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SOLUTIONS OF QUASILINEAR WAVE EQUATION WITH
STRONG AND NONLINEAR VISCOSITY

JIN-SOO HWANG, SHIN-ICHI NAKAGIRI, AND HIROKI TANABE

ABSTRACT. We study a class of quasilinear wave equations with strong
and nonlinear viscosity. By using the perturbation method for semilinear
parabolic equations, we have established the fundamental results on exis-
tence, uniqueness and continuous dependence on data of weak solutions.

1. Introduction

Let © be an open bounded set of R™ with the smooth boundary I'. We
set Q@ = (0,7) x Q, ¥ = (0,T) xT for T > 0. In our previous paper [7] we
have studied the model equation of motion of membrane with strong viscosity
described by

9%y ( Vy

Py (VY
or? V1+[Vy?

(1.1) y=0 on X,
dy .
y(0,2) = yo(z), ot (0,2) = y1(x) in €,

where p > 0 and f is a forcing function. Based on the existence, uniqueness
and continuity result of solutions for (1.1) in [7], we have solved the associated
optimal control and identification problems in [8], [9]. As is well known, damp-
ing mechanism for the motion of membrane appears extensively and there are
many factors of it. We classify the mechanism largely by air and structural
factors, and the modified problem (1.1) is considered to be linear structurally
damped case (cf. [1], [2], [12], etc.).

However, damping mechanism often occurs as nonlinear function of damping

effect. In realistic sense, the Kirchhoff stress term G(y) = ——4— may
’ VI+IVyl?

dy .
)—nAS = i Q,

depend on position z and time ¢. Thus we study a more general quasilinear
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nonautonomous wave equation with structural and nonlinear dampings

%y . dy
_ 9y 0y
- F(taxayav:‘/a aava) +fa

where a(t,z) > 0 is a time dependent, space variable diffusion coefficient,
G(t,x, Vy) is a nonlinear function of principal vibration term and F' (¢, z,y, Vy,
y', Vy') is a nonlinear damping term depending also on states.

As is recognized, the quasilinear equation like as (1.2) requires more ma-
nipulations in the analysis of systems as in [4], [5] and [10]. In this paper we
propose an effective method to solve (1.2) by using the perturbation method
for semilinear parabolic equations. The method strongly depends on the form
of strong viscosity term div (a(t, x)V%) and artificial technique to derive the
energy estimates. Our aim of this paper is to establish the results on existence,
uniqueness and continuity on data of weak solutions of (1.2) as in the frame-
work of variational method in Dautray and Lions [2]. The proofs of results
are quite different from those in [7] and give new proofs for the generalized
quasilinear equation (1.2). The most important idea of the proofs is to derive
the proper energy inequality for (1.2) by means of that for semilinear parabolic
equations in [13] and the generalized Gronwall inequality. The existence proof
is completed by using the strong convergence of successive approximations and
the method of steps based on the time dependent energy inequality. Finally we
note that the equation (1.2) covers the variational equation for (1.1) which will
be used for the Gateaux differentiability of solution mapping on data yg, y1, f
as in [6].

2. Preliminaries

In this section we give preliminary results on parabolic problem and gen-
eralized Gronwall’s inequality. We denote the scalar products and norms on
Hilbert spaces L2(2) and HE(Q) by (¢,%), |¢| and ((b,w)Hé(Q), lloll, respec-
tively. The scalar product and norm on [L?(Q)]" are also denoted by (¢,))
and |@|. Then the scalar product (¢,v)x; (o) and the norm [[¢]| of HL(Q) are
given by (V¢, Vip) and ||¢]| = |(Ve, Vé)|2, respectively. The duality pairing
between H{(Q2) and H () is denoted by (¢, 1)).

First, we consider the following parabolic problem

ow _ diV(u(t,x)Vw) = F(t,z,w,Vw)+ f in Q,
(2.1) ot
: w=0 on X,

w(0,z) = wo(x) in £,
where wg € L3(Q), f € L*(0,T; H~1(Q)), and a(t,z) > 0 satisfies
(2.2) a(t,z) >a>0, VY(tz)eQ, a()eC(0,T];L>7(Q)).
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In (2.1), the nonlinear function F : [0,7] x Q x R x R” — R is assumed to
satisfy the following conditions:

(F-i)  F(,-,w,§) is measurable in @ for each fixed w € R and & € R",
(F-ii) there is a 8 € L?(0,T; L°°(f2)) such that
|E(t,z,w,€) — (tafw»€)|<5tfv)(|w w' +16 = ¢'),
e. (t,z) € Q, Yw,w' € R, V& & € R,
(F-iii) there is a § € L*(0,T; L2 (€2)) such that
|F(t,z,0,0)] <A(t,x), ae. (t,z)€Q.

Associated with a(t, z), we define the bilinear form

(23)  at:é.0) = /Q ot 2)Vo(2) Vi (@)dz, Vo, € H(Q).

It is easily verified by (2.2) and (2.3) that

(2.4) a(t; ¢, ) > al|¢||* for all ¢ € HJ(Q) and t € [0,T].
Then we can define the operator A(t) € L(Hg(2), H=(£2)) through the relation
(2.5) a(t; 6, ¢) = (A(t)p, ) for all ¢,p € Hy(Q).

Further, for the above F(t7 x,w, ), we define the nonlinear function F: [0,T] x
HY(Q) — L*(Q) (same symbol) by

F(t,¢)(x) = F(t,2,6(z), Vé(x)), ae x€Q, Vo€ Hy(Q).
Then from (F-ii) and (F-iii), by applying Minkowski’s inequality we have
(2.6)  |F(t,wy) — F(t,ws)]

1
2

(/Q |F(t, 2, wy (x), Vwy () — F(t,x,MQ(x)’sz(medx)

Nl

< (/Q (,@(t,xﬂwl(x) —wy(z)| + B(t,a:)|Vw1(x) — ng(x)|)2da:>
< ([ Bttapione) - wato)Pac)
:|— ( ; B(t,x)*|Vwy(z) — Vwa(x)] da:)
= B(t)(Jwy — wa| + [wy — wal|) < (ex + 1)B()|wy — wo|
and
(2.7) |F(t,0)| <A(t), ae. tel0,T],
where 5(t) = ||B(t, )|l L ( , (@) = [|7(t, )llz2(@), and ¢ is the imbedding

constant of HE(Q) — L%*(Q). Thus, the evolution equation form of (2.1) is
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given by
(2.8)
Definition 2.1. A function w is said to be a weak solution of (2.1) (or (2.8))
if

(29 we L*(0,T; Hy(2)) N C([0,T]; L*(Q)), w' € L*(0,T; H™(2))

and w satisfies

(W'(-),0) + a(; Vw(), Vo) = (F(w()),¢) + (), )
(2.10) for all ¢ € H}(2) in the sense of D’'(0,T),
w(0) = wp € L3(Q).

The following proposition is proved in Wang and Nakagiri [13] under the
conditions (2.6) and (2.7) on F according to the argument in Dautray and
Lions [2].

Proposition 2.1.  Assume that wy € L*(Q), f € L*(0,T; H(Q)) and F
satisfies (F-1)-(F-iii). Then the problem (2.1) has a unique weak solution w
satisfying the following energy equality

(2.11) %|w(t)|2—|—/0 a(s;w(s),w(s))ds

= %|w0|2—|—/0 (F(s,w(s)),w(s))ds—&—/0 (f(s),w(s))ds, Vtel0,T].

Next, we prepare the following proposition on the generalized Gronwall’s
inequality (cf. [2, p. 559]).

Proposition 2.2. Let ¢ be a function in L>(0,T),p(t) > 0, a.e. t € [0,7T],
u be a function in L*(0,T),u(t) > 0, a.e. t € [0,T], and & be a function in
L>(0,T), 6(t) >0, a.e. t € [0,T]. Assume

(2.12) p(t) < /0 w(o)p(o)do +6(t), ae. te€]0,T).
Then

(2.13) o(t) <4o(t) + /Ot w(s)o(s) exp (/: u(a)da)ds, a.e. t € [0,T].
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3. Main results

We study the following Dirichlet boundary value problem for the quasilinear
wave equation with strong and nonlinear damping

Py Jy
ﬁ — le(G(t, Z, Vy) + a(t, "E)Va)
_ 9y 9y .
(31) *F(taw7y7Vyaa7va)+f m Qa
y=0 on X
%

y(07x) = yO(m)a ot (O,Jf) = yl(x) in Q,

where f is a forcing function, yo and y; are initial data. In (3.1), we suppose
that a(t, z) satisfies (2.2), f € L2(0,T; H-1(Q)), yo € H}(Q) and y; € L3(Q).
On the nonlinear term G(¢,z, Vy) in (3.1), we assume that the function G :
[0,T] x Q x R™ — R™ satisfies the following conditions:

(G-i) G(-,-,2) is measurable in @ for each fixed z € R",
(G-i) G(t,z,0) =0, a.e. (t,z) € Q, and there is a Gy € L*°(0,T; L*°(Q))
such that
|G(t,z,2) — G(t,z,2")| < Go(t,z)|z — 2|,
a.e. (t,r) € Q, Vz,2' € R™.

For the above G, we define the nonlinear function G(¢t,V-) : [0,T] x H}(Q) —
[L2()]" by

(3.2) G(t, V) = G(t,z,Vo(x)), ae. z €Q, Vo Hi(Q).

Finally, on the nonlinear term F' (¢, z,y, Vy, %, V%) in (3.1), we suppose that
the function F : [0,7] x 2 x R x R” x R x R™ — R satisfying the following
conditions:

(F-i)  F(,-y,z w,E) is measurable in @ for each fixed y,w € R
and z,£ € R",
(F-ii)  there are 81 € L*(0,T; L>°(Q)) and B2 € L>(0,T; L>())
such that
[Pt 2y, z,w,8) — F(t,z,y, 2/, w', &)
< Bi(t,2)(ly — o' + |2 — ') + Balty ) ([0 — ] + € — €],
ae. (t,z) € Q, Vy,y,w,w €R, Vz,2,£ & e R,
(F-iii) there is a v € L*(0,T; L*°(2)) such that
(2, %,0,0)] < 1(t,2)(y] + |2]),
ae. (t,z) € Q, Vy e R, Vz € R™.
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For the above F', we can define the nonlinear map F : [0, T x H}(Q) x H} (2) —
L?(Q) by

(33)  Fltyw)e) = F(t,o,y(e), Vyle), w(@), V(o). ae. z 9

for each (y,w) € H}(Q) x H (). Repeating similar calculations for (2.6) and
(2.7), by (F-ii) and (F-iii) we can verify by using Minkowski’s inequality the
following estimates: For each y1,y2 € H}(Q) and wy,wy € HH(Q),

(3.4) |E(ty1,w1) — F(t, y2, wa)|

< (e + 1)(B (01 Vo1 — Vo] + Ba(6)| Vun — Vuwn] ),
and for each y € H}(Q),
(3.5) F(t,y,0)| < (1 + Dy(8)[Vyl, ace. te0,T],

where 81(t)= [[B1(t, )| L @), B2(t) = [|B2(t, )l L= () and () = |7 (¢, )| o< (o) -
The solution space W(0,T) of (3.1) is defined by

{glg € L*(0,T; Hy(R2)), ¢’ € L*(0,T; Hy(Q)), ¢" € L*(0,T; H*(Q))}

endowed with the norm

D=

lgllw 0.y = <||9||2Lz(o,T;H5(Q)) + ”ng%Q(O,T;Hé(Q)) + HQNH%%O,T;H*(Q)))

(cf. Dautray and Lions [2, p. 471]). We remark that W (0,T) is continuously
imbedded in C([0,T]; H3(2)) N C*([0,T]; L?(2)) (cf. [2, p. 555]). The evolu-
tion equation form of (3.1) is described by

y"(t) — div(G(t, Vy(t)) + At)y'(t) = F(t,y(t),y'(t) + f(t), 0<t<T
(3.6) /
{y(o) =y, ¥ (0)=y

Definition 3.1. A function y is said to be a weak solution of (3.1) (or (3.6))
if y € W(0,T) and y satisfies

W"(),¢) + (G(,Vy(), Vo) +a(;; VY (), Vo)
for all ¢ € H}(2) in the sense of D'(0,T),
y(0) =yo € Hy(Q), y'(0) =y € L*(2).

The following theorems give the basic results on existence, uniqueness, regu-

larity and continuity on data of the weak solution of (3.1), which extend those
in Hwang and Nakagiri [7].
Theorem 3.1. Assume that G satisfies (G-1)-(G-ii), F' satisfies (F-i)-(F-iii),
f € L0, T; H Y(Q)) and yo € H}(Q), y1 € L?(Q). Then the problem (3.1)
has a unique weak solution y in W(0,T). Furthermore, y has the following
estimate

(3.8) W (O + V() + / 9y (s)Pds
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< Clwoll® + Iy + 12201 (p)> Ve € (0,71,
where C' is a constant depending only on o > 0, Gy, B1, B2,y and T > 0.
Let P be a product space defined by
(3.9) P =H}(Q) x L*(Q) x L*(0,T; H(Q)).

For each p = (yo,y1,f) € P we have a unique weak solution y = y(p) €
W(0,T) of (3.1) by Theorem 3.1. Hence we can define the solution mapping
p= (yOvylaf) - y(p) of P into W(OvT)

Theorem 3.2. The solution mapping p = (yo,y1, f) = y(p) of P into W(0,T)
is strongly continuous. Further, for each p1 = (y$,yi,f1) € P and ps =
(v2,y?, f2) € P we have the inequality

(3.10) |y (p13t) — ¥ (p2; )1* + [ Vy(pist) — Vy(pa: t)?
t
+/ VY (p1;8) — VY (p2; 5)|ds
0

< Clyo = wall* + lya = il + s = Pl 201 () VE € [0,T).

4. Proofs of main results

We shall prove the main results by the perturbation method using the par-
abolic problem (2.1). To this end, we give the following observation. Let w(t)
be a unique weak solution of (2.1) with wy = y; € L?(£2), and let

(11) o0 =+ [ wis)as.

Then y' = w, y" = ', y(0) = yo € Hy(Q), y'(0) = 31 € L*(Q), and y €
W (0,T) N CH[0,T]; L3(Q)). It is easily verified by Proposition 2.1 that y is a
unique weak solution of

Py . oY\ - oy oy .
o dlv(a(t, x)Va) = F(t,z, g Va) +f in Q,
(4.2) y=0 on %,
0 .
y(0,2) = yo(x), a—gz((),x) = y1(x) in Q,

which satisfies the energy equality
1 t
(4.3) §|y’(75)|2 + / a(s;y'(s),y'(s))ds
0

= 5l + [ Py @)y @)+ [ .y @)ds, veen.T]
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Proof of Theorem 3.1. Let ¢ € L?(0,T; H}(Q)) be given. Then by (G-ii), we
see

|G(t, V(1))
- /Q Gt 2, Vé(t, 7)) 2da

< Got, )T~ /Q\Vfb(t,x)Ide < [IGol*IVe(t)?, ae. te[0,T],

so that

Vo € L*(0, T [L*(Q)]"),  G(-,Ve) € L*(0,T;[L*(Q)]"),
where [|Gol| = [|Gol| Lo (0,7 (@))- This implies
(4.4) divG(, Vo) € L*(0,T; H 1 (Q)).

Also, by (G-ii) for any ¢1,¢2 € L*(0,T; H} () we have
(4.5)
G(t, Ver(t) = G(t, Voa (1))]* < [|Gol*|Ver(t) = Veu(t)]?, ae. te[0,T].

For each ¢ € L?(0,T; H}(Q)), it is verified that the function F' = Fj defined
by

(4.6) Fy = F(t,z, ¢(t,x), Vot,z),w, &) : [0,T] x A x R x R" = R
satisfies the conditions (F-i)-(F-iii) with
B(t,z) = Bao(t,x) € L=(0,T; L=(R)) C L*(0,T; L>(R2))

and

A(t,2) = (t2) (19t 2)| + [V (t,2)]) € L*(0,T; L*(2))
by v € L*>(0,T; L>(Q)) and ¢,|V¢| € L*(0,T; L*(Q)). Hence, according to
the former observation and (4.4) there exists a weak solution z of the problem

0%z

. 0z
52 d1v<a(t,x)va)
0z _0z . .
(47) :F(t,x,QV@a,VE)+d1VG(t,x7v¢)—|—f m Qv
z=0 on X
0z .
2(0,z) = yo(x), E(O,x) =y1(x) in Q,

satisfying z € W(0,7) N C*([0,T]; L?(Q2)), and such a solution is unique. The

problem (4.7) can be written by the following evolution equation form

" { SO+AW) (1) = F(t, 6(1), 2/ (1) +div (G(t, Vo) +F(), 0t < T
2(0)=yo, 2'(0)=y1.

We seek for a fixed point of the mapping ¢ +— z considered as a mapping from

the set
S={¢p € W"(0,T; Hj (), $(0) = yo}
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to itself, where z is the weak solution of (4.7) or (4.8). Let u; € S, i = 1,2 be
given, and v;, i = 1,2, be the weak solution of

v (1) +A)vi(t) = F(t,ui (t), vi(t))+div (G(t, Vu (1)) + f(t), 0 <t < T

(4.9) ,
vi(0)=yo, v;(0) = yi.

Set

Then we see easily that

(4.10) ue W0, T; Hy(Q)), u(0) =0,
and v € W(0,T) N CY(0,T; L*(Q)) satisfies
(4.11)

)

(t
1)), 0<t<T

+ div (G(t, Vuy (1)) — G(t, Vuzz(

v () + ARV (t) = F(t,ui(t),v](t)) — F(t, ua(t),v
v(0) =0, v'(0)=0.

Application of the energy equality (4.3) to v and integration by parts yield

(4.12) %|v’(t)|2+ /O a(s; Vo' (), Vo' (5))ds
—/0 (F(s,u1(s),v1(s)) — F(s,u2(s),v5(s)),v'(s))ds

= _/0 (G(s,Vui(s)) — G(s, Vua(s)), Vv'(s))ds

By Schwarz inequality, we have

(4.13) /0 (G(s,Vui(s)) — G(s, Vua(s)), Vv'(s))ds

1 [t ) a [t -
< E/o G(s, Vi (s)) — G(s, Vua(s))| ds+1/0 V' (s)[*ds.

Further, by (4.5) we deduce

/ |G (s, Vup(s)) — G(s, Vug(s))|?ds < HGOHQ/ |Vu(s)|?ds,
0 0

t
/|Vu )|?ds = /Vu )do d3</ /\Vu )|*dods
0
g/ / sds|Vu’(a)\2dU§§/ (£ — )|V (0)|2do
0 Jo 0
Lo (Mo e
< 5t° [ V(o) do,
2 Jo
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so that
t t
(4.14) / |G (s, Vui(s)) — G(s, Vua(s ))|2ds < - ||G0|| t2/ |Vu’(a)|2da.
0

y (3.4), we see
|[F(s,u1(s),v1(s)) = F(s,u2(s), v5(s))]
< (e1 + 1)B1(s)[Vuls)| + (1 + 1)B2(s) VY ()],

so that we can estimate the third term of (4.12) as follows.
¢

(4.15) (F(s,u1(s),v1(s)) — F(s,uz(s),v5(s)),v'(s))ds

< /O |[F'(s,u1(s),v1(s)) = F(s, ua(s), vy(s))[[v'(s)|ds

IA

/Bl(S)IVU(S)Hv’(S)IdSJr/ Ba(8)|VV' (s)][0/ (s)|ds
0 0

1/ﬂmew+1/%wVW@%w
/|w )[2ds + — /B 5)|%ds.
5%]%$Wﬁ+zémwwww+AB@W@Wm

where 31 (s) = (c1 +1)B1(s) € L*(0,T), Ba(s) = (c1 + 1)B2(s) € L¥(0,T) and
B(s) = %51(8)2 + éBQ(S)Q € L'(0,T). Substituting inequalities (4.13), (4.14)
and (4.15) into (4.12) and using (2.3), we can deduce

I A

IN

(4.16) %|v’(t)|2+a/0 |V (s)|%ds
%KOtQ/ Vi (o) 2do + & / Vo (s )|2ds+%/0 B(s)|v/(s)|2ds,

where 1 1
Ko=—[|Gol* + 5. B(s) =25(s) € L'(0,7).

Then from (4.16) it follows that

t t
(4.17) [ ()] < KOtQ/ |V (0)|?do +/ B(s)|v'(s)|*ds.
0 0
Now we apply Proposition 2.2 to the inequality (4.17). For the purpose we set
p(t) =[O € L*(0.T), pu(t) = B(t) € L'(0,T),

t
5(t) = K0t2/0 |Vu/(0)|?do € L°°(0,T).
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Since §(t) > 0 is monotonically increasing, Proposition 2.2 implies that

(4.18) v (1)) = (t)

<6(t) +6(t) /Ot u(s)exp (/: M(O’)do’) ds

= 3(t) — 6(t) /Ot %exp (/:u(o)da)ds
=4(t) — 4(t) (1 — exp (/Ot ,u(a)da>>
= 6(t) exp (/()t ,u(a)da)

< Koexp (s [ 1936 ds
< Lot? /Ot |V (s5)|2ds,

where
2T
Lo = Koexp ((en + 12 (1812 + = 112]1%))-

and [|B1]] = [|B1llL2(0,750@)), B2l = I1B2llz=0,1:05 (). Therefore, (4.16)
and (4.18) implies

t
(4.19) W () +a / IV (s)|2ds
0
t t s
< K0t2/ |vu/(g)|2da+/ B(s)(L032/ |VU’(U)|2dO')dS
0 0 0
t t T
< KOtQ/ |vu’(a)|2da+Lot2/ |Vu’(3)|2ds/ B(s)ds
0 0 0

t
< Myt / V() ds
0

(4.20) SO = OF + [ V() = () s

M, t
< 2 [ 19 — o) P

where My = Ko + Lol| B[ 1 (0,1)- Let to be such that

M,
(4.21) 0<to<T, /—2ty<1.
(0%
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Starting from some function u; € S, we define a sequence of functions {u}%2 ,
inductively by the weak solutions of

up g+ A uy = F(tug, up ) +divG(t, Vug) + f, 0<t<T
up11(0) = yo, uj1(0) = 1.
Then in view of (4.20)

1 t
(422) Slha () = G OF + [ 9 0h1(0) = ()Pl
M, fo
<20 [ V) v )Pds 0<t<n,
so that

| My
||U;g+1 - u;c”Lz(O,to;HOl(Q)) < jtoﬂuk - u;c—1||L2(O,to;Hg(Q))-

Hence by (4.21) there exists a function w € L?(0,to; Hi(€2)) such that

(4.23) uf, —w in  L*(0,ty; Hy(Q)).
Define a function u by
t
(4.24) u(t) = yo —|—/ w(s)ds.
0
Then
t t
(4.95) () — u(t)] = ‘ / y ()ds — / w(s)ds
0 0

<vi(| i (s)ds wlo) P -

From (4.22) it easily follows that

(426)  [uhya(6) — wp (O] < v/ Motollth — s 20 oy ) 0 <t < to.
It follows from (4.23)-(4.26) that

(4.27) up —u in ([0, t0]; Hy (),

(4.28) ufp — ' in L2(0,to; Hy () N C([0, to]; L*(R2)),
and also

(4.29) A( Yy, — A’ in L2(0,te; HH(Q)).
Since

IG(t, Vur(t, ) = G(t, Vau(t, )|
< | Gol?||luk(t) — u(t)||%13(9) — 0 uniformly in ¢ € [0, to]
by (4.6), we obtain
(4.30) divG (-, Vuy,) — divG(-, Vu) — 0 in  C([0,t); H1(Q)).
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By (3.4), we have
|F(t7 uk(ta ')a u;chl(tv )) - F(tv u(tv ')a ul(ta ))|2
< 2er + 1 (B0 Vur(t) — Vult)? + B2(0)* Vg (1) — V' (D),
so that

(4.31) / VPt uk(t, iy (6, )) — F(tult, ), (8, ) 2dt

to
< 2er + 1 0 G162 )k = ull2 g0 715003 s

+2(c1 + 1)1 B2l hey1 (1) — &' )72 0., 112 (02
This proves that
(4.32) F(up,ufyy) — F(u,w’) =0 in L2(0,t0; L*(2)).
By virtue of (4.29), (4.30) and (4.32) one observes
U1 = F(up, upy) + divG(, Vug) — A()ug g + f

— F(,u,u) + divG(-, Vu) — AC)u' + f in L*(0,t0; H ().
Hence

u” € L2(0,tg; H1(Q)), uf —u” in L20,te; H1(Q)).
Therefore

v’ — divG(-, Vu) + A()u' = F(-,u,u/) + f in L*(0,t0; H1(Q)).
In view of (4.27) and (4.28) it is obvious that
u(0) =yo, u'(0)=y1.

By repeating the standard argument in Showalter [11], we can verify that this
u is a weak solution of (4.1) in the interval [0, ¢o].

To continue this solution, consider the mapping which maps u € W12(ty, T}
H(Q)) satisfying u(ty) = y(to), u'(to) = v'(to) to the weak solution v of the
problem
(4.33) v+ AV = Ft,u,v") + divG(t, Vu) + f, to<t<T

' v(to) = y(to), v'(to) = y'(to),

where y is the weak solution of (3.1) which is already obtained in [0, #¢],

Let u; € WH2(to, T; HYH(Q)), ui(to) = y(to), ul(to) = v/ (to), i = 1,2, and
v, © = 1,2, be the solution of (4.33) with u replaced by u;. Then we can show
analogously to (4.20)

S0 = w0 + [ 19(01(5) = oo Pes

< 22— [ V() — uils) s
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Consequently we can continue y to the interval [tg, 2t9]. Repeating this process
a global solution is obtained.

Lastly in the proof, we shall show the energy inequality (3.8). By the energy
equality (4.3), the weak solution y of (3.1) satisfies

@s) G OF+ [ alsy(9.0/()s

= 5l [ Pl @)y @)ds+ [ (760 s

0
+/ (div G(s,Vy(s)),9'(s))ds, Vte[0,T].
0

By repeating similar calculations for (4.13) (4.14), we have

(4.35) /O (G5, Vy(s)), Vi (5))ds

1 t a [
< Liaol? [ wuoras + § [ v s)tas
a 0 4 Jo
Also, by (3.4) and (3.5), we use Schwarz inequality to have

(4.36) / (F(s,9(s), 4/ (5)), o/ ())ds

< / F (s, 5(5), 4/ ()] (5)ds
< / (15, u(5). v/ (5)) — Fls,u(5). 0 + |F(s.5().0)]) Iy ()]s

IN

/32(5)\Vy’(8)||y’(5)|d8+/ () IVy(s)lly' (s)|ds
0 0

(07

t t 1 t
< S [Pt [ e P [ vyl
8 0 0 2 0

where 35(s) = (¢1 4+ 1)Ba(s) € L>®(0,T), 4(s) = (¢1 + 1)7(s) € L*(0,T) and
Y(s) = 34(s)* + %32(3)2 € L'(0,T). It is easy to see that

(4.37)

/ (F(s), 4/ (5))ds| < / 1F (-2 lly/ () ds
0 0

2 2 ds+ 2 tv’ 24
<5 [ WO+ § [ 1990 s

Hence, from the equality (4.34) together with the inequalities (4.35)-(4.37) it
follows that

(4.38) WP +a / 9y (s) 2 ds
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<l + Mo / Vy(s)2ds + / T(s)ly/(s)2ds
0 0

4 [t )
+E ; £ ()N 7r-1(dss
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where ) .
My =2(=l|Gol* +5), T(s) = 24(s) € L(0,T).
Since y(t / s)ds, we obtain
t
(a39) a0 < 2(1Vul'+| [ 01as] ) <2+t [ 9o,
0
so that
t t s
(4.40) / |Vy(s)|2ds§2t||y0|\2+2/ s/ Vy (o) [2dods
0 0 0

t
< 2tllyoll” + / (2 — 0)|Vy/ (o) Pdor
0

Then by (4.38) and (4.40) we arrive at the inequality

(441) O +a / Wy (s)2ds < 5(t) + M / (2 — o)Wy (0)|2do.

where

3(t) = [ ? / ) oys + 20l P + | T (s)ly ()
From (4.41) it follows that
(4.42) / |V (s)|2ds — 7/( — 0?)|Vy'(0)2do < éé(t).
Hence by (4.42),

t
sy e [ oyt
t 0
t t
— ope— Mot/ { / Yy (0)2do — Mo / (#2 —o2>|w<a>|2da}
0 0

(0%
< 2 o-Mot? fafy).
(0%

Integration of both sides of (4.43) from 0 to ¢ yields

20 [ 2 [t 20
(4.44) e~ Mot /o‘/ (t* — o) Vy/(0)Pdo < E/ reMoT /a5 (1) dr
0 0

< Z(/Ot Te—MOT2/adT)S(t) - Mio (1 - e-MotZ/a) 3(t),
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where we note that 6(7) < d(t), V7 € [0,]. The inequality (4.44) implies

(4.45) / t(tQ — 0?)|Vy/(0)2do < L (eMotz/a - 1) 5(t) < %S(t)
0 — Mo T My 7

where M; = eMoT*/® From (4.41) and (4.45) it follows that

(4.46) W (O +a / V' (s)2ds < (1+ My)d(0),
or exactly
(4.47) WP +a / V' (5)Pds

4 t
< Mol + 5 [ 1) oyds + 20l )

t
+ [ anrly ks,
0
where My =1+ M;. In order to obtain the desired energy inequality, we set
p(t) =y (1)]* € L=(0,T),  u(t) = Mo'(t) € L1(0, T),

4 t
5(6) = 3 (j [+ 5 [ 176 s ayds + 20l ) € L=(0.7).

Then the inequality (4.47) implies

t
o) < [ wlo)p(o)do +3(t), Vi€ 0.T)
0
Since §(¢) is monotonically increasing, by Proposition 2.2 we obtain that

(448) ()=l (@®)
<40(t) +46(t) /Ot u(s)exp (/: u(o)do) ds = 6(t) exp (/Ot u(s)ds)

< 6() exp (IMaT 120,y ) = Mad(0).

Therefore, by (4.48) the inequality (4.47) implies

(4.49) ly/ (t)|* + oz/o (V' (s5)|2ds < 6(t) +/O My M3 (s)5(s)ds

<5(t) + M2M3</OT r(s)ds)a(t) < (1 + M2M3||F||L1(O,T))5(t).

From (4.39), it is easily seen that

(4.50) vy <2(lwlf +T [ 199/ ds)
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Combining (4.49) and (4.50), we can verify that

(4.51) \z/(?f)lzJrIV?J(t)IQJr/0 [Vy'(s)[ds < 2[lyol|* +Cd(t) < C(llyoll* +(T))

for some C > 2 depending only on a > 0, Gy, 81, B2, and T > 0. This proves
the energy inequality (3.8). O

Proof of Theorem 3.2. Let y(p1) and y(p2) be the weak solutions of (4.1) cor-
responding to p; € P and ps € P, respectively. Set ¢ = y(p1) — y(p2). Then ¢
satisfies

(4.52)

&' (1) = div(G(t, Vy(p1)) — G(t, Vy(p2)) + A)¢ (1)
—(F(t,y(01), 9 (p1)) = F(t,y(p2),y' 92))) = fr = f2» 0<t<T,
e(0) =y5 —y5, ¥'(0)=yi — 7.
Since G and F satisfy

|G(t, Vy(p1)) — G(t, Vy(p2))| < [|Goll[Vy(p1) — Vy(p2)

and

[F'(t,y(p1), ¥ (p1)) — F(t,y(p2), ¥ (p2))|
< (e + D) (BO(VYp1) = Vy(p2)| + B(0)VY (p1) = VY (2)])

for a.e. t € [0,T], we can repeat the same calculations as in the proof of Theorem
3.1 to have the following estimate

t
Vel + e OF + [ Ve s
0
< Cllyo —w P + vt —vil> + 1f1 — f?H%ﬁ(O,T;H*l(Q)))‘

This proves the strong Lipshitz continuity of solution mapping p = (yo, y1, f) —
y(p) of P into W(0,T). O

At the end of this paper, we shall give one application of Theorem 3.1 to
the variational problem. We consider the original equation (1.1) of motion of
membrane with strong viscosity. It is easily verified that G(t, Vy) = G(Vy) =

ﬁ and —pAy = —div (uVy) = A(t)y satisty (G-1)-(G-iii) and (2.3) with

a = pu, respectively. Then for each p = (yo,y1, f) € P there exists a unique
solution y(p) of (1.1). It is suggested in Hwang and Nakagiri [8] that y(p) is
Gateaux differentiable in p and the derivative z = dy(p)q, ¢ = (20,21,9) € P



884 J. HWANG, S. NAKAGIRI, AND H. TANABE

is characterized by the variational equation

02z Vz Vy(p) - Vz
92 v —— -V
o N O R e TR
0z X
(4.53) _MAE =g, inQ
z=0 on X,
0z .
2(0,z) = zo(x), E(O,x) =z (x) in Q.

Really, this z should be the Géateaux derivative of y(p) at p in the direction
q = (20, 21,9) € P. The existence and uniqueness of (4.53) can be shown as an
easy application of Theorem 3.1, since

Vz Yyt z) Vy(p;t,z) - Vz
1+ [Vy(p;t,z)? (14 [ Vy(pst, @) [2)32
satisfies the inequality

|G(t,Vz)| <2|Vz|, Vte[0,T], Vz € H}(Q).

G(t,z,Vz) =
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