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A NOTE ON HYPONORMAL TOEPLITZ OPERATORS

AN-Hyun Kim

ABSTRACT. In this note we are concerned with the hyponormality of
Toeplitz operators Ty with polynomial symbols ¢ = g+ f (f,g € H>(T))
when g divides f.

1. Introduction

A bounded linear operator A on a complex Hilbert space is said to be hy-
ponormal if its selfcommutator [A*, A] = A*A — AA* is positive semidefinite.
Recall that the Hilbert space L?(T) has a canonical orthonormal basis given
by the trigonometric functions e, (z) = 2" for all n € Z, and that the Hardy
space H2(T) is the closed linear span of {e, : n = 0,1,...}. Recall that given
¢ € L>(T), the Toeplitz operator with symbol ¢ is the operator T}, on H?(T)
defined by

Tyf = P(¢-f) for f € H*(T)

and P denotes the projection that maps L?(T) onto H?(T). Let H°(T) :=
L>(T) N H*(T). The hyponormality of Toeplitz operators has been studied
by many authors (cf. [1-7, 9-16, 18]). In 1988, C. Cowen [3] characterized the
hyponormality of a Toeplitz operator T} on H?(T) by properties of the symbol
¢ € L™(T). K. Zhu [18] reformulated Cowen’s criterion and then showed
that the hyponormality of Ty with polynomial symbols ¢ can be decided by a
method based on the classical interpolation theorem of I. Schur [17]. Also D.
Farenick and W. Y. Lee [6] characterized the hyponormality of Ty in terms of
the Fourier coefficients of the trigonometric polynomial ¢ in the cases that the
outer coefficients of ¢ have the same modulus. In [12], it was shown that the
hyponormality of T}, with polynomial symbols of the form ¢(z) = Zngm anz"
can be determined by the zeros of the analytic polynomial 2™ ¢. In this note we
consider the hyponormality of Toeplitz operators Ty with polynomial symbols
op=g+ [ (f,g € H*®(T)) when g divides f.
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2. Main results
We begin with:

Lemma 1 (Cowen’s Theorem, [3, 16]). Let ¢ € L>®(T). If E(¢) := {k €
H>®(T) : ||kl|loc <1 and ¢ — k¢ € H*(T)}, then Ty is hyponormal if and only
if E(9) 0.

On the other hand, in 1993, T. Nakazi and K. Takahashi characterized the
hyponormality of a Toeplitz operator in the cases that its self-commutator is
of finite rank.

Lemma 2 (Nakazi-Takahashi Theorem, [16]). A Toeplitz operator Ty is hy-
ponormal and the rank of the selfcommutator [T7,Ty] is finite (e.g., ¢ is a

trigonometric polynomial) if and only if there exists a finite Blaschke product
k € E(¢) such that deg (k) = rank [T}, Ty].

We record here results on the hyponormality of Toeplitz operators with
polynomial symbols, which have been recently developed in the literature. The
statement (vii) appears to be new.

Lemma 3. Suppose that ¢ is a trigonometric polynomial of the form ¢(z) =
Zg:_m anz"™, where a_,, and ay are nonzero.
(i) If Ty is a hyponormal operator, then m < N and |a_p| < |an].

(ii) If Ty is a hyponormal operator, then N —m < rank [T}, Ts] < N.

(i) The hyponormality of Ty is independent of the particular values of
ag, a1, - -, GN—m Of ¢. Moreover the rank of the selfcommutator [T:;, T)
is also independent of those coefficients.

(iv) Write g =g+ f (f,g € H®) and put ¢ = g+ Tz f (r < N —m).
Then Ty is hyponormal if and only if Ty is.

(v) If la—m| = |lan]| # 0, then Ty is hyponormal if and only if the following
symmetric condition holds:

(3.1) aNG-j = a—mGN-m+; (1<j<m).
In this case, the rank of [T}, Ty] is N —m and

£(¢) = {a—m(@n) 2N}
(vi) Ty is normal if and only if m = N, |a_p,| = |an]|, and (3.1) holds with
m=N. -
(vil) Write ¢ := g+ f, where [ and g are in H*®(T) and put ¢ := a g+ f
(laf <1). If Ty is hyponormal, then so is Tj.

Proof. The assertions (i) — (vi) were shown from [4, 6, 7, 10, 11, 12, 13, 16].
For the assertion (vii), suppose that there exists a function k € H*(T) such
that ¢ — k¢ € H(T) and [|k[|oc < 1. Thus g — kf € H>(T). Since |a| <1

it follows that if we let & = ak, then ag — kf = a(g — kf) € H®(T) and
||klloc = |a][|k[[oc < 1. Therefore by Lemma 1, T; is hyponormal. O
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Suppose ¢ = g + f, where f = 22;1 a,z" and g = 25:1 bpz™. If Ty is
normal, then g divides f: indeed, by Lemma 3 (v),(vi), g = €* Zﬁle apz™ for
some 6 € [0,27), so that g divides f. But if T} is hyponormal, then g need not
divide f. For example, consider

1
9(z) = (z+35)* and f(2) =3(z+1)"
Using an argument of P. Fan [5, Theorem 1] — for every trigonometric polyno-

mial ¢ of the form ¢(z) = 3.7

n
n=—2 apz,

a—1 a_—2

(3.2) Ty is hyponormal <= |det (4

ar a3 )| < laz|* —fa—s|?,
a straightforward calculation shows that Ty is hyponormal. How is the con-
verse? That is, if g divides f, does it follow that Ty is hyponormal? However
we cannot also expect the hyponormality of Ty when g divides f: for example,
if = (2+1)2+ (z+1)3, then by Lemma 3 (v), T} is not hyponormal.

We now consider the hyponormality of Ty, with ¢ = g+ f (f and ¢ are
analytic polynomials) when g divides f. If ¢ is in H*°(T), write Z(¢) for the
set of all zeros of 1.

Theorem 4. Suppose ¢ =g+ f with f,g € H>®(T) and ¢ := 5 has a factor-
ization Y = up, where u is an inner function and p is an analytic polynomial.
If

(i) 2(y) C Dy

(ii) essinf|y| > 1,
then Ty is hyponormal.

Proof. By the condition (i), p is of the form

(z—=¢) with |GG <1 (j=1,...,n).
1

p(Z)ZC_

J

n

Then we have
1 2"

1
which is in H*°(T). Put k := £. Then evidently, k € H*(T). By the condition
(i),

u
D

k]| U 1 1 1 <1
=ess sup |—| =ess sup— = = .
> P D P |p|  essinf|p| essinf|y| —

Since f = gup, it follows

6—kd=(G+f) (g+§ﬂﬁ)=f—%g=f—kgeH°°(T)~

U
D
Therefore by Cowen’s theorem T} is hyponormal. (]
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The conditions (i) and (ii) in Theorem 4 need not be necessary for T} to
be hyponormal. To see this consider the trigonometric polynomial ¢ = g + f,

where
0(2) = (=17 and f(2) =2(:—1(: ~ 2)

Then ¢(z) = 272 =221 = 24827224223 Put @(z) := 272 - 2271 — 724222
By Lemma 3 (iv), T, is hyponormal if and only if Ty is. A straightforward
calculation with (3.2) shows that T is hyponormal and hence so is Ty. But

note that Z(g) C C\D. Also if ¢(z) = 27 * +2(z — 3), then T} is hyponormal,
whereas ess inf || = 1.

Corollary 5 ([1]). Suppose ¢ =g+ f with f and g inner. If g divides f, then
Ty 1is hyponormal.

Proof. Apply Theorem 4 with p = 1. O
Corollary 6. Let ¢ =g+ f with f,g € H*(T) and suppose

n
f@) =cax) [[(z=¢)
j=1
with |(;| <1 (j=1,...,n). If |c| > m, then Ty is hyponormal.

Proof. If ¢ := 5, then Z(v¢)) C D. Further by assumption,

ess inf|¢y[ = ess inf|c| H |z — ;| > ess inf H Z=G >
j=1 o 1= 1G]
Therefore by Theorem 4, T, is hyponormal. 0

For example if ¢ = g + f, where

o) =T16=0) 1= (25) G=ar]

(z=¢) (laf <1),

then by Corollary 6, Ty is hyponormal.

If =g+ f (f and g are analytic polynomials), if g divides f, and if the
modulus of the leading coefficient of ¢ := 5 is 1, then we can easily check the
hyponormality of 7.

Theorem 7. Let ¢ = g+ f, where f and g are analytic polynomials of degrees

N and m (m > 2), respectively. Suppose that g divides f and the modulus of

the leading coefficient of ¥ = L is 1. Then T4 is hyponormal if and only if

g

PY(n) =0 for N—2m+1<n <N —m— 1, where )(n) is the n-th Fourier
coefficient of 1. Hence, in particular, if N < 2m, then Ty is hyponormal if and
only if (z) = e™ zN=™ for some w € [0,27).
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Proof. By assumption, we may write 1(z) = €™ vaz_lm(z — () for some w €
[0,2m). If T4 is hyponormal, then by Lemma 3(v), the finite Blaschke product
k € £(¢) should be of the form k(z) = 2N =™ for some 6 € [0,27). Thus we
have
T, hyponormal <= ¢ — k¢ € H® with k(z) = 2N —™
= g—efNmfe g™

m
=gl Nm . gem H (z—¢;) e H®

j=1

=3 ¢! 0=w) H (1-Cz) | e H®
N—m

=1 -l H (1—(j2) €z H™.
j=1

Therefore if T} is hyponormal and N < 2m then ¢*(?~«) H;v:_lm(l (z) =1,
which implies ¢; = 0 for 1 < j < N —m. Thus we have that ¢(z) = e™ 2N =—™,
The converse immediately follows from applying Theorem 4 with p = 1. If
instead N > 2m, write n(z) := ¢/(?~%) Hj\;m(l — (;2). Then we have

T hyponormal

N—m
<:)n(z):1+2ajzj for some a; (j =m,...,N —m)
j=m
N—-2m
— NTmy(z) = Z aN—m—;2 + 2™ for some a; (j =m,...,N —m)
j=0
N—-—m N—2m
s eilvm G)H (z—¢) = ZaNsz]—i—sz
Jj=1 7=0
for some a; (j =m,...,N —m)

<:>1/A1(n):0 for N-2m+1<n<N-m-—1.

This completes the proof. (I

Since the hyponormality is translation-invariant, it follows from Lemma 3(ii)
and Theorem 4 that the conclusion of Theorem 7 via its proof can be rewritten
as: 2" Ton-m f = F2=2"™g, or equivalently, Ton-m f = Z22=g. Therefore we can

recapture Lemma 3(v): if ¢(z) = SN anz" with |a_p,| = |lan| # 0, then

n=—m
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T, is hyponormal if and only if

a—y AN —m+1
H AN —m+2
an = Q_m
A_m anN
Example 8. If
m N
o(z) = H(z—ozj)—i—H(z—aj) (m < N <2m, ay #0),
j=1 j=1
then Ty is not hyponormal.
Proof. This follows immediately from Theorem 7. O

Theorem 7 is not true in general if the leading coefficient of 5 does not have
modulus 1. Hyponormality for such a case is very complicated.

Corollary 9. Let ¢ = g+ f, where f and g are analytic polynomials of degrees
N and m, respectively (m > 2). Suppose that g divides f and the leading
coefficient of ¢ = % has modulus > 1. If Z(4)) € T and ¥(n) = 0 for n =
1,...,m —1, then Ty is hyponormal.

Proof. Without loss of generality we may write g(z) = H;nzl(z — ;). Define
$(0)(2)

Since Z () C T, it follows that |1)(0)] = 1. But since % is unimodular it follows
that k € H* and ||k||cc < 1. Thus

s . V(z) ——
—kf= zZ—7; - ——=1(z
g—kf j|:|1( i) (1 w(ow(z)w( ))

1 A ¥(2)
o =79 (1)
€ H* (because ¢(n) =0 forn=1,...,m — 1),
which implies that ¢ — k¢ € H*, and hence T, is hyponormal. (I
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