit design. In most of analytical
models [7-14], the threshold voltage of a short channel
fully depleted (FD) cylindrical/surrounding gate
MOSFET has been derived based upon the drain-induced
barrier lowering (DIBL). The two-dimensional (2-D)
Poisson’s equation in the silicon core has been solved by
decomposing it into a 1-D Poisson’s equation and a 2-D
Laplace’s equation. In solving the 2-D Laplace’s
equation, however, complicated Fourier-Bessel series
expansion has been required in order to satisfy the
suggested equi-potential boundary conditions at both
planes of source-core and drain-core 7 —p junctions.
Hence, the surface potential has been expressed as a
certain infinite series expansion, which has been
approximated by taking only one term in the derivation

of the minimum surface potential. This approximation
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seems to be oversimplified and may be inconsistent with
the suggested equi-potential boundary conditions. On the
other hand, in several models [9, 13], it has been
assumed that the potential in the silicon core can be

expressed as a parabolic function of the radial coordinate.

This parabolic expression assumption, even though can
avoid the complexity involved in [12, 14], will be
somewhat oversimplified since the potential in the
silicon core has been derived by satisfying the 2-D
Poisson’s equation only at the silicon/oxide interface.
Moreover, in most of previously suggested analytical
models, the potential in the oxide layer has been derived
by using the GCA (gradual channel approximation).
However, the GCA-used solution may not be an
appropriate solution of the 2-D Laplace equation since
the GCA may not be applicable to the 2-D Laplace
equation in a short and thick oxide layer.

In this paper, starting from the GCA-used potential
expressions in the gate oxide layer and the silicon core,
updating them iteratively by taking into account the
lateral variation of the surface potential, introducing the
natural length expression, and using the Bessel functions
of the first and the second kinds of order zero, we can
derive potentials in the oxide layer and the silicon core
fully two-dimensionally. Making use of these potentials,
the minimum surface potential can be obtained to derive
the threshold voltage as a closed-form in terms of various
device parameters and applied voltages. The simulation
results of the presented model show fairly good
agreement with the simulation results given in [14]
except some noticeable discrepancies in the range of
shorter channel length with lighter doping density in the
silicon core, thicker silicon core, and thicker oxide layer.

This paper is organized as follows. In Section II, the
basic model formulation is described. In Section III,
typical computation results are shown. Section IV
contains a summary of the conclusions.

II. MODEL FORMULATION

A schematic cross section of a cylindrical/surrounding
gate MOSFET is shown in Fig. 1. Here r is the radial
coordinate from the center axis of the cylindrical core
toward the gate layer; V is the longitudinal coordinate
from the source toward the drain; L is the channel

length; r, =t;/2 is the silicon core radius; » is the
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Fig. 1. Schematic cross-section view of an n-channel cylindrical/
surrounding gate MOSFET to be modeled.

gate oxide layer thickness; 7, =7/ +%a; Vo and V)
are gate and drain voltages, respectively. In order to
establish an accurate and rigorous threshold voltage model
for a short channel fully depleted (FD) cylindrical/
surrounding gate MOSFET, let us assume that the space
charge density in the gate oxide layer is negligible and the
silicon core is uniformly p-doped and fairly thin so that the
silicon core is fully depleted in the sub-threshold regime.
Then we can use the following 2-D Laplace/Poisson’s

equation:
, 0, r<r<r,
10 ow oy
__(r _)+ -=14V, (1)
r or\_ or oy - 0<r<r,

where l//(” aJ/) is the 2-D (actually, 3-dimensional
because of the symmetry about the polar angle)
electrostatic potential, ¢ is the elementary charge, N,

is the uniform acceptor density in the p-silicon core, and

€; is the silicon dielectric constant. Boundary
conditions subject to Eq. (1) are as follows:
Wox(rg’y) = VGS - wms = VGS > (2)
v '(r.y)=v"(r.y)=v (), €)
6 si
=, @
ar r=0
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£,(3)=n6.(») -2, )

si

where ¥”(r,y) is the potential in the oxide layer,

v (r.y) s

¢,.=0,—9, 1is the difference between the work

the potential in the silicon core,

functions (written in volts) @, for the gate and @, for

the silicon core, ¥ () is the surface potential,

g, =-oyior| _ . g,m=—ov"or| . n=e,le,,

€,. 1s the dielectric constant of oxide, and O, is the
surface state charge density at the silicon/oxide interface.
In order to derive both ¥“(r.y) and v”(r.y) fully
two-dimensionally, let us start from the GCA-used
potential expressions ¥"(r.y) and ¥”(r.y) of the

forms:

. N s
v(ry)= (= )+ A o), 6)

w(r,y) =V [1-g,(M]+ g,(r) v, (), )

where

f(=1 (®)
ln(rg /r)
g,(r= hl(rg—/r) ©

Differentiating Eqgs. (6, 7) twice with respect ¥ yields

62 si
v ~~f(r) (10)
o’
azl//mf 2
~g0(r) dy (1)

Substituting Egs. (10, 11) into the lower and upper
parts of Eq. (1), respectively, and considering Eqs. (2-4),
we can update Egs. (6, 7) once. Performing the similar
procedures iteratively, we can write w'g[ (x,y) and

w” (x,y) in the following GCA-free expressions:

N
w(ry)= Zej(r —r)+ }:( 0L 5 v a2

V)=V =2+ 3 () e (0T (13)

where f,(*) and g£,(r) for n=1,2,3,--- are of the
forms:
r 1 r' ,
£,(r)= .[ [7J'0 r nl(r)dr}dr, (14)
80=]/ |1 ra,
In (r/r) (15)
- d
ln(Vg/r)Ir LJ‘ "8-i7) r}
which can be obtained by considering that
d
A =0, (16a)
d}" r=0
1,() =0, (16b)
1d{ df
——|r=—= =1, (16¢)
rdr\ dr
g,(r)=0, (17a)
g,(r,)=0, (17b)
1d{( dg
——(r —’) =g, (M. (17¢)
rdr\ dr

Differentiating Eqs. (12, 13) with respect to 7 and
putting r=r7,, we get

s ,1, (18)

£ == Z(

si

no

1 [GS v, (»)]- Z(

s

&,.(»)=-

n.s

where
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v, t
J—In[ij—ln(l-s-i], (20)
7 7

, df 1 ¢r
Jos == ==, rfr)dr, 21
Sl rsj‘) () @)
. dg, 1 pr| 1 ¢ .
8y =" =—— |:—J rg”](r)dr:|dr. (22)
ar |, or s Lt

Substituting Egs. (18, 19) into Eq. (5), we can get the
following linear differential equation:

dZn
dy

Y o, (23)

2n

v, (y)-®,-a,
n=l

where @, and 4, are defined by

or.Q.. N 0'}{2
—p,+ Tie T (4)

€0X 2CUX

o =V

s GS

ay=—(-1Y Uﬁ(%f};,s - g;,,sj- 25)

In order to find the solution ¥,(») of Eq. (23), we

can suggest that

2

dy,
dy2

1
=?[l//s -], (26)

where A is referred to as the natural (or characteristic)
length that can be determined by solving the following
characteristic equation:

I—Zanﬂ =0. 27)

Neglecting all terms a,A~" for n>4 in Eq. (27),
we can approximate Eq. (27) as the cubic equation of

E=1%
E-aé -aé-a =0, (28)

where 4, 4@,, and 4; are given in Appendix I. Since

2
a>0, a,>0, a,>0, and a, -3a,a,<0, we can

obtain the unique positive A approximately given by

ﬂz\/%-r{/R +4/0" + R’ +{/R O +R, (29)

where 0=-(3¢,+4)/9 and R=(9aa,+2a] +27a,)/54.
However, since f (r) and g,(r) for n>=1 can be

derived only step by step and the expressions for 4,'s are
complicated, we need another approach for the derivation
of A. To do this, let us substitute Eq. (26) into Egs. (12,
13), and consider Egs. (8, 9, 14, 15). Then we can rewrite
Egs. (12, 13), respectively, in the following closed-forms:

gN,
4 esi

v i(r.y)="—=(r =)+ o +50 [y, (m-2,].  (30)

V)=V —@.s)ln(ijw.y IOy m-e.] (1)

N

where S(r) and T(r) are defined by

Sy = (1) £ (A", (32)
=3 (-1) g, (A, (33)

which satisfy S(r)=1, dS/dr|,_, =0, T(;)=1, T(,)=0,

and

d’s 1dS S@)
—+——+ =

(34)
ar’ rdr X

s

d’T 1dT T()
— t+t——+——=0
dr rdr A

(33)

By setting x =r/A4, Egs. (34, 35) become Bessel’s

differential equations of order zero. Thus, we can have

J,(x)
S(ry=AJ (x)+BY (x) =——, (36)

J,(x,)
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T(r) = CJ,(x) + DY, (x) = Y, (x, ), (x) = J, (x,) Y, (x) e

Jo(x )Y (x,) = (x, )T, (x,)

x,=r/4, and J,(x) and ¥,(x)

are the Bessel functions of the first and the second kinds

where X, =7,/4,

of order zero, respectively. In Eq. (36), we have used
d,/dx|_,=0 and dY,/dx|_j=o. After substituting
Egs. (36, 37) into Egs. (30, 31), respectively, differentiating
Egs. (30, 31) with respect to 7 and putting r=r,, we
can rewrite Eqs. (18, 19), respectively, in the following
closed-forms:

qNA rs +l Jl (xs)

£ (y)=- —o ],
() e, AJO(xS)[WS(y) ] (38)
gvx(y) == VGS _(DS

Or.

GG ) 9

A Jo ()Y (x,) =y (x) Yo (x,)

[l//s(y)_q)x:la

where J,(x) and Y(x,) are the values at x=x_ for
the Bessel functions of the first and the second kinds of
order 1, respectively. Substituting Eqgs. (38, 39) into Eq.
(5) and using Eq. (24), we can obtain

Jx) K6 =S, ()Y (x,)
nJ,(x) S ()Y, (x) =T, (x )Y, (x,)

(40)

From Eq. (40), we can derive A exactly. However,
since all of Y (x,)/,(x,), J (x)Y(x,), J (x)¥(x,),
and J,(x,)Y,(x,) are very complicated functions of 4,
Eq. (40) seems to be cumbersome in deriving A. In
order to derive 4 more easily, let us use the following

Taylor’s series expansions:

Jy(x,)=J,(x, +7x,) = i %(”s)kJé“m), (41)

Y,(x,) =Y, (x, +7x,)= iﬁ(m)" YO(x),  (42)

where 7= (xg —xs)/xs’ J((]’\’)(xs): d"’,_]n /dx/fL:XA’ and

YO0)=d" Y,/ dx'| . Then using dJ, /dx=—J (%),
dJ ldx=J (x)-J (x)/x,

dY/de=Y,(x)-¥(x)/x [15], we

dY /dx=-Y(x), and

can have (see

Appendix IT)
Jy(x) = 1, (), () +v, (), (x), (43)
Y (x) = g, (%) Y, (x) + v, (x) Y (x), (44)

where 4#,(x)=1, v,(x)=0, and

lle*l

luk(x) = +Vk—l(x)’ k :17 23 35 BT (45)
X
d
Vk(x):_’uk?l(x)_}_h_v";(x)’ k:l’ 2,3, (46)
dx X

Then Eq. (40) can be rewritten as

. 1 k k
Z—| X [, (x ), (x )+ v, (x)J,(x)]= 0. (47)

k=0 1«

Since Ax=7x <<x is usually valid, the above
infinite summation may be replaced with the truncated
summation of Y po( 75t/ k1) [, (6) 7, () + v, (6, (x)],
within a range of satisfactory accuracy. Then using
v(x)=0, #,x)=0,

v,(x)=1/x, pu(x)=1/x, and v(x)=1-2/x, Eq. (47)

,uo(xs)zl, V](xs):_la ,UZ()CS)Z—I,

can be approximated as

1 1
n(l——rzxf +—r3x3jJ0(x‘)
PR . "
1, 1, | R @)
+—rx +—rx ——7rx +—7rx |J(x)=0.
2 3 6 ’

Solving Eq. (48) by means of the Newton-Raphson
method and choosing the smallest value of X, (A4 as
the largest value), we can determine A uniquely. It is
worth pointing out that Eq. (48) can be solved much
more easily than Eq. (40).

On the other hand, solving Eq. (26) gives
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y(y) =@

(v, i £ o, -0, )sion
(

A j (49)
j |
A

and ¥, =¥, (L). Performing

+
sinh

where ¥, =¥, (0)
some algebraic procedure [16, 17] upon Eq. (49), the
Vimin=¥(0,) and the

minimum surface potential

channel position Y=Y, can be derived as

¥s,min = CDS

+(y, -, )\/1 —|:tanh (i) _

L - L
ym:——/l‘[anh’1 Mcoth(—j - (51
2 (//.vo +l//sL _2(1)3 22’

Since ohmic drops due to the parasitic source and

2
V=V csch( L ﬂ (50)

l//s(] - (D.Y A

drain resistances can be neglected in the sub-threshold
(//.\'0 = Vbi and (//.\'L =V, + I/US

regime, b can be used,
where ¥, is the built-in voltage across the n —p

source (drain)/ channel junction. In case that both source
and drain regions are uniformly doped with the same

donor  doping level Np, we can  have
V,,,-Z(kBT/q)ln(NAND/n,-Z), where k, is Boltzmann’s
constant, 7 is the absolute temperature, and 7; is the
intrinsic carrier density of silicon. Consider that Eq. (50)
device (L>>1) becomes

for a long channel

Ysmin @, and that the threshold voltage for a long
channel CGT/SGT, ;... isreadily given by

QSS + qNA tsi
Ccyl 4 Ccy]

ox

VTw = ¢ms - + 2(1)3 ’ (52)

where C"’V’:e(}x/(ars) and q)B:(kBT/q)ln(NA/ni).

ox

Then we can suggest that the sub-threshold condition, i.e.,

Vos SV, will be equivalent to ¥smin <2®,. Thus,
plugging Eq. (50) into ¥s.min <2®, and using Eq. (24),

the threshold voltage, 7, can be finally derived as

V.=V, (1 ! 20 ) hz(Lj
=V | TVt TV csch”| —
T T 2 0 2 L B 22

(v, —20,)(v, -20,) coth[i)csch(i)- )

22

II1. SAMPLE COMPUTATION AND DISCUSSION

According to the expressions derived in Sec. II, the
natural length A and the threshold voltage ¥, are
computed and plotted in Figs. 2-7. In these computations,
the following constants are used: k,7/g=0.02597,

14

n, =145x10"cm’, €, =11.8x885x10 " F/om, and

€,,=39x885x10" F/am. In order to compare the obtained
simulation results with the simulated results in [14], the
values of device parameters have been chosen to be the
same values used in the model under comparison. For the

values not given clearly, we have used N,=1x10"cm”,
Q,=64x10"Clant, and ¢, =-(055+®,)V (n" - poly silicon
gate). In Fig. 2, the values A derived according to Egs.
(29, 48), respectively, are plotted as functions of £,/
(t, =40nm) and compared with the result given in [11].
The values ¢,> @,, and ¢; used in Eq. (29) are given
by Egs. (I-10, I-11, I-12) derived in Appendix I. In this
figure, it can be shown that Eq. (48) gives excellent
agreement with the PADRE simulation result given in
[11] while Eq. (29) seems to be less accurate than Eq.
(48) in the range of thinner oxide layer. The surface
potential ¥,(¥) for a long channel (L =0.5um ) and a
short channel (L = 0.1um ) devices are plotted in Fig. 3.
The dependence of the threshold voltage on the channel
length for various values of drain voltage is plotted in
Fig. 4. In Fig. 3 and Fig. 4, the computation results of the
presented model are compared with the results calculated
by using Egs. (9, 13) given in [14]. In these figures,
noticeable discrepancies are shown in the range of
shorter channel length. The derived dependences of the
threshold voltage roll-off, V,, —V;,

length for various values of doping density in the silicon

on the channel

core, silicon core diameter, and oxide layer thickness are
shown in Fig. 5, Fig. 6 and Fig. 7, respectively. The
simulation results of the present model show noticeable
disagreement with the results given in [14], especially in
the range of shorter channel length with lighter doping
density in the silicon core, thicker silicon core, and
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thicker oxide layer. These discrepancies may result from
the fact that the presented model derives the surface
potential as a simple closed-form expression that does
not need any approximation while the model under
comparison derived the surface potential as an
approximated form containing noticeable mismatches at
both surface channel ends by oversimplifying the infinite

series expansion form.

20 . . . . . .
ti;i = 40 nm ]
161 .
_ 12}
g
E .
< gF Pra ——  Aderived by Eq. (48) |
| _,-/ —.—  Xderived by Eq. (29) |
4 e PADRE simulation of
4r ref. [11] 1
0 0.02 004 006 008 0.1 0.12  0.14
tox / tsi

Fig. 2. Derived 4 according to Egs. (29) and (48) are plotted
as functions of ¢, /¢, (¢, =40nm) and compared with the result
given in [11]. The values 4, 4,, and 4, in Eq. (29) are used
according to Egs. (I-10), (I-11), and (I-12) derived in Appendix L.
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Fig. 4. Threshold voltage versus channel length for various

values of drain voltage ( ¢, =100nm, t,, =10nm,
16 -3
NA =1x10 cm ).
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Fig. 3. Surface potential profiles for a typical long channel
(L =0.5um) device and a short channel (L = 0.1 um) device
(1, =100nm, ¢ =10nm, N =1x lomcmi}, Ve =—1V).

Fig. 5. Threshold voltage roll-off versus channel length for
various values of doping density in the silicon core
(t, = 100 nm, t = 10 nm, Vi = 0.1V ).
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Fig. 6. Threshold voltage roll-off versus channel length for
various values of silicon core diameter ( ¢, =10nm,

N, =1x10"em”, Vi =01V).
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Fig. 7. Threshold voltage roll-off versus channel length for

various values of oxide layer thickness ( f, =100nm,

N, =1x10"cm ", Vp =01V ).
IV. CONCLUSIONS

As shown in the above sample computation and
discussion, the presented model can estimate fairly
accurately the threshold voltage of a short channel fully
depleted cylindrical/surrounding gate MOSFET. Updating
iteratively the GCA-used potential expressions by taking
into account the lateral variation of the surface potential,
using the Bessel functions, and deriving the natural
length expression, we can write the potentials in both oxide
layer and silicon core fully two-dimensionally. Since the
2-D Laplace equation (l/r)ﬁ(ral/// or/or=—08wl oy
may not be replaced with (1/r)d(roy/or/6r=~0 in a
fairly short and thick oxide layer, the presented fully
two-dimensional potential will be more appropriate than
the quasi-two-dimensional potential which has been used
Without any
approximation, the expression for the minimum surface
potential can be obtained to derive the threshold voltage
based upon the DIBL. Then the threshold voltage can be
derived as a closed-form expression in terms of device
parameters and applied voltages. From Eq. (40), the

in the several analytical models.

natural length can be derived exactly. However, by using
Eq. (48), it can be derived more conveniently within a
range of satisfactory accuracy. Compared with
previously suggested several analytical models in which
the equi-potential boundary conditions at both source-
core and drain-core junction planes bring about rather
complicated expressions, the presented model requires

fewer approximations in the analytical procedure and can

derive the minimum surface potential and the threshold
voltage accurately in a simpler manner. Therefore, the
presented model may be used for estimating the
threshold voltage of a short channel fully depleted
cylindrical/surrounding gate MOSFET.

APPENDIX I

Using Eqgs. (14, 15) stet by step, we can obtain

$n=%(p 1), (I-1)
fz(r>—2 (2') [p-1-4(p"-1)], a2
£ === p'=1-9(p' =1) +27(p" -1) |. (13)

2()

- (,02—1)(1+o‘—lnp)—Kl 1np], I-4)
o

. ( p4—1)(%+0'—lnpj

&=z > (1-5)
4P’ —1)(2+0-Inp-K +K In p)-K, Inp

2o

&)
é(pé —1) [1—61 +a—]npj

5 3K
b {p4—l)[§+o-—h1p—7‘+l(llnpj I1-6)

- 1)[129+3a—31np 8K, +K, +4K, Inp— Kzlnp]
-KInp

where #=r/r, and K. K,, and K, are defined by

1 20
Klzg(e -1), (1-7)
3 (4
KZ—;(e ~1)-4K,(2-K, +Ko), (I8

-9
+K (——SK +K, +4K o Ko—j
Thus, considering Egs. (21, 22, 25), we can have
AP 1-10
a=—|—=-20- , -
e 1 (1-10)
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r (o 5 K,
a,==-| ——o—-—+2K —— |, (I-11)
2°\n 2 4
20 20 23 3K, K K,
= == ] 1)
2°\33 3 9 2 2 4

Using ¢'=1+x+x/2+--- into Eqgs. (I-7, I-8, 1-9), we

get K =2+20+40"/3+, K ,=6+120+320"/3+, and
K,=20/9+200/3+80"+--. Hence, we can obtain
rf 20 40’ 0
4= — 4——+ >0, 113
> 7 3 (1-13)
.
(o
a,= —4(;+j >0, (1-14)
r;(za ] 0 I-15
a, == —+.- >0, -
5y (I-15)
(36’ 8o’
a,-3aa, =——-| —+—+|<0. (I-16)
2\n 37

Then the discriminant D for the cubic equation of
Eq. (28) can be obtained as

D=Q3+R2=—9—13(a|2 +3a2)3+5—‘1‘2(9a|a2 +27a, -1-2a|3)z

(1-17)

17273

( 4a+4aa aa +27a +18aaa)
108

:1_(1)8[(4612 +af)(3ala3 —aj) +da +27d; +6a]a2aJ >0.

Thus, A given by Eq. (29) is the unique positive
solution of Eq. (28).

APPENDIX II

Replacing £ with k-1 in Egs. (43, 44), we have

Iy () = g ()T, () +V, (), (x), (D)

Y () = (Y, () +v, (DY, (x).  (11-2)

Differentiating Eqgs. (I1I-1, II-2) with respect to X
yields

dJM ! (k) Iuk 1
d— J, (x)= Jo () —p () (%)
x
(I1-3)
d J (%)
“J(X)+V (X)[J()— }
dx x
Y (k) d,uH
=y () = Y ()~ (1) Y ()
dx X
(I1-4)

LAV ()
pPRRCORRRIC RAC )-——

Then equating Egs. (43, 1I-3), we can get Eqgs. (45, 46).
Also we can get Eqgs. (45, 46) by equating Eqgs. (44, 11-4).

(2]

(6]
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