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SOLUTIONS OF QUASILINEAR WAVE EQUATION WITH

STRONG AND NONLINEAR VISCOSITY

Jin-soo Hwang, Shin-ichi Nakagiri, and Hiroki Tanabe

Abstract. We study a class of quasilinear wave equations with strong
and nonlinear viscosity. By using the perturbation method for semilinear
parabolic equations, we have established the fundamental results on exis-

tence, uniqueness and continuous dependence on data of weak solutions.

1. Introduction

Let Ω be an open bounded set of Rn with the smooth boundary Γ. We
set Q = (0, T ) × Ω, Σ = (0, T ) × Γ for T > 0. In our previous paper [7] we
have studied the model equation of motion of membrane with strong viscosity
described by

(1.1)


∂2y

∂t2
− div

( ∇y√
1 + |∇y|2

)
− µ∆

∂y

∂t
= f in Q,

y = 0 on Σ,

y(0, x) = y0(x),
∂y

∂t
(0, x) = y1(x) in Ω,

where µ > 0 and f is a forcing function. Based on the existence, uniqueness
and continuity result of solutions for (1.1) in [7], we have solved the associated
optimal control and identification problems in [8], [9]. As is well known, damp-
ing mechanism for the motion of membrane appears extensively and there are
many factors of it. We classify the mechanism largely by air and structural
factors, and the modified problem (1.1) is considered to be linear structurally
damped case (cf. [1], [2], [12], etc.).

However, damping mechanism often occurs as nonlinear function of damping
effect. In realistic sense, the Kirchhoff stress term G(y) = ∇y√

1+|∇y|2
may

depend on position x and time t. Thus we study a more general quasilinear
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nonautonomous wave equation with structural and nonlinear dampings

∂2y

∂t2
− div

(
G(t, x,∇y) + a(t, x)∇∂y

∂t

)
(1.2)

= F (t, x, y,∇y, ∂y
∂t
,∇∂y

∂t
) + f,

where a(t, x) > 0 is a time dependent, space variable diffusion coefficient,
G(t, x,∇y) is a nonlinear function of principal vibration term and F (t, x, y,∇y,
y′,∇y′) is a nonlinear damping term depending also on states.

As is recognized, the quasilinear equation like as (1.2) requires more ma-
nipulations in the analysis of systems as in [4], [5] and [10]. In this paper we
propose an effective method to solve (1.2) by using the perturbation method
for semilinear parabolic equations. The method strongly depends on the form
of strong viscosity term div (a(t, x)∇∂y

∂t ) and artificial technique to derive the
energy estimates. Our aim of this paper is to establish the results on existence,
uniqueness and continuity on data of weak solutions of (1.2) as in the frame-
work of variational method in Dautray and Lions [2]. The proofs of results
are quite different from those in [7] and give new proofs for the generalized
quasilinear equation (1.2). The most important idea of the proofs is to derive
the proper energy inequality for (1.2) by means of that for semilinear parabolic
equations in [13] and the generalized Gronwall inequality. The existence proof
is completed by using the strong convergence of successive approximations and
the method of steps based on the time dependent energy inequality. Finally we
note that the equation (1.2) covers the variational equation for (1.1) which will
be used for the Gâteaux differentiability of solution mapping on data y0, y1, f
as in [6].

2. Preliminaries

In this section we give preliminary results on parabolic problem and gen-
eralized Gronwall’s inequality. We denote the scalar products and norms on
Hilbert spaces L2(Ω) and H1

0 (Ω) by (ϕ, ψ), |ϕ| and (ϕ, ψ)H1
0 (Ω), ∥ϕ∥, respec-

tively. The scalar product and norm on [L2(Ω)]n are also denoted by (ϕ, ψ)
and |ϕ|. Then the scalar product (ϕ, ψ)H1

0 (Ω) and the norm ∥ϕ∥ of H1
0 (Ω) are

given by (∇ϕ,∇ψ) and ∥ϕ∥ = |(∇ϕ,∇ϕ)| 12 , respectively. The duality pairing
between H1

0 (Ω) and H
−1(Ω) is denoted by ⟨ϕ, ψ⟩.

First, we consider the following parabolic problem

(2.1)


∂w

∂t
− div

(
a(t, x)∇w

)
= F̃ (t, x, w,∇w) + f in Q,

w = 0 on Σ,
w(0, x) = w0(x) in Ω,

where w0 ∈ L2(Ω), f ∈ L2(0, T ;H−1(Ω)), and a(t, x) > 0 satisfies

(2.2) a(t, x) ≥ α > 0, ∀(t, x) ∈ Q, a(·) ∈ C([0, T ];L∞(Ω)).
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In (2.1), the nonlinear function F̃ : [0, T ] × Ω × R × Rn → R is assumed to
satisfy the following conditions:

(F̃ -i) F̃ (·, ·, w, ξ) is measurable in Q for each fixed w ∈ R and ξ ∈ Rn,

(F̃ -ii) there is a β̃ ∈ L2(0, T ;L∞(Ω)) such that

|F̃ (t, x, w, ξ)− F̃ (t, x, w′, ξ′)| ≤ β̃(t, x)(|w − w′|+ |ξ − ξ′|),
a.e. (t, x) ∈ Q, ∀w,w′ ∈ R, ∀ξ, ξ′ ∈ Rn,

(F̃ -iii) there is a γ̃ ∈ L2(0, T ;L2(Ω)) such that

|F̃ (t, x, 0, 0)| ≤ γ̃(t, x), a.e. (t, x) ∈ Q.

Associated with a(t, x), we define the bilinear form

(2.3) a(t;ϕ, ψ) =

∫
Ω

a(t;x)∇ϕ(x)∇ψ(x)dx, ∀ϕ, ψ ∈ H1
0 (Ω).

It is easily verified by (2.2) and (2.3) that

(2.4) a(t;ϕ, ϕ) ≥ α∥ϕ∥2 for all ϕ ∈ H1
0 (Ω) and t ∈ [0, T ].

Then we can define the operator A(t) ∈ L(H1
0 (Ω), H

−1(Ω)) through the relation

(2.5) a(t;ϕ, φ) = ⟨A(t)ϕ, φ⟩ for all ϕ, φ ∈ H1
0 (Ω).

Further, for the above F̃ (t, x, w, ξ), we define the nonlinear function F̃ : [0, T ]×
H1

0 (Ω) → L2(Ω) (same symbol) by

F̃ (t, ϕ)(x) = F̃ (t, x, ϕ(x),∇ϕ(x)), a.e. x ∈ Ω, ∀ϕ ∈ H1
0 (Ω).

Then from (F̃ -ii) and (F̃ -iii), by applying Minkowski’s inequality we have

|F̃ (t, w1)− F̃ (t, w2)|(2.6)

=

(∫
Ω

|F̃ (t, x, w1(x),∇w1(x))− F̃ (t, x, w2(x),∇w2(x))|2dx
) 1

2

≤
(∫

Ω

(
β̃(t, x)|w1(x)− w2(x)|+ β̃(t, x)|∇w1(x)−∇w2(x)|

)2
dx

) 1
2

≤
(∫

Ω

β̃(t, x)2|w1(x)− w2(x)|2dx
) 1

2

+

(∫
Ω

β̃(t, x)2|∇w1(x)−∇w2(x)|2dx
) 1

2

= β̃(t)(|w1 − w2|+ ∥w1 − w2∥) ≤ (c1 + 1)β̃(t)∥w1 − w2∥

and

(2.7) |F̃ (t, 0)| ≤ γ̃(t), a.e. t ∈ [0, T ],

where β̃(t) = ∥β̃(t, ·)∥L∞(Ω), γ̃(t) = ∥γ̃(t, ·)∥L2(Ω), and c1 is the imbedding

constant of H1
0 (Ω) ↪→ L2(Ω). Thus, the evolution equation form of (2.1) is
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given by

(2.8)

{
w′(t) +A(t)w(t) = F̃ (t, w) + f(t), 0 ≤ t ≤ T,
w(0) = w0 ∈ L2(Ω).

Definition 2.1. A function w is said to be a weak solution of (2.1) (or (2.8))
if

(2.9) w ∈ L2(0, T ;H1
0 (Ω)) ∩ C([0, T ];L2(Ω)), w′ ∈ L2(0, T ;H−1(Ω))

and w satisfies

(2.10)

 ⟨w′(·), ϕ⟩+ a(·;∇w(·),∇ϕ) = (F̃ (·, w(·)), ϕ) + ⟨f(·), ϕ⟩
for all ϕ ∈ H1

0 (Ω) in the sense of D′(0, T ),
w(0) = w0 ∈ L2(Ω).

The following proposition is proved in Wang and Nakagiri [13] under the

conditions (2.6) and (2.7) on F̃ according to the argument in Dautray and
Lions [2].

Proposition 2.1. Assume that w0 ∈ L2(Ω), f ∈ L2(0, T ;H−1(Ω)) and F̃

satisfies (F̃ -i)-(F̃ -iii). Then the problem (2.1) has a unique weak solution w
satisfying the following energy equality

1

2
|w(t)|2 +

∫ t

0

a(s;w(s), w(s))ds(2.11)

=
1

2
|w0|2 +

∫ t

0

(F̃ (s, w(s)), w(s))ds+

∫ t

0

⟨f(s), w(s)⟩ds, ∀t ∈ [0, T ].

Next, we prepare the following proposition on the generalized Gronwall’s
inequality (cf. [2, p. 559]).

Proposition 2.2. Let φ be a function in L∞(0, T ), φ(t) ≥ 0, a.e. t ∈ [0, T ],
µ be a function in L1(0, T ), µ(t) ≥ 0, a.e. t ∈ [0, T ], and δ be a function in
L∞(0, T ), δ(t) ≥ 0, a.e. t ∈ [0, T ]. Assume

(2.12) φ(t) ≤
∫ t

0

µ(σ)φ(σ)dσ + δ(t), a.e. t ∈ [0, T ].

Then

(2.13) φ(t) ≤ δ(t) +

∫ t

0

µ(s)δ(s) exp
(∫ t

s

µ(σ)dσ
)
ds, a.e. t ∈ [0, T ].
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3. Main results

We study the following Dirichlet boundary value problem for the quasilinear
wave equation with strong and nonlinear damping

(3.1)



∂2y

∂t2
− div

(
G(t, x,∇y) + a(t, x)∇∂y

∂t

)
= F (t, x, y,∇y, ∂y

∂t
,∇∂y

∂t
) + f in Q,

y = 0 on Σ,

y(0, x) = y0(x),
∂y

∂t
(0, x) = y1(x) in Ω,

where f is a forcing function, y0 and y1 are initial data. In (3.1), we suppose
that a(t, x) satisfies (2.2), f ∈ L2(0, T ;H−1(Ω)), y0 ∈ H1

0 (Ω) and y1 ∈ L2(Ω).
On the nonlinear term G(t, x,∇y) in (3.1), we assume that the function G :
[0, T ]× Ω× Rn → Rn satisfies the following conditions:

(G-i) G(·, ·, z) is measurable in Q for each fixed z ∈ Rn,

(G-ii) G(t, x, 0) = 0, a.e. (t, x) ∈ Q, and there is a G0 ∈ L∞(0, T ;L∞(Ω))

such that

|G(t, x, z)−G(t, x, z′)| ≤ G0(t, x)|z − z′|,
a.e. (t, x) ∈ Q, ∀z, z′ ∈ Rn.

For the above G, we define the nonlinear function G(t,∇·) : [0, T ]×H1
0 (Ω) →

[L2(Ω)]n by

(3.2) G(t,∇ϕ) = G(t, x,∇ϕ(x)), a.e. x ∈ Ω, ∀ϕ ∈ H1
0 (Ω).

Finally, on the nonlinear term F (t, x, y,∇y, ∂y∂t ,∇
∂y
∂t ) in (3.1), we suppose that

the function F : [0, T ] × Ω × R × Rn × R × Rn → R satisfying the following
conditions:

(F-i) F (·, ·, y, z, w, ξ) is measurable in Q for each fixed y, w ∈ R
and z, ξ ∈ Rn,

(F-ii) there are β1 ∈ L2(0, T ;L∞(Ω)) and β2 ∈ L∞(0, T ;L∞(Ω))

such that

|F (t, x, y, z, w, ξ)− F (t, x, y′, z′, w′, ξ′)|
≤ β1(t, x)(|y − y′|+ |z − z′|) + β2(t, x)(|w − w′|+ |ξ − ξ′|),

a.e. (t, x) ∈ Q, ∀y, y′, w, w′ ∈ R, ∀z, z′, ξ, ξ′ ∈ Rn,

(F-iii) there is a γ ∈ L∞(0, T ;L∞(Ω)) such that

|F (t, x, y, z, 0, 0)| ≤ γ(t, x)(|y|+ |z|),
a.e. (t, x) ∈ Q, ∀y ∈ R, ∀z ∈ Rn.
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For the above F , we can define the nonlinear map F : [0, T ]×H1
0 (Ω)×H1

0 (Ω) →
L2(Ω) by

(3.3) F (t, y, w)(x) = F (t, x, y(x),∇y(x), w(x),∇w(x)), a.e. x ∈ Ω

for each (y, w) ∈ H1
0 (Ω)×H1

0 (Ω). Repeating similar calculations for (2.6) and
(2.7), by (F-ii) and (F-iii) we can verify by using Minkowski’s inequality the
following estimates: For each y1, y2 ∈ H1

0 (Ω) and w1, w2 ∈ H1
0 (Ω),

|F (t, y1, w1)− F (t, y2, w2)|(3.4)

≤ (c1 + 1)
(
β1(t)|∇y1 −∇y2|+ β2(t)|∇w1 −∇w2|

)
,

and for each y ∈ H1
0 (Ω),

(3.5) |F (t, y, 0)| ≤ (c1 + 1)γ(t)|∇y|, a.e. t ∈ [0, T ],

where β1(t)= ∥β1(t, ·)∥L∞(Ω), β2(t)= ∥β2(t, ·)∥L∞(Ω) and γ(t)= ∥γ(t, ·)∥L∞(Ω).
The solution space W (0, T ) of (3.1) is defined by

{g|g ∈ L2(0, T ;H1
0 (Ω)), g

′ ∈ L2(0, T ;H1
0 (Ω)), g

′′ ∈ L2(0, T ;H−1(Ω))}

endowed with the norm

∥g∥W (0,T ) =
(
∥g∥2L2(0,T ;H1

0 (Ω)) + ∥g′∥2L2(0,T ;H1
0 (Ω)) + ∥g′′∥2L2(0,T ;H−1(Ω))

) 1
2

(cf. Dautray and Lions [2, p. 471]). We remark that W (0, T ) is continuously
imbedded in C([0, T ];H1

0 (Ω)) ∩ C1([0, T ];L2(Ω)) (cf. [2, p. 555]). The evolu-
tion equation form of (3.1) is described by

(3.6)

{
y′′(t)− div(G(t,∇y(t)) +A(t)y′(t) = F (t, y(t), y′(t)) + f(t), 0 ≤ t ≤ T

y(0) = y0, y′(0) = y1.

Definition 3.1. A function y is said to be a weak solution of (3.1) (or (3.6))
if y ∈W (0, T ) and y satisfies

(3.7)


⟨y′′(·), ϕ⟩+ (G(·,∇y(·)),∇ϕ) + a(·;∇y′(·),∇ϕ)

= (F (·, y(·), y′(·)), ϕ) + ⟨f(·), ϕ⟩
for all ϕ ∈ H1

0 (Ω) in the sense of D′(0, T ),
y(0) = y0 ∈ H1

0 (Ω), y′(0) = y1 ∈ L2(Ω).

The following theorems give the basic results on existence, uniqueness, regu-
larity and continuity on data of the weak solution of (3.1), which extend those
in Hwang and Nakagiri [7].

Theorem 3.1. Assume that G satisfies (G-i)-(G-ii), F satisfies (F-i)-(F-iii),
f ∈ L2(0, T ;H−1(Ω)) and y0 ∈ H1

0 (Ω), y1 ∈ L2(Ω). Then the problem (3.1)
has a unique weak solution y in W (0, T ). Furthermore, y has the following
estimate

|y′(t)|2 + |∇y(t)|2 +
∫ t

0

|∇y′(s)|2ds(3.8)
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≤ C(∥y0∥2 + |y1|2 + ∥f∥2L2(0,T ;H−1(Ω))), ∀t ∈ [0, T ],

where C is a constant depending only on α > 0, G0, β1, β2, γ and T > 0.

Let P be a product space defined by

(3.9) P = H1
0 (Ω)× L2(Ω)× L2(0, T ;H−1(Ω)).

For each p = (y0, y1, f) ∈ P we have a unique weak solution y = y(p) ∈
W (0, T ) of (3.1) by Theorem 3.1. Hence we can define the solution mapping
p = (y0, y1, f) → y(p) of P into W (0, T ).

Theorem 3.2. The solution mapping p = (y0, y1, f) → y(p) of P intoW (0, T )
is strongly continuous. Further, for each p1 = (y10 , y

1
1 , f1) ∈ P and p2 =

(y20 , y
2
1 , f2) ∈ P we have the inequality

|y′(p1; t)− y′(p2; t)|2 + |∇y(p1; t)−∇y(p2; t)|2(3.10)

+

∫ t

0

|∇y′(p1; s)−∇y′(p2; s)|2ds

≤ C(∥y10 − y20∥2 + |y11 − y21 |2 + ∥f1 − f2∥2L2(0,T ;H−1(Ω))), ∀t ∈ [0, T ].

4. Proofs of main results

We shall prove the main results by the perturbation method using the par-
abolic problem (2.1). To this end, we give the following observation. Let w(t)
be a unique weak solution of (2.1) with w0 = y1 ∈ L2(Ω), and let

(4.1) y(t) = y0 +

∫ t

0

w(s)ds.

Then y′ = w, y′′ = w′, y(0) = y0 ∈ H1
0 (Ω), y

′(0) = y1 ∈ L2(Ω), and y ∈
W (0, T ) ∩ C1([0, T ];L2(Ω)). It is easily verified by Proposition 2.1 that y is a
unique weak solution of

(4.2)


∂2y

∂t2
− div

(
a(t, x)∇∂y

∂t

)
= F̃ (t, x,

∂y

∂t
,∇∂y

∂t
) + f in Q,

y = 0 on Σ,

y(0, x) = y0(x),
∂y

∂t
(0, x) = y1(x) in Ω,

which satisfies the energy equality

1

2
|y′(t)|2 +

∫ t

0

a(s; y′(s), y′(s))ds(4.3)

=
1

2
|y1|2 +

∫ t

0

(F̃ (s, y′(s)), y′(s))ds+

∫ t

0

⟨f(s), y′(s)⟩ds, ∀t ∈ [0, T ].
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Proof of Theorem 3.1. Let ϕ ∈ L2(0, T ;H1
0 (Ω)) be given. Then by (G-ii), we

see

|G(t,∇ϕ(t))|2

=

∫
Ω

|G(t, x,∇ϕ(t, x))|2dx

≤ ∥G0(t, ·)∥2L∞(Ω)

∫
Ω

|∇ϕ(t, x)|2dx ≤ ∥G0∥2|∇ϕ(t)|2, a.e. t ∈ [0, T ],

so that

∇ϕ ∈ L2(0, T ; [L2(Ω)]n), G(·,∇ϕ) ∈ L2(0, T ; [L2(Ω)]n),

where ∥G0∥ = ∥G0∥L∞(0,T ;L∞(Ω)). This implies

(4.4) divG(·,∇ϕ) ∈ L2(0, T ;H−1(Ω)).

Also, by (G-ii) for any ϕ1, ϕ2 ∈ L2(0, T ;H1
0 (Ω)) we have

(4.5)
|G(t,∇ϕ1(t))−G(t,∇ϕ2(t))|2 ≤ ∥G0∥2|∇ϕ1(t)−∇ϕ2(t)|2, a.e. t ∈ [0, T ].

For each ϕ ∈ L2(0, T ;H1
0 (Ω)), it is verified that the function F̃ = F̃ϕ defined

by

(4.6) F̃ϕ := F (t, x, ϕ(t, x),∇ϕ(t, x), w, ξ) : [0, T ]× Ω× R× Rn → R

satisfies the conditions (F̃ -i)-(F̃ -iii) with

β̃(t, x) = β2(t, x) ∈ L∞(0, T ;L∞(Ω)) ⊂ L2(0, T ;L∞(Ω))

and
γ̃(t, x) = γ(t, x)(|ϕ(t, x)|+ |∇ϕ(t, x)|) ∈ L2(0, T ;L2(Ω))

by γ ∈ L∞(0, T ;L∞(Ω)) and ϕ, |∇ϕ| ∈ L2(0, T ;L2(Ω)). Hence, according to
the former observation and (4.4) there exists a weak solution z of the problem

(4.7)



∂2z

∂t2
− div

(
a(t, x)∇∂z

∂t

)
= F (t, x, ϕ,∇ϕ, ∂z

∂t
,∇∂z

∂t
) + divG(t, x,∇ϕ) + f in Q,

z = 0 on Σ,

z(0, x) = y0(x),
∂z

∂t
(0, x) = y1(x) in Ω,

satisfying z ∈ W (0, T ) ∩ C1([0, T ];L2(Ω)), and such a solution is unique. The
problem (4.7) can be written by the following evolution equation form

(4.8)

{
z′′(t)+A(t)z′(t)=F (t, ϕ(t), z′(t))+div (G(t,∇ϕ(t)))+f(t), 0 ≤ t ≤ T

z(0)=y0, z′(0)=y1.

We seek for a fixed point of the mapping ϕ 7→ z considered as a mapping from
the set

S = {ϕ ∈W 1,2(0, T ;H1
0 (Ω)), ϕ(0) = y0}
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to itself, where z is the weak solution of (4.7) or (4.8). Let ui ∈ S, i = 1, 2 be
given, and vi, i = 1, 2, be the weak solution of

(4.9)

{
v′′i (t)+A(t)v

′
i(t)=F (t, ui(t), v

′
i(t))+div (G(t,∇ui(t)))+f(t), 0 ≤ t ≤ T

vi(0)= y0, v′i(0) = y1.

Set

u = u1 − u2, v = v1 − v2.

Then we see easily that

(4.10) u ∈W 1,2(0, T ;H1
0 (Ω)), u(0) = 0,

and v ∈W (0, T ) ∩ C1(0, T ;L2(Ω)) satisfies
(4.11) v′′(t) +A(t)v′(t) = F (t, u1(t), v

′
1(t))− F (t, u2(t), v

′
2(t))

+ div (G(t,∇u1(t))−G(t,∇u2(t))), 0 ≤ t ≤ T
v(0) = 0, v′(0) = 0.

Application of the energy equality (4.3) to v and integration by parts yield

1

2
|v′(t)|2 +

∫ t

0

a(s;∇v′(s),∇v′(s))ds(4.12)

−
∫ t

0

(F (s, u1(s), v
′
1(s))− F (s, u2(s), v

′
2(s)), v

′(s))ds

= −
∫ t

0

(G(s,∇u1(s))−G(s,∇u2(s)),∇v′(s))ds.

By Schwarz inequality, we have∣∣∣∣∫ t

0

(G(s,∇u1(s))−G(s,∇u2(s)),∇v′(s))ds
∣∣∣∣(4.13)

≤ 1

α

∫ t

0

|G(s,∇u1(s))−G(s,∇u2(s))|2ds+
α

4

∫ t

0

|∇v′(s)|2ds.

Further, by (4.5) we deduce∫ t

0

|G(s,∇u1(s))−G(s,∇u2(s))|2ds ≤ ∥G0∥2
∫ t

0

|∇u(s)|2ds,

∫ t

0

|∇u(s)|2ds =
∫ t

0

∣∣∣∣∫ s

0

∇u′(σ)dσ
∣∣∣∣2 ds ≤ ∫ t

0

s

∫ s

0

|∇u′(σ)|2dσds

≤
∫ t

0

∫ t

σ

sds|∇u′(σ)|2dσ ≤ 1

2

∫ t

0

(t2 − s2)|∇u′(σ)|2dσ

≤ 1

2
t2
∫ t

0

|∇u′(σ)|2dσ,
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so that

(4.14)

∫ t

0

|G(s,∇u1(s))−G(s,∇u2(s))|2ds ≤
1

2
∥G0∥2t2

∫ t

0

|∇u′(σ)|2dσ.

By (3.4), we see

|F (s, u1(s), v′1(s))− F (s, u2(s), v
′
2(s))|

≤ (c1 + 1)β1(s)|∇u(s)|+ (c1 + 1)β2(s)|∇v′(s)|,

so that we can estimate the third term of (4.12) as follows.∣∣∣∣∫ t

0

(F (s, u1(s), v
′
1(s))− F (s, u2(s), v

′
2(s)), v

′(s))ds

∣∣∣∣(4.15)

≤
∫ t

0

|F (s, u1(s), v′1(s))− F (s, u2(s), v
′
2(s))||v′(s)|ds

≤
∫ t

0

β̂1(s)|∇u(s)||v′(s)|ds+
∫ t

0

β̂2(s)|∇v′(s)||v′(s)|ds

≤ 1

2

∫ t

0

|∇u(s)|2ds+ 1

2

∫ t

0

β̂1(s)
2|v′(s)|2ds

+
α

4

∫ t

0

|∇v′(s)|2ds+ 1

α

∫ t

0

β̂2(s)
2|v′(s)|2ds.

≤ 1

2

∫ t

0

|∇u(s)|2ds+ α

4

∫ t

0

|∇v′(s)|2ds+
∫ t

0

β̌(s)|v′(s)|2ds,

where β̂1(s) = (c1 + 1)β1(s) ∈ L2(0, T ), β̂2(s) = (c1 + 1)β2(s) ∈ L∞(0, T ) and

β̌(s) = 1
2 β̂1(s)

2 + 1
α β̂2(s)

2 ∈ L1(0, T ). Substituting inequalities (4.13), (4.14)
and (4.15) into (4.12) and using (2.3), we can deduce

1

2
|v′(t)|2 + α

∫ t

0

|∇v′(s)|2ds(4.16)

≤ 1

2
K0t

2

∫ t

0

|∇u′(σ)|2dσ +
α

2

∫ t

0

|∇v′(s)|2ds+ 1

2

∫ t

0

B(s)|v′(s)|2ds,

where

K0 =
1

α
∥G0∥2 +

1

2
, B(s) = 2β̌(s) ∈ L1(0, T ).

Then from (4.16) it follows that

(4.17) |v′(t)|2 ≤ K0t
2

∫ t

0

|∇u′(σ)|2dσ +

∫ t

0

B(s)|v′(s)|2ds.

Now we apply Proposition 2.2 to the inequality (4.17). For the purpose we set

φ(t) = |v′(t)|2 ∈ L∞(0, T ), µ(t) = B(t) ∈ L1(0, T ),

δ(t) = K0t
2

∫ t

0

|∇u′(σ)|2dσ ∈ L∞(0, T ).
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Since δ(t) ≥ 0 is monotonically increasing, Proposition 2.2 implies that

|v′(t)|2 ≡ φ(t)(4.18)

≤ δ(t) + δ(t)

∫ t

0

µ(s) exp
(∫ t

s

µ(σ)dσ
)
ds

= δ(t)− δ(t)

∫ t

0

∂

∂s
exp

(∫ t

s

µ(σ)dσ
)
ds

= δ(t)− δ(t)

(
1− exp

(∫ t

0

µ(σ)dσ
))

= δ(t) exp
(∫ t

0

µ(σ)dσ
)

≤ K0 exp
(
∥µ∥L1(0,T )

)
t2
∫ t

0

|∇u′(s)|2ds

≤ L0t
2

∫ t

0

|∇u′(s)|2ds,

where

L0 = K0 exp
(
(c1 + 1)2

(
∥β1∥2 +

2T

α
∥β2∥2

))
.

and ∥β1∥ = ∥β1∥L2(0,T ;L∞(Ω)), ∥β2∥ = ∥β2∥L∞(0,T ;L∞(Ω)). Therefore, (4.16)
and (4.18) implies

|v′(t)|2 + α

∫ t

0

|∇v′(s)|2ds(4.19)

≤ K0t
2

∫ t

0

|∇u′(σ)|2dσ +

∫ t

0

B(s)
(
L0s

2

∫ s

0

|∇u′(σ)|2dσ
)
ds

≤ K0t
2

∫ t

0

|∇u′(σ)|2dσ + L0t
2

∫ t

0

|∇u′(s)|2ds
∫ T

0

B(s)ds

≤ M0t
2

∫ t

0

|∇u′(s)|2ds

or

1

α
|v′1(t)− v′2(t)|2 +

∫ t

0

|∇(v′1(s)− v′2(s))|2ds(4.20)

≤ M0

α
t2
∫ t

0

|∇(u′1(s)− u′2(s))|2ds,

where M0 = K0 + L0∥B∥L1(0,T ). Let t0 be such that

(4.21) 0 < t0 ≤ T,

√
M0

α
t0 < 1.
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Starting from some function u1 ∈ S, we define a sequence of functions {uk}∞k=1

inductively by the weak solutions of{
u′′k+1 +A(t)u′k+1 = F (t, uk, u

′
k+1) + divG(t,∇uk) + f, 0 ≤ t ≤ T

uk+1(0) = y0, u
′
k+1(0) = y1.

Then in view of (4.20)

1

α
|u′k+1(t)− u′k(t)|2 +

∫ t

0

|∇(u′k+1(s)− u′k(s))|2ds(4.22)

≤ M0

α
t20

∫ t0

0

|∇(u′k(s)− u′k−1(s))|2ds, 0 ≤ t ≤ t0,

so that

∥u′k+1 − u′k∥L2(0,t0;H1
0 (Ω)) ≤

√
M0

α
t0∥u′k − u′k−1∥L2(0,t0;H1

0 (Ω)).

Hence by (4.21) there exists a function w ∈ L2(0, t0;H
1
0 (Ω)) such that

(4.23) u′k → w in L2(0, t0;H
1
0 (Ω)).

Define a function u by

(4.24) u(t) = y0 +

∫ t

0

w(s)ds.

Then

∥uk(t)− u(t)∥ =

∥∥∥∥∫ t

0

u′k(s)ds−
∫ t

0

w(s)ds

∥∥∥∥(4.25)

≤
√
t

(∫ t

0

∥u′k(s)ds− w(s)∥2ds
)1/2

.

From (4.22) it easily follows that

(4.26) |u′k+1(t)− u′k(t)| ≤
√
M0t0∥u′k − u′k−1∥L2(0,t0;H1

0 (Ω)), 0 ≤ t ≤ t0.

It follows from (4.23)-(4.26) that

(4.27) uk → u in C([0, t0];H
1
0 (Ω)),

(4.28) u′k → u′ in L2(0, t0;H
1
0 (Ω)) ∩ C([0, t0];L2(Ω)),

and also

(4.29) A(·)u′k → A(·)u′ in L2(0, t0;H
−1(Ω)).

Since

∥G(t,∇uk(t, ·))−G(t,∇u(t, ·))∥2

≤ ∥G0∥2∥uk(t)− u(t)∥2H1
0 (Ω) → 0 uniformly in t ∈ [0, t0]

by (4.6), we obtain

(4.30) divG(·,∇uk)− divG(·,∇u) → 0 in C([0, t0];H
−1(Ω)).
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By (3.4), we have

|F (t, uk(t, ·), u′k+1(t, ·))− F (t, u(t, ·), u′(t, ·))|2

≤ 2(c1 + 1)2
(
β1(t)

2|∇uk(t)−∇u(t)|2 + β2(t)
2|∇u′k+1(t)−∇u′(t)|2

)
,

so that ∫ t0

0

|F (t, uk(t, ·), u′k+1(t, ·))− F (t, u(t, ·), u′(t, ·))|2dt(4.31)

≤ 2(c1 + 1)2
(∫ t0

0

β1(t)
2dt
)
∥uk − u∥2C([0,T ];H1

0 (Ω))

+ 2(c1 + 1)2∥β2∥2∥u′k+1(t)− u′(t)∥2L2(0,T ;H1
0 (Ω)).

This proves that

(4.32) F (·, uk, u′k+1)− F (·, u, u′) → 0 in L2(0, t0;L
2(Ω)).

By virtue of (4.29), (4.30) and (4.32) one observes

u′′k+1 = F (·, uk, u′k+1) + divG(·,∇uk)−A(·)u′k+1 + f

→ F (·, u, u′) + divG(·,∇u)−A(·)u′ + f in L2(0, t0;H
−1(Ω)).

Hence

u′′ ∈ L2(0, t0;H
−1(Ω)), u′′k → u′′ in L2(0, t0;H

−1(Ω)).

Therefore

u′′ − divG(·,∇u) +A(·)u′ = F (·, u, u′) + f in L2(0, t0;H
−1(Ω)).

In view of (4.27) and (4.28) it is obvious that

u(0) = y0, u′(0) = y1.

By repeating the standard argument in Showalter [11], we can verify that this
u is a weak solution of (4.1) in the interval [0, t0].

To continue this solution, consider the mapping which maps u ∈W 1,2(t0, T ;
H1

0 (Ω)) satisfying u(t0) = y(t0), u
′(t0) = y′(t0) to the weak solution v of the

problem

(4.33)

{
v′′ +A(t)v′ = F (t, u, v′) + divG(t,∇u) + f, t0 < t ≤ T

v(t0) = y(t0), v
′(t0) = y′(t0),

where y is the weak solution of (3.1) which is already obtained in [0, t0],
Let ui ∈ W 1,2(t0, T ;H

1
0 (Ω)), ui(t0) = y(t0), u

′
i(t0) = y′(t0), i = 1, 2, and

vi, i = 1, 2, be the solution of (4.33) with u replaced by ui. Then we can show
analogously to (4.20)

1

α
|v′1(t)− v′2(t)|2 +

∫ t

t0

|∇(v′1(s)− v′2(s))|2ds

≤ M0

α
(t− t0)

2

∫ t

t0

|∇(u′1(s)− u′2(s))|2ds.
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Consequently we can continue y to the interval [t0, 2t0]. Repeating this process
a global solution is obtained.

Lastly in the proof, we shall show the energy inequality (3.8). By the energy
equality (4.3), the weak solution y of (3.1) satisfies

1

2
|y′(t)|2 +

∫ t

0

a(s; y′(s), y′(s))ds(4.34)

=
1

2
|y1|2 +

∫ t

0

(F (s, y(s), y′(s)), y′(s))ds+

∫ t

0

⟨f(s), y′(s)⟩ds

+

∫ t

0

⟨div G(s,∇y(s)), y′(s)⟩ds, ∀t ∈ [0, T ].

By repeating similar calculations for (4.13) (4.14), we have∣∣∣∣∫ t

0

(G(s,∇y(s)),∇y′(s))ds
∣∣∣∣(4.35)

≤ 1

α
∥G0∥2

∫ t

0

|∇y(s)|2ds+ α

4

∫ t

0

|∇y′(s)|2ds.

Also, by (3.4) and (3.5), we use Schwarz inequality to have∣∣∣∣∫ t

0

(F (s, y(s), y′(s)), y′(s))ds

∣∣∣∣(4.36)

≤
∫ t

0

|F (s, y(s), y′(s))||y′(s)|ds

≤
∫ t

0

(
|F (s, y(s), y′(s))− F (s, y(s), 0)|+ |F (s, y(s), 0)|

)
|y′(s)|ds

≤
∫ t

0

β̂2(s)|∇y′(s)||y′(s)|ds+
∫ t

0

γ̂(s)|∇y(s)||y′(s)|ds

≤ α

8

∫ t

0

|∇y′(s)|2ds+
∫ t

0

γ̌(s)|y′(s)|2ds+ 1

2

∫ t

0

|∇y(s)|2ds,

where β̂2(s) = (c1 + 1)β2(s) ∈ L∞(0, T ), γ̂(s) = (c1 + 1)γ(s) ∈ L2(0, T ) and

γ̌(s) = 1
2 γ̂(s)

2 + 2
α β̂2(s)

2 ∈ L1(0, T ). It is easy to see that∣∣∣∣∫ t

0

⟨f(s), y′(s)⟩ds
∣∣∣∣ ≤ ∫ t

0

∥f(s)∥H−1(Ω)∥y′(s)∥ds(4.37)

≤ 2

α

∫ t

0

∥f(s)∥2H−1(Ω)ds+
α

8

∫ t

0

|∇y′(s)|2ds.

Hence, from the equality (4.34) together with the inequalities (4.35)-(4.37) it
follows that

|y′(t)|2 + α

∫ t

0

|∇y′(s)|2ds(4.38)
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≤ |y1|2 +M0

∫ t

0

|∇y(s)|2ds+
∫ t

0

Γ(s)|y′(s)|2ds

+
4

α

∫ t

0

∥f(s)∥2H−1(Ω)ds,

where

M0 = 2
( 1
α
∥G0∥2 +

1

2

)
, Γ(s) = 2γ̌(s) ∈ L1(0, T ).

Since y(t) = y0 +

∫ t

0

y′(s)ds, we obtain

(4.39) |∇y(t)|2 ≤ 2
(
|∇y0|2+

∣∣∣∣∫ t

0

∇y′(s)ds
∣∣∣∣2 ) ≤ 2

(
∥y0∥2+t

∫ t

0

|∇y′(s)|2ds
)
,

so that ∫ t

0

|∇y(s)|2ds ≤ 2t∥y0∥2 + 2

∫ t

0

s

∫ s

0

|∇y′(σ)|2dσds(4.40)

≤ 2t∥y0∥2 +
∫ t

0

(t2 − σ2)|∇y′(σ)|2dσ.

Then by (4.38) and (4.40) we arrive at the inequality

(4.41) |y′(t)|2 + α

∫ t

0

|∇y′(s)|2ds ≤ δ̃(t) +M0

∫ t

0

(t2 − σ2)|∇y′(σ)|2dσ,

where

δ̃(t) = |y1|2 +
4

α

∫ t

0

∥f(s)∥2H−1(Ω)ds+ 2M0∥y0∥2t+
∫ t

0

Γ(s)|y′(s)|2ds.

From (4.41) it follows that

(4.42)

∫ t

0

|∇y′(s)|2ds− M0

α

∫ t

0

(t2 − σ2)|∇y′(σ)|2dσ ≤ 1

α
δ̃(t).

Hence by (4.42),

d

dt

{
e−M0t

2/α

∫ t

0

(t2 − σ2)|∇y′(σ)|2dσ
}

(4.43)

= 2te−M0t
2/α

{∫ t

0

|∇y′(σ)|2dσ − M0

α

∫ t

0

(t2 − σ2)|∇y′(σ)|2dσ
}

≤ 2t

α
e−M0t

2/αδ̃(t).

Integration of both sides of (4.43) from 0 to t yields

e−M0t
2/α

∫ t

0

(t2 − σ2)|∇y′(σ)|2dσ ≤ 2

α

∫ t

0

τe−M0τ
2/αδ̃(τ)dτ(4.44)

≤ 2

α

(∫ t

0

τe−M0τ
2/αdτ

)
δ̃(t) =

1

M0

(
1− e−M0t

2/α
)
δ̃(t),
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where we note that δ̃(τ) ≤ δ̃(t), ∀τ ∈ [0, t]. The inequality (4.44) implies

(4.45)

∫ t

0

(t2 − σ2)|∇y′(σ)|2dσ ≤ 1

M0

(
eM0t

2/α − 1
)
δ̃(t) ≤ M1

M0
δ̃(t),

where M1 = eM0T
2/α. From (4.41) and (4.45) it follows that

(4.46) |y′(t)|2 + α

∫ t

0

|∇y′(s)|2ds ≤ (1 +M1)δ̃(t),

or exactly

|y′(t)|2 + α

∫ t

0

|∇y′(s)|2ds(4.47)

≤ M2

(
|y1|2 +

4

α

∫ t

0

∥f(s)∥2H−1(Ω)ds+ 2M0∥y0∥2t
)

+

∫ t

0

M2Γ(s)|y′(s)|2ds,

where M2 = 1 +M1. In order to obtain the desired energy inequality, we set

φ(t) = |y′(t)|2 ∈ L∞(0, T ), µ(t) =M2Γ(t) ∈ L1(0, T ),

δ(t) =M2

(
|y1|2 +

4

α

∫ t

0

∥f(s)∥2H−1(Ω)ds+ 2M0∥y0∥2t
)
∈ L∞(0, T ).

Then the inequality (4.47) implies

φ(t) ≤
∫ t

0

µ(σ)φ(σ)dσ + δ(t), ∀ t ∈ [0, T ].

Since δ(t) is monotonically increasing, by Proposition 2.2 we obtain that

φ(t) ≡ |y′(t)|2(4.48)

≤ δ(t) + δ(t)

∫ t

0

µ(s) exp
(∫ t

s

µ(σ)dσ
)
ds = δ(t) exp

(∫ t

0

µ(s)ds
)

≤ δ(t) exp
(
∥M2Γ∥L1(0,T )

)
≡M3δ(t).

Therefore, by (4.48) the inequality (4.47) implies

|y′(t)|2 + α

∫ t

0

|∇y′(s)|2ds ≤ δ(t) +

∫ t

0

M2M3Γ(s)δ(s)ds(4.49)

≤ δ(t) +M2M3

(∫ T

0

Γ(s)ds
)
δ(t) ≤

(
1 +M2M3∥Γ∥L1(0,T )

)
δ(t).

From (4.39), it is easily seen that

(4.50) |∇y(t)|2 ≤ 2
(
∥y0∥2 + T

∫ t

0

|∇y′(s)|2ds
)
,
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Combining (4.49) and (4.50), we can verify that

(4.51) |y′(t)|2+ |∇y(t)|2+
∫ t

0

|∇y′(s)|2ds ≤ 2∥y0∥2+Cδ(t) ≤ C(∥y0∥2+δ(T ))

for some C > 2 depending only on α > 0, G0, β1, β2, γ and T > 0. This proves
the energy inequality (3.8). □

Proof of Theorem 3.2. Let y(p1) and y(p2) be the weak solutions of (4.1) cor-
responding to p1 ∈ P and p2 ∈ P , respectively. Set φ = y(p1)− y(p2). Then φ
satisfies
(4.52)

φ′′(t)− div
(
G(t,∇y(p1))−G(t,∇y(p2))

)
+A(t)φ′(t)

−
(
F (t, y(p1), y

′(p1))− F (t, y(p2), y
′(p2))

)
= f1 − f2, 0 ≤ t ≤ T,

φ(0) = y10 − y20 , φ′(0) = y11 − y21 .

Since G and F satisfy

|G(t,∇y(p1))−G(t,∇y(p2))| ≤ ∥G0∥|∇y(p1)−∇y(p2)|

and

|F (t, y(p1), y′(p1))− F (t, y(p2), y
′(p2))|

≤ (c1 + 1)
(
β1(t)(|∇y(p1)−∇y(p2)|+ β2(t)|∇y′(p1)−∇y′(p2)|

)
for a.e. t ∈ [0, T ], we can repeat the same calculations as in the proof of Theorem
3.1 to have the following estimate

|∇φ(t)|2 + |φ′(t)|2 +
∫ t

0

|∇φ′|2ds

≤ C(∥y10 − y20∥2 + |y11 − y21 |2 + ∥f1 − f2∥2L2(0,T ;H−1(Ω))).

This proves the strong Lipshitz continuity of solution mapping p = (y0, y1, f) →
y(p) of P into W (0, T ). □

At the end of this paper, we shall give one application of Theorem 3.1 to
the variational problem. We consider the original equation (1.1) of motion of
membrane with strong viscosity. It is easily verified that G(t,∇y) = G(∇y) =

∇y√
1+|∇y|2

and −µ∆y = −div (µ∇y) = A(t)y satisfy (G-i)-(G-iii) and (2.3) with

α = µ, respectively. Then for each p = (y0, y1, f) ∈ P there exists a unique
solution y(p) of (1.1). It is suggested in Hwang and Nakagiri [8] that y(p) is
Gâteaux differentiable in p and the derivative z = ∂y(p)q, q = (z0, z1, g) ∈ P
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is characterized by the variational equation

(4.53)



∂2z

∂t2
− div

(
∇z√

1 + |∇y(p)|2
−∇y(p) ∇y(p) · ∇z

(1 + |∇y(p)|2)3/2

)
−µ∆∂z

∂t
= g, in Q

z = 0 on Σ,

z(0, x) = z0(x),
∂z

∂t
(0, x) = z1(x) in Ω.

Really, this z should be the Gâteaux derivative of y(p) at p in the direction
q = (z0, z1, g) ∈ P . The existence and uniqueness of (4.53) can be shown as an
easy application of Theorem 3.1, since

G(t, x,∇z) = ∇z√
1 + |∇y(p; t, x)|2

−∇y(p; t, x) ∇y(p; t, x) · ∇z
(1 + |∇y(p; t, x)|2)3/2

satisfies the inequality

|G(t,∇z)| ≤ 2|∇z|, ∀t ∈ [0, T ], ∀z ∈ H1
0 (Ω).
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