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DISTURBANCE ATTENUATION FOR A CLASS OF
DISCRETE-TIME SWITCHED SYSTEMS WITH
EXPONENTIAL UNCERTAINTY

CHANGLIN L1, FEI LONG, AND GUOHUI REN

ABSTRACT. The disturbance attenuation problem for a class of discrete-
time switched linear systems with exponential uncertainties via switched
state feedback and switched dynamic output feedback is investigated, re-
spectively. By using Taylor series approximation and convex polytope
technique, exponentially uncertain discrete-time switched linear system
is transformed into an equivalent switched polytopic model with addi-
tive norm bounded uncertainty. For such equivalent switched model, one
designs its switching strategy and associated state feedback controllers
and dynamic output feedback controllers so that whole switched model is
asymptotical stabilization with H-infinity disturbance attenuation based
on switched Lyapunov function and LMI approach. Finally, two numeri-
cal examples are presented to illustrate our results.

1. Introduction

As we know, many practical systems involve a mixture of continuous and
discrete dynamics. Systems in which these two kinds of dynamics coexist and
interact are usually called to hybrid systems. The history of hybrid system
research can be traced back at least to the 1950’s with the study of engineer-
ing systems. However, hybrid systems began to attract people’s attention in
the early 1990’s, mainly because of the vast development and implementa-
tion of digital micro controllers and embedded devices. Hybrid system models
can describe systems in a wide range of applications, including robotics, au-
tomotive electronics, manufacturing, automated highway systems, air traffic
management systems, integrated circuit design, hybrid dynamic automobile,
multimedia, and so on.
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Switched linear system belongs to a special class of hybrid system, which
comprises a collection of subsystems described by linear dynamics together
with a switching law that specifies the switching between the subsystems. The
importance of switched linear systems scheme stems from the following facts:

1) Switched linear system can represent a wide class of practical systems;

2) Based on switching control approach, the two-level system structure pro-
vides an effective multiple-controller switching path;

3) Many tools and approaches for linear systems are applicable or extendable
to cope with switched linear systems.

Hetel, et al. [4, 5] show that sampled model of linear system is derived and
discrete time control methods are applied in order to design a computer based
controller for the following switched linear system

x(t) = Myx(t) + Nyu(t).

Under the case that sampling and actuation are periodic and synchronous with
the periodicity, the sampled model is given by

w(k+1) = Ay (p(k))z(k) + Bo (p(k))u(k),

where A, (p(k)) = eM-P®) B, (p(k)) = (fop(k) eMo3ds)N,; p(k) is sampling
periodicity; k denotes sampling step.

It is well known that, in many control problems, the sampling periodicity
of system is often affected by some delays (delays between the sensor and the
digital control, computing delays in the controller, communication delays be-
tween the controller and the actuator, and so on). Furthermore, these delays
are often unknown, time-varying and bounded [17]. As a result, exponential
uncertainty is encountered. Because of the practical background of exponential
uncertainty, the control synthesis problem of switched linear system subject to
exponential uncertainties is a very important and challenging one. Generally
speaking, exponential uncertainty can be represented as e” or fop eM7dr that
depends on an unknown, possibly time-varying and bounded parameter p. In
the literature [21], exponential uncertainty is treated by assuming estimable de-
lay uncertainties. Andrea Balluchi, et al. [1] treats the uncertain exponential
terms as bounded uncertainties. L. Hetel, et al. [5] studies the state feed-
back stabilization problem for a class of discrete-time switched linear systems
with exponential uncertainties under the arbitrary switching rule, and then the
obtained results are extended to cope with network controlled systems.

The Hy control problem for some uncertain switched linear systems was
also investigated, such as bounded uncertainties [6, 15, 16, 18], linear fractional
uncertainties [9, 11], polytopic uncertainties [20], actuator saturation [14, 19],
modeling uncertainties [8, 10], and so on. Motivated by the reference [4, 5], F.
Long, et al. [12, 13] have discussed H., state feedback and dynamic output
feedback control problem for a class of exponentially uncertain continuous-time
switched linear system by using Taylor series approximation and convex poly-
tope technique. In this manuscript, using similar idea of results [12, 13], one is
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intended to investigate the disturbance attenuation problem for discrete-time
switched linear systems with exponential uncertainties via switched state feed-
back and dynamic output feedback. It is assumed that the switching strategy
used in this paper is picked in such a way that there are finite switches in finite
steps.

One’s goal is, for discrete-time switched linear systems subject to expo-
nential uncertainty, to design a switching o (k) strategy and associated state
feedback controllers and dynamic output feedback controllers such that the re-
sulting closed-loop system is asymptotical stabilization with a prescribed H,
disturbance attenuation level for all admissible uncertainties. Firstly, one shows
that exponential uncertain switched system is transformed into an equivalent
polytopic model with an additive norm bounded uncertainty based on Tay-
lor series approximation and convex polytope technique. And then, by taking
advantage of switched Lyapunov function and LMI approach, the robust H,
disturbance attenuation property of such equivalent switched model is inves-
tigated via switched state feedback and switched dynamic output feedback,
respectively.

The remainder of this paper is organized as follows: The problem state-
ment and some preliminaries are described in Section 2, while in Section 3 the
asymptotical stabilization with H,, disturbance attenuation for exponentially
uncertain discrete-time switched linear system is investigated via switched state
feedback. In Section 4, one discusses the asymptotical stabilization with H,
disturbance attenuation for a class of discrete-time switched linear systems
subject to exponential uncertainties via switched dynamic output feedback.
Two numerical examples are presented in Section 5 to illustrate one’s results.
Finally, some conclusions are drawn in Section 6.

Notations: The symmetric terms in a symmetric matrix are denoted by *,
X+ denote any matrix whose columns form bases of the null space of X and
Amax(P) denote the maximum eigenvalues of matrix P.

2. Problem statement and preliminaries

In this paper, based on switched Lyapunov function techniques and LMI
approach, one investigates the asymptotical stabilization with H., disturbance
attenuation for the exponentially uncertain discrete-time switched linear sys-
tems (1) and (2) via switched state feedback and switched dynamic output
feedback, respectively.

(1)

2k + 1) = Ay (p(k))(k) + By (p(k) (k) + Broew(k)
z(k) = Crpx(k) + Dyu(k)
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and
z(k+1) = Ay (p(k))z(k) + By (p(k))u(k) + Biow(k)
(2) z(k) = Crox(k) + Dyu(k)

where x € R" is the system state; u € R™ is the control input; w € R" is the
exogenous disturbance input that satisfies Yoo w” (k)w(k) < oo; z € RY is the
controlled output variable. y € RP is the measured output. The switching sig-
nal o(-) : NU{0} — N={1,2,..., N}, N < co denotes the piecewise constant
switching rule. {M; € R"*", i € N} and {N; € R"*™ i € N} are two families
of matrices. A;(p(k)) = eMir®) B;(p(k)) = (fop(k) eMisds)N;, the uncertain
parameter p(k) is positive, time varying, bounded and 0 < p < p(k) < p (where
p and p are two known constants). By;, Cy;, Co; and D;(i € N) are constant ma-
trices with appropriate dimensions. Uncertain switched systems such as (1) and
(2) may be used to represent digital models for network controlled systems or for
systems affected by sampling jitter. Each pair {(M;, N;, C1;, D;, B1i),i € N}
and {(M;, N;,C1;, D;,Co;, By;),i € N} describes a discrete-time time model
representing different regimes of system behavior. Here, o will be considered a
piecewise constant function that may change its value at the sampling period.
The linear version of an uncertain system with exponential uncertainty can be
obtained by considering only one model (N = 1).

The objective of this paper is, for any given v > 0, to find switched state
feedback controller (switched output feedback controller) so that the discrete-
time switched linear systems (1) (the discrete-time switched linear system (2))
satisfies:

a) With zero disturbance input condition w = 0, it is asymptotically stable
for all admissible uncertainties.

b) With zero-initial condition 2(0) = 0,

D 2T (k)z(k) <4* D w (k)w(k)

l l
k=

0 k=0

for all nonzero w satisfying Y=, w” (k)w(k) < oo and all admissible uncer-
tainties.

Now, one introduces some support lemmas and the concept of switching
sequence, which can be use in the later.

Lemma 2.1 ([5]). Consider the uncertain polynomial parameter dependent
n-order matriz L(p) = Lo + Lip + Lop® + -+ + Lyp" with the uncertain pa-
rameter p is positive, bounded and 0 < p < p < p (where p and p are two
known constants). Then one can find a convez polytope with h + 1 wvertices
that envelopes L(p), i.e., there exist parameters p;(p),j = 1,2,...,h+ 1 sat-

isfying 201 pi(p) = Lui(p) > 0 such that L(p) = 3051 pj(p)U;, where
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Uj,j=1,2,...,h+ 1 represent the polytope vertices given as follows.
Uy = Lo+ Lip+ Lop® + -+ + Lyp"
Us = Lo+ Lip+ Lop® + -+ + Lyp"
Us = Lo+ Lip+ Lop” + - + Lyp"

U1 = Lo+ Lip+ Lap* + -+ + Lypp™.

The relation between the uncertain parameter p(k) and p;(p) is given by

p—p .
1= j=1
pj—lipj—l 7pj7pj ]
:u‘j(p) = ﬁj—l_;j—l _ﬁj_;j’ J :2,3,...7]7,
e ,
ﬁh_;h; ] = h+1

Lemma 2.2 ([2]). Given a symmetric matriz ¥ € R™*™ and two matrices
I', = of column dimension m, consider the problem of finding some matriz
© of compatible dimensions such that ¥ +TTOTZ + ZTOI < 0. Denote by
Wr, W= any matrices whose columns form bases of the null spaces of I' and =,
respectively. Then the above matriz inequality is solvable for © if and only if
WEOWr < 0 and WETWz < 0.

Lemma 2.3 ([3]). Given symmetrically positive definite matrices X, Ye R™*™
if there exist matrices Xo € R"*™ (where ny is a positive integer) and sym-
metrical matrices X5 € R™" X"k gych that

X X,
<X2T X3>>0,

X X\ Y Y,
XTI X, = YL Vs

then
if and only if

where

rank ( )I( }I/ ) <n+ng, Yo € RV Yy =Y, € Rxm,
Definition (switching sequence). The sequence {(km,7m)|rm = 1,2,..., N;
m=1,2,...} is said to be switching sequence, if

(1) o(km) # o(km — 1),

(ii) o(km) =0(km+ 1) = =0(km + tm) = Tm, tm > 1.
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Remark 2.4. The switching sequence {(kp, rm)|rm =1,2,...,Nym =1,2,...}
denotes that the r,,-th subsystem of discrete-time switched systems is active
at the k,, step and the constant ¢,, is dwell steps in the 7,,-th subsystem of
this discrete-time switched systems.

3. Robust H,, control via switched state feedback

In this section, the robust H,, control problem of system (1) is investigated
via switched state feedback. Before the design of switched state feedback con-
troller, one firstly shows how the system (1) can be expressed as a switched
polytopic system with additive norm bounded uncertainty. According to the
Lemma 2.1 and the properties of exponential matrix:

o0

M ® O MI-
eMe — g —xj, eMsds = E — 7.
0

| |
PE =1 7

The following lemma is obvious.

Lemma 3.1 ([5]). The discrete-time switched linear system (1) subject to ex-
ponential uncertainties can be expressed as:

a(k+1) = (AL(p(k)) + AAL(p(k)))x (k)
(3) + (B2 (p(k)) + ABL (p(k)))u(k) + Biow(k),
2(k) = Crox(k) + Dou(k),

where
k+1

(4) Ab(p(k)) = > pi(p(k) UL,
j=1
k+1

(5) Zuj k)UEMN,

h+1

(6) S (o) = Li(p) >0, j=1,2,.. h+1,

M? Mh
U;“{’=I+MJ£+782+...+F£}1

M? Mh
UAM =T+ M,p+ = +"'+7§’gh

7 E A
@ UMM =T+ M,p+ =29+ -+ =2 pP
7 2! n L

M2 M
Ugh+1—I+Map—|— _|-...+7aph’

T !
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M, M? M
UB _ I 70’ 3 ) o h+1
o =Pl e e T
M, M? M!
Uthfl 772 717 3 . +1
A A AR S LA
(8) Bh _ 7, Moy M7 My
=75] o +1
Ui =L+ 57 0%+ 70"+ 4 e
M M2 3 Mc]rz 7h+1
Ush1 =Pl + 2,p+?p +~~+(h+ 017

The remainders of the Taylor series approzimation AA" (p(k)) and AB"(p(k))
are given as follows.

AAL(p(R)) = eMr® Z

(9) =
p(k) htl ppi-1
aBio) = ([ Meds =3 L),
y 0 =1 J!

The relation between the uncertain parameter p(k) and the coordinates pi;(p) is
given by Lemma 2.1.

Remark 3.2. The describing and proof of Lemma 3.1 was come from the same
idea of literature [5] and [12, 13].

Notice that the uncertain items AA”(p(k)) and AB”(p(k)) are bounded
while 0 < p < p(k) < p. Therefore one can write

(10) IAAZ (ot < 7a, |1ABg (p(k)) < 7,

where

Y4 = max sup |eMrR) E
1§T§Np<p(k)<p =0

(11)

h+1 Mjil

p(k) )
= max s ([ Meds = 3 2 ()N
<p 0 J:

1SISN p<p(k)<p j=1

By the above analysis, switched dynamic model (3) is actually a switched
polytopic system subject to additive norm bounded uncertainty. As Lemma 3.1
has showed, such a switched model can be used to represent the discrete-time
switched linear system (1). Therefore, stabilizing switched dynamic model (3)
is equivalent to doing the system (1).

Our goal is in this section, for any given v > 0, to design a switched state
feedback controllers u(k) = K g(k)aj(k) such that the resulting closed-loop sys-
tem of system (3) satisfies:
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a) With zero disturbance input condition w = 0, it is asymptotically stable
for all admissible uncertainties.
b) With zero-initial condition z(0) = 0,
l

1
Z 2T (k)z(k) < 2 ZwT(kj)w(k)
k=0

k=0

for all nonzero w satisfying Y-, w’ (k)w(k) < co and all admissible uncer-
tainties.

For disturbance attenuation performance of system (3), we have the following
result.

Theorem 3.3. Given any constant v > 0 the discrete-time switched linear
system (3) is asymptotically stabilization with H., disturbance attenuation ~
via switched state feedback if there exist symmetrically positive definite matrices
X; and matrices Y; with i € N such that the following linear matriz inequality
is satisfied for anyi=1,2,... , N.

—X; * * *
0 377iBlTiBli - 721 * *
V(AL (p) X
(12) +BrMp)Y:) 0 =X, x x % <0,
VonivaX; 0 0 I x
VoY 0 0 0 -I =«
CuX; + DY; 0 0 0 0 —1

where n; is a constant and satisfies 1;>Amax(X; ).
In this case, the state feedback controller gain and switching strategy are
taken as K = Y;X; " and

e (k){3(A% (p) + Bl ()K" X (A7 (p)
. + Bl (p)K]") + 6nvAl + 6mivp (KT K]
13) ok =ars mib (0D kM T (CrDiKD) (k)
< min {z” (k)(X; )a(k)}

1<i<N

Proof. Setting X; = Pfl,Yi = KfPfl7 then the matrix inequality (12) is
equivalent with the following matrix inequality.

_Pfl * * *
0 377iBﬂBM —~2T * *
V3(Al (p)
(14) | +BHp)K!HP -P7' o« ok x| <.
\/67)1-7AP[1 0 e *

VoKl P!
(Cyi + D;KM P!

o O O O
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Pro-multiplying and post-multiplying the matrix diag(P;,I,I,I,1,I) in left-
side of matrix inequality (14), the matrix inequality implies the following matrix
inequality.

—P; * * * * *
0 SUiB%;Bu — ’yQI * * * *
V3Aci(p) 0 -P7Y % %k
(15) VOval 0 0 -1 « « |<0
Voniyp K 0 0 0 —I x
Cei 0 0 0 0 -1

where Aci(p(k)) = Al'(p(k)) + BI (p(k))K?, Cc; = Cri + D,K!
By means of the schur complement formula, the matrix inequality (15) is
equivalent to the following inequality.

3AgiP1'Acz‘ + 6mvAT 0
(16) +6mivE (KMTKP + CL,Coi — P <0.
O 37718581@ — "}/21
Consider the notations:
a;(k) = _
0 (kEQZ)7

where Q; = {k € N| the i-th subsystem is active at the k-th step}.
The closed-loop dynamic of system (3) with state feedback controller u(k) =
Kg(k)m(k) is given by:

z(k+1) = (Aco (p(k)) + AAce(p(k)))z (k) + Biow(k),
z(k) = Cogx(k),
where Adcg ) (p(k)) = DAL, (p(R) + ABJ, (p(k)) K7 -

g
Consider the following switched parameter dependent Lyapunov-like func-

tion

(18) V(x(k)) = wT(k‘)(Z ai(k) b)) (k).

(17)

Then for any k € @, = {km + 1, km +2,..., kp, + tn}, the difference of (18)
along with the trajectory of system (17) is given by

AV = 2" (k)[A¢,, Pr, Acy,, +2A5,. Pr Adcy,
+ AAL,, Pr. AAcy,, — P Jo(k) + 227 (k) AL, Pr, Biy,w
+ 227 (k)AAL,, P, Bin,w+w' Bl P, By, w

< 2" (k)[3AL,, P, Acy, +3AAL, P AAc,, — P ]o(k)

+3w'B, P. Bi,,w
= 2" (k)[34¢, P, Acr, +30AL, P,

Tm Tm

AAcy,, + Cgrm Cor,, — Prm]w(k)



784 CHANGLIN LI, FEI LONG, AND GUOHUI REN

+3w"Bf,. P,

Tm

= 2" (k)[34¢,. P,

Tm

+w(3B],, P, Bir, — vV Dw+y*w w — 2" (k)z(k).

Biy,,w — 2" (k)z(k)
Acy,, +30AG, P, Acr,, +CE, Cor, — P, Ja(k)

m

By means of (10) and
AAL, P, AAc,,

= (AL (p) + AB! ()KE )Py, (AAY () + ABL (0)K)
< 2(AA7 (p)T P, AAL (p) +2(AB) (DK )" Py, (AB] (p)K})
< 20y, VAl + 200, 7B(K )TKS
The following inequality is obvious.
(19) 2T (k)z(k) — v*wTw+ AV
< 2T(k)[BAL,, P, Acr, +3AAL,

T'm

+ CgrchTm — P,

Tm

Tm AACT'm
Jz(k) +w(3BL. P, By, —~*Nw

1r,

< :z:T(k)[BAgrm P, Acy,, + Gnrm,%zcl[ + 677%;7%3 (Kﬁm)TKfm
+ Cg,«m Cer,, — P, Jx(k) + wT(SnrmBlT,,m Bi,, — v w
3A(T7Tm P. Acr,
. +67,,, 741
_ [ (k) +6n,, B (K )TK] 0 (k)
o w —i—Cgrm Cer,, — Pr,, w '
37]7"m Bg;-m Blrm
0 —4T

Assume z(0) = 0 and introduce the performance

l
J =Y (" (k)z(k) =2 (k)w(k)).

k=0

Let {(km,Tm)|lrm € Nym =1,2,...:0 = k; < kg < -++ < ks < [} be switching
sequence that is generated by the switching strategy (13) in the set {1,2,...,1}.
Noting that (k1) = 2(0) = 0, then for every satisfying > ro_, w’ (k)w(k) < oo,

l l
J =Y (T (k)2(k) = 7*wT (k)w(k) + AV (z(k)) = D AV (x(k))

0 k=0

=D (T (k)z(k) = VW (k)w(k) + AV (z(k))) = V(2(1))

< ) T (R)z(k) = YW (kw(k) + AV (x(k))).
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By virtue of the matrix inequality (16) and (19), it follows that J < 0. That
is to say Yok_g 2T (k)z(k) <42 Sh_owT (k)w(k).

Now, one proves that the discrete-time switched linear system (3) with w =0
is asymptotically stable.

Let {(km,rm)|rm € Nym =1,2,...;0 =k < kya < - <ks <---} bea
switching sequence that is generated by the switching strategy (13) in the set
of natural numbers.

For any k € {ky, + 1,k +2,..., ki +tm} = Q,.,,, the difference of V(z(k))
along with the trajectory of the discrete-time switched linear system (17) with
w = 0 is given by
AV = [aT (k) AL, + 2" (k)AAL, 1P,

— 2" (k) P, x(k)
< &' (k)[3AG,,, Pr,, Acr,, + 60, Y4l + 60p, VB(K )T
+ Cgrm Cer,, — P, |x(k)

[ACrmm(k) + AACrmx(k)]

34%, P, Acy,
T +677T1n 7124]
_ ([ =) +617,, VR (K )TEE 0 z(k)
O +Cg’l‘7n CCTW‘L —Arm 0 '
31, B%;m By,
0 —y2I

Therefore, by virtue of the matrix inequality (16), for any k € {k,, + 1,k +
2, ... km + tm} = Q,, the difference of (18) alone with the trajectory of the
discrete-time switched linear system (17) with w = 0 is less than zero.
Without loss of generality, suppose that o(k,,+t,,) = k and o (kp, 4+t +1) =
k+1. Then by P! = X;, Aci(p) = Al(p)+ BIK! and Coi = Chi+ D KP'(i €

N), one has

V(z(k+1)) — V(z(k))

=2"(k+ 1P, a(k+1)— 2" (k)P z(k)
= [xT(k)Ag’l"7n+1 + xT(k)AA£T7n+1]PT7n+1 [Acrvrt+1m(k)

+ AAcy,, x(k)] — 2T (k) Py, z(k)

Tm

S iL’T(k)BAT )(_1 AC'r‘m+1 + 6nrm+17124[

Crm4+1* Tmt1

+ 60, B )KL+ Cly Coryn — X7 (k)

Tm41 Tm41
< 0.

Hence by Lyapounv stability theory, under the action of switching controller
(13), the asymptotic stability of system (3) with w = 0 follows immediately.
This completes the proof. O
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4. Robust H, control via dynamic output feedback

In this section, the robust control problem of the discrete-time switched
linear system (2) is investigated via switched dynamic output feedback. As
same doing in Section 3, one firstly shows that the system (2) can be expressed
as a switched polytopic system with additive norm bounded uncertainty.

By Lemma 3.1, the following lemma is obvious.

Lemma 4.1. The discrete-time switched linear system (2) subject to exponen-
tial uncertainties can be expressed as:
z(k +1) = (A7(p(k)) + AAZ(p(k)))z(k)
+(By(p(k)) + ABR(p(k))u(k) + Birow(k)

z(k) = Cipx(k) + Dyu(k)

y(k) = Caow(k),
where A (p(k)) and B"(p(k)) are described as (4)-(5) and (7)-(8); the remain-
ders of the Taylor series approzvimation AA™(p(k)) and AB"(p(k)) are given

by the functions (9)-(11). The description of parameters p;(p) is given by (6)
and Lemma 3.1.

~~

(20)

In view of the Lemma 4.1, switched dynamic model (20) is actually a
switched polytopic system subject to norm bounded uncertainty. Furthermore,
such a switched model can be used to represent the discrete-time switched linear
system (2). Therefore, stabilizing switched dynamic model (20) is equivalent
to doing the system (2).

One’s goal is, for any given v > 0, to find a switched dynamic output
feedback controller such that the resulting closed-loop system of system (20)
satisfies:

a) With zero disturbance input condition w = 0, it is asymptotically stable
for all admissible uncertainties.

b) With zero-initial condition x(0) = 0,

l
> 2 (k)z(k) <7* Y W (k)w(k)

k=0 k=0

for all nonzero w satisfying Yy, w’ (k)w(k) < oo and all admissible uncer-
tainties.

For system (20), one is interested in constructing the form of the switched
dynamic output-feedback controller as follows:

{ €k +1) = Apy€(k) + Boiyy(k)

(21) R .
u(k) = Coryé(k) + Doryy(k),

where £ € R™.
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The resulting closed-loop system of system (20) with switched dynamic out-
put feedback controller (21) is given by

(22) { (k+1)= (ACa(k)~+ AAcy () (k) + Boomw(k)
z(k) = OCU(k)I(k)a
where
&' = (27,€7), Acoky = Agy) + Bon Ko (k) Coo i)
AAc) = DAL 4 + ABL 4y Koy Cl o,
Ceory = Clory + Doty Ko)Coo iy Doy = (Dory 0),
C?o(k) = (Ciory 0),Boow) = B?a(k) = (Bio(k) O)Tv

AP 0 AAP 0
0 _ o(k 0 _ o(k
Aa(k))( 0() 0)’AAo(k)( 0() 0>,
B 0 AB" 0
0 _ o(k 0 _ o(k
Bo(k)_( () I),ABU(k)_< i 0),

Cosiy O Doy Cowr
) =( 5 1) w0 = (5 S ).

Next, one gives the sufficient conditions for existence of the switched dynamic
output feedback controllers (21) such that the resulting closed-loop system (22)
is stabilization with disturbance attenuation level ~.

Lemma 4.2. Given any constant v > 0, the uncertain switched linear system
(20) is said to be asymptotically stabilizable with Ho, disturbance attenuation
level v via switched dynamic output feedback, if there exist symmetrically posi-

tive definite matrices Xci such that the following non-linear matriz inequality
hold for all i € N.

—Xci * * * * *
0 3n;BL, Bei — v*1 * ok ok
\/gACi 0 _Xaz;t * * *
23) V61710 0 0 —I * * <0,
V6nivsRci 0 0 0 —I =«
Ceci 0 0 0 0 I

where Roy = InK;C%, Iy = [I 0],Ic = I1' Iy, n; is a constant and satisfies
niz/\max(XCi)~
In this case, the dynamic output feedback controllers gain matrix:

D, C;
K= 2 %) iz12,. . . N
(Bz‘ Az‘)Z
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The switching strategy o (k) is given by
& (k)BAL XciAci + 6nivale
(24) o(k) = arg 1g%i<nN + 60y RE Roi + CLiCail (k)
7| < min {&7(k)(Xci)E(k)}

1<i<N

Proof. By means of the Schur Complement formula, the matrix inequality (23)
is equivalent to the following matrix inequality.

3AL. XciAci + 6nivilc 0
(25) +6mivERE Rei + CL,Coi — X < 0.
0 3n;BL; Bei — 21
Consider the notations:
1 ke Q;
() = ( © Qi)
0 (kEQZ'),

where Q; = {k € N| the i-th subsystem is active at the k-th step}.
Constructing switched parameter dependent Lyapunov-like function as fol-
lows.

N
(26) V(E(k) = 2" (k) ci(k)Py)z(k).

i=1
Then for any k € Q.. = {km + L, km +2,...,kp, + ty}, the difference of (26)
along with the trajectory of system (22) is given by
AV = z"(k)[A,. P, Acr, + 2AL,, Pr, AAcy,, + AAL,. P AAc,,,
— P, 12(k) + 22" (k)AL Pr,,Ber,w + 228" (k)AAL, Py, Ber,w
+w"BE, P, Bey,w
jT(k)[SAng PTmACTm + 3AAgrm Prm AACTm - Prm]j(k’)
+3w"BE, P Bey,w
= 3" (k)[34¢, P, Acr, +30AL, P,

Tm Tm
+ 3w’ BE,, P,

IN

Adey, +CE, Cen, — P, JE(K)
v Bor,w — 27 (k)2 (k)
= iT(k)[3AL, P, Acr, +30AL, P AAc,, +C&, Cey, — Py, |i(k)
+w? (3B, P, Ber,, — vV Dw +y*wlw — 2T (k)2 (k).
Again in view of (10) and
AAL, P AAc,,
= (A4} +AB) K., C5, )P, (AA) +AB) K, C3, )
<2(AA) Y'P, AAY +2(ABY K, C5 )P, (AB? K

Tm ™ Tm

o)

m

< 2777‘m,7,2410 =+ QTITmV%}RgrmRCTm'
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One has

2T (B)z2(k) — y2wlw + AV

il (k)[3AL, P, Acy, +3AAL, P, AAc,, +C%,. Cer,
— P, Ji(k) + w" (3B¢,, P, Ber,, — 71w

i (k)[3AL,, P, Acy,, + 60, 7v3lc + 60, vBRE,. Ror,
+C¢,, Cor, — P, Ji(k) +w" (30, BE,, Bor, — 721w

IN

IN

3Agrm P, Acr,
T +67]rm 7,2410
_ (k) +6my,,, 7]23 Rgrm Rer,, 0 z(k)
o w +C grm Cer,, — Pr,, w ’
3N, Bgr BCT’m
0 T

Assume Z(0) = 0 and introduce the performance

1
T =Y (" (k)z(k) = 7*w" (k)w(k)).
=0
Let {(km,"m)|rm € Nym = 1,2,...50 = ky < ky < --- < ks < I} be a
switching sequence that is generated by the switching strategy (24) in the
set {1,2,...,1}. Noting that Z(k1) = Z(0) = 0, then for every w satisfying
Y owl (k)w(k) < oo,
1
(2" (R)2(k) = " (R)w(k) + AV(E(K)) = Y AV(E(k))

k=0

J

M- 104

(=7 (k)z(k) = v*wT (K)w(k) + AV ((k))) = V(Z(1))

i
(=)

(=7 (k)z(k) = 7w’ (k)w(k) + AV (@(k))).

MN

Eod
I
=)

Consequently, setting P, = X¢; and by virtue of the matrix inequality (23), it
follows that J < 0. That is to say

l l

k=0 k=0

Now, one proves that the discrete-time switched linear system (20) with w =0
is asymptotically stable.

Let {(km,mm)|rm € Nym = 1,2,...;0 = ky < kg < --- < ks < ---} be a
switching sequence that is generated by the switching strategy (24) in the set
of natural numbers.
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For any k € {km + 1, km +2,...,km +tm} = Q,,,, the difference of V(Z(k))
along with the trajectory of the discrete-time switched linear system (22) with
w = 0 is given by

AV = [#7(k)AL,, + 3" (k)AAL, 1P,
— i1 (k)P, #(k)

"(k)[BAE,., Pr,. Acr,, + 6np, 73l + 60y, VB RE,, Rer,,
+C¢,. Cer,, — Pr, 13 (k)

[ACrm 'i(k') + AACT’W j(k)]

IN

?)Agrm P, Acr,,
T +67’]rm 7,2410 0
_ ( j(k) > +677Tm’7123RgrmRCTm < j(k) )
o 0 —I—Cng Cer,, — Pr,, 0 ’

30r,, Bgr Bey,,
0 —’yénI

Therefore, by virtue of the matrix inequality (23), for any k € {k,, + 1,k +
2, .. km + tm} = Qp,, the difference of (26) alone with the trajectory of the
discrete-time switched linear system (22) with w = 0 is less than zero.

Without loss of generally, suppose that o (k,, +tm) = k and o (kp, +tm+1) =
k+ 1 . Then by Lyapunov-like functions (26), switching strategy (24) and
P; = X¢i, Rei = IiK;CY;, Aci = AV + BYK;CY,, Coi = CY; + DYK;CY,(i € N).
One has

V(Z(k+1)) = V(Z(k))
= T (k+ )Py, 30k + 1) — 7 (k) Pr,, 5 (K)

— @ (K)AL,,, ., + & ()AAL, 1P [Acr, 3 ()

Crm41
+ Aoy, @ (k)] — & (k) P, #(k)
iT(k)[3Agrm+1Xcrm,+1ACT‘m-H + 677?”m+17,2410
+ 677TmeQBRgrm+1RCTm+1 + Cgr,,,L+1CCT¢yL+1 - XCTm]‘,Z‘UC)
< 0.

IN

Hence, by Lyapounv stability theory, under the action of switching controller
(21), the asymptotic stability of system (20) with w = 0 follows immediately.
This completes the proof. O

It should be pointed out, however, that the matrix inequality (23) is not
linear matrix inequality. In the following part, our goal is to transform matrix
inequality (23) into linear matrix inequalities.

The matrix inequality (23) is transformed into the following matrix inequal-
ity.

(27) Hx.,+L"k;Q+ Q"KL <0,
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where
L=0 0 V3B)T 0 6nysll (DHT),Q=(Y% 0 0 0 0 0)

and

—Xci * * * * *
0 3n:(BY)TBY, — 421 * x ok %
Hy. = \/gA? 0 —Xaz.l * * *
< V6nivalo 0 0 I x %
0 0 0 0 —-I =
oo, 0 o 0 0 -I

By means of Lemma 2.2, the matrix inequality (27) is equivalent to the following
matrix inequalities.

(28) LY Hx, Lt <0,Q " Hx,.,Q" <0.
The above analysis shows that the matrices L and ) are the non-zero constant
matrices. Hence, if there exist the matrices Hx,, < 0, then the matrix in-

equalities (28) hold for all i € N. In view of Lemma 2.3, the matrix inequality
Hx,, <0 is transformed into the following inequalities.

X; I
(29) (7 1 )=o
—X; * * * *
0 3ni(BY)TBY), — 421 * *
(30) V3AY 0 =Y, x * <0.
V6nivalo 0 0 —I x
o) 0 0 0 -I

According to the above analysis, one can obtain the following result for
disturbance attenuation performance of system (20).

Theorem 4.3. Given any constant v > 0, the uncertain discrete-time switched
linear system (20) is said to be asymptotically stabilization with Hu, disturbance
attenuation level vy via switched dynamic output feedback, if there exist symmet-
rically positive definite matrices X; and matrices Y; such that the above linear
matriz inequalities (29) and (30) are satisfied for all i € N, where the switching
strategy o (k) is given by (24).

In this case, the dynamic output feedback controllers gain matriz K; can be
solved by using the following algorithm.

Assume that

_( Xa X; S Ya Y,
where X;1,Yi1 € R™™ X0, Y9 € RV,

Step 1: To solve the matrices X; and Y; by using the conditions (29) and
(30);
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Step 2: One first solves X; € R™ ™ wia the matriz equality X ; YT = X1 —

Y L and then construct the matriz:

X — Xin X; S0
Ci — XiT I )

where ny = rank(X;; — Yi;l);
Step 8: To solve K; via the matriz inequality (27).

Proof. The proof of Theorem 4.3 is obvious. ]

5. Numerical example

The aim of the following two examples is used to illustrate that neither
of the designed state feedback and dynamic output feedback sub-controllers
stabilizes discrete-time switched linear system (1) and (2) with H,, disturbance
attenuation level 7, respectively. But the discrete-time switched linear system
(1) and (2) is stabilization with disturbance attenuation level v via switched
state feedback and switched dynamic output feedback, respectively.

Example 1. Consider the discrete-time switched linear system (1) with N = 2,
o(k) : NU{0} — {1,2} and

we(4 ) (3 ) ()
NQ:(—Z )BH_( 0011 )’312:<061 —%?1)’
cu—(g i)cu—(jf 0;)7
b= 5)m=( 55 55 )

Set p = 0.1,p = 0.5,h = 3,m = 12 = 10, the system (1) is sampled with
T = 0.1s and the disturbance attenuation level v = 0.9, then v4 = 0.0624,v5 =
0.0669. By Theorem 3.3, one has

X, — 0.1930 0.1631 v 0.0139 —-0.1715 \
P70 01631 12814 /07t T\ 01232 1.2417 '

x, 14494 —05334 ) . ( —0.3083  0.2002
27\ —05334 04916 )72\ 0.8920 —0.3780

and by KI' = Y; X!, the gain matrices of the state feedback sub-controller are
given by

Kh — 0.2071  —0.1602 Kh — —0.1046  0.2937
7\ 02023 0.9947 o 0.5535 —0.1684
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Example 2. Consider the discrete-time switched linear system (2) with N = 2,
o(k) : NJ{0} — {1,2} and

25 43 071 2.3 2 -1
M1< -1 1.41>’M2<—0.9 —2.02>’N1(0 —2>’
1.7 -1.3 —0.01 0 —0.01 0
NQ(—1 —o.2>’B“( 0.01 o>’312<—0.01 0)’
-3 -2 -3 -1.8 -4 0
C“:( 2 —4)’012:(1.7 —3.9)’D1:( 2 4)’

—-1.6 2.8 3 1 24 14
D2_< 19 3.2 )’021_< 1 -1 )’022_( -02 2 )
Set p = 0.1,p = 0.5,h = 3,1 = 100,72 = 40, the system (2) is sampled
with 7" = 0.1s and the disturbance attenuation level v = 0.9, then

. _ ( 521880 —04158 \ | ( 341746 —4.3079
=1 —0.4158 505443 ) "' =\ —4.3079 32.4563 )’

23.0332 —0.4016 7.9361 —0.2951
Xo1 = ( ) ,Yo1 = ( )

—0.4016 25.0708 —0.2951 10.6943

By Theorem 4.3, the system (2) with N = 2 satisfies robust H, performance
with the disturbance attenuation level v = 0.9 via dynamic output feedback
controllers and a switching strategy, where the dynamic output feedback con-
trollers are given by:

0.0011  0.0048 0.7336 —1.5968
5(’”1)(0.0007 0.0030 >5(k) <0.0269 0.1278 > (k)

Fll
~0.0001  —0.0003 ~0.3126  0.1878
“("")_( 0.0001  0.0004 >5(k)+< 02813  —0.9691 )y(k)
00024 0.0015 032186 —0.5985
- 5(’”1)_( 0.0014  0.0001 )f(k) (1.0162 0.1632> (k)
2 -

0.0004  —0.0001 ~05135 0.6055
ulk) = < ~0.0001  0.0001 >£(k)+< 0.1472  0.3612 >y(k)

They are evident that neither of the designed controllers makes the associ-
ated subsystem asymptotically stable.
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6. Conclusions

The robust H, control problem has been studied via switched state feed-
back and switched dynamic output feedback for discrete-time switched linear
systems with exponential uncertainties by using Taylor series approximation,
convex polytope technique and LMI method. Sufficient conditions are, by solv-
ing linear matrix inequalities, presented to realize the H, control design. How
to design switched controllers to improve the performance of singular uncertain
switched systems should be further studied in the future work.
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