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SANDWICH THEOREMS FOR HIGHER-ORDER
DERIVATIVES OF p-VALENT FUNCTIONS
DEFINED BY CERTAIN LINEAR OPERATOR

MoHAMED K. AouF AND TAMER M. SEOUDY

ABSTRACT. In this paper, we obtain some applications of first order differ-
ential subordination and superordination results for higher-order deriva-
tives of p-valent functions involving certain linear operator. Some of our
results improve and generalize previously known results.

1. Introduction

Let H (U) be the class of analytic functions in the open unit disk U = {z €
C: |z < 1} and let Hla,p] be the subclass of H (U) consisting of functions of
the form:

(1.1) f(z) =a+apzf +ap 12"+ (a€C).

For simplicity H[a] = Hla,1]. Also, let A (p) be the subclass of H (U) consist-
ing of functions of the form:

(1.2) fe)=2"+ Y a® (peN={1,2..}).
k=p+1
which are p-valent in U. If f, g € H (U), we say that f is subordinate to g or
f is superordinate to g, written f(z) < g(z) if there exists a Schwarz function
w, which (by definition) is analytic in U with w(0) = 0 and |w(z)| < 1 for
all z € U, such that f(z) = g(w(z)), z € U. Furthermore, if the function g is
univalent in U, then we have the following equivalence (cf., e.g., [6], [9] and
[10]):
f(z) < g(2) & f(0) = g(0) and f(U) C g(U).

Let ¢ : C2x U — C and h(z) be univalent in U. If p (z) is analytic in U and

satisfies the first order differential subordination:

(1.3) ¢ (p().2 (2)52) < h(2),
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then p(z) is a solution of the differential subordination (1.3). The univalent
function ¢ (2) is called a dominant of the solutions of the differential subordi-
nation (1.3) if p(z) < ¢(z) for all p(z) satisfying (1.3). A univalent dominant
¢ that satisfies ¢ < ¢ for all dominants of (1.3) is called the best dominant. If

p(z) and ¢ (p (2),2p (2); z) are univalent in U and if p(z) satisfies first order
differential superordination:

(1.4) h(z) <6 (p(2). 20 (2):2),

then p(z) is a solution of the differential superordination (1.4). An analytic
function ¢ (z) is called a subordinant of the solutions of the differential su-
perordination (1.4) if ¢(z) < p(z) for all p(z) satisfying (1.4). A univalent
subordinant ¢ that satisfies ¢ < ¢ for all subordinants of (1.4) is called the
best subordinant. Using the results of Miller and Mocanu [10], Bulboaca [5]
considered certain classes of first order differential superordinations as well as
superordination-preserving integral operators [6]. Ali et al. [1], have used the
results of Bulboaca [5] to obtain sufficient conditions for normalized analytic
functions f € A (1) to satisty:

2f'(z)

f(2)

where ¢1 and ¢o are given univalent functions in U with ¢1(0) = ¢2(0) = 1.

Also, Tuneski [15] obtained a sufficient condition for starlikeness of f € A (1)
() f(2)

in terms of the quantity “77-5)z". Recently, Shanmugam et al. [14] obtained

sufficient conditions for the normalized analytic function f € A (1) to satisfy
f(z)
w3 = 2p

q(z) < =< q2(2),

< q2(2)

and
27(2)
A TCI S

They [14] also obtained results for functions defined by using Carlson-Shaffer
operator [7], Ruscheweyh derivative [12] and Salagean operator [13].

Upon differentiating both sides of (1.1) j-times with respect and to z, we
have

(15) fO@) =0 @) + Y 6 (ksg) a2,
k=p+1
where
|
1.6 §(prj) = —2 ipeN:;jeNy=NU{0Y).
(1.6) (p3.7) =) (p>jip €N;j € No=NU{0})

For a function f € A(p), we define the linear operator D} : A (p) — A(p) by:
0 ol .
Dpf(”(z) — f(])(z)7
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1 - (4
Df9(z) = D (£9(2))
RS RS b
=4d(p;j) 2" + Z 6 (ks j) Py agz""7,

k=p+1

sz(j)(z) -D (Dzl,f(j)(z))

[e'e] N\ 2
54 3 S0k (5=2) at,

k=p+1 pP=J
and (in general)

D f9(2) = DD~ f9(2)

L E—j\" .
(1.7) =5(mi) P+ Y (ki) (J) agz*
k=p+1 pP=J
(p>jip,neN;jeNyzeU).

From (1.7), we can easily deduce that

(1.8) 2 (Dgﬂﬂ(z))' =@-NDyT () (p>jipENinj € Nosz €U).

The operator D;}f(j)(z) (p>j,p€N/n,jeNy) was introduced and studied
by Aouf [2, 3] where

f(z) = 2P — Z arz®  (ax >0).
k=p+1

We note that

(i) the differential operator Dy f 0)(2) = Dy f(z) was introduced by Kamali
and Orhan [8] and Aouf and Mostafa [4];

(ii) the differential operator D} f(°)(z) = D" f(z) was introduced by Saligean
[13].

In this paper, we will derive several subordination results, superordination
results and sandwich results involving the operator Dy f ) (2).

2. Definitions and preliminaries

In order to prove our subordinations and superordinations, we need the
following definition and lemmas.

Definition 1 ([10]). Denote by @, the set of all functions f that are analytic
and injective on U\ E(f), where

B(7) = {c € oU i £ () = oo}

and are such that f* (¢) # 0 for ¢ € QU\E (f).
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Lemma 1 ([10]). Let q(z) be univalent in U and 0 and ¢ be analytic in a
domain D containing q(U) with ¢ (w) # 0 when w € q(U). Set

(2.1) V(2) =24 ()9 (q(2)) and h(z)=0(q()+(2).
Suppose that
(i) ¥ (2) is starlike univalent in U,

(ii) %{Zh/(z)} >0 forzeU.

¥(2)
If p (%) is analytic with p(0) = ¢(0), p(U) C D and
(2.2) 0(p(2)+2p ()9 (p(2) <0(a(2) + 24 (2) 2 (a(2))

then p(z) < q(z) and q (z) is the best dominant.

Taking 0 (w) = aw and ¢ (w) = v in Lemma 1, Shanmugam et al. [14]
obtained the following lemma.

Lemma 2 ([14]). Let q (z) be univalent in U with g(0) = 1. Leta« € C, v € C*,
further assume that

(2.3) R {1 + Zj(iz)) } > max {o, R (j) } .

If p(2) is analytic in U, and

ap (2) +72p (2) < aq(2) + 724 (2),
then p(z) < q(2) and q(z) is the best dominant.

Lemma 3 ([5]). Let ¢ (z) be convex univalent in U and 9 and ¢ be analytic in
a domain D containing q(U). Suppose that

(i) %{0/(4(2))} >0 forzeU,

#(q(2))

(ii) W (2) = 2¢ (2) ¢ (q(2)) is starlike univalent in U.

If p(2) € H[q(0),1] N Q, with p(U) C D, and 9 (p(2)) + zp (2) ¢ (p(2)) is
univalent in U and
(2.4) 9(a(2)) +2q (2)6(a(2) <2 (p(2) +2p ()9 (p(2),
then q(z) < p(z) and q (=) is the best subordinant.

Taking ¢ (w) = aw and ¢ (w) = v in Lemma 3, Shanmugam et al. [14]
obtained the following lemma.
Lemma 4 ([14]). Let q(z) be convex univalent in U, ¢(0) = 1. Let o € C,
v€C* and R (%) > 0. If p(z) € H[q(0),1]NQ, ap (2) + yzp (2) is univalent
m U and

aq(z) +v2q (2) < ap(2) +72p (2),

then q (2) < p(2) and q(z) is the best subordinant.
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3. Sandwich results

Unless otherwise mentioned, we assume throughout this paper that p > 7;
p € Nand n,j € Np.

Theorem 1. Let q(z) be univalent in U with ¢(0) =1, and v € C*. Further,
assume that

(3.1) R {1 + Zj((z’? } > max {o, R <i> } .

If f € A(p) satisfy the following subordination condition:
(3.2)
Dgf(j) (2)
DpTO()
then

~ Dgf(j)(z)Dg+2f(j) (2)
[Dp+ £ (2)]

+7(p—j){1 }<Q(2)+”yzq'(2),
D f9(z)
Dy f0)(2)
and q (z) is the best dominant.

=< q(2)

Proof. Define a function p (z) by

_ D9
Dyt fU)(z)

Then the function p (z) is analytic in U and p(0) = 1. Therefore, differentiat-

ing (3.3) logarithmically with respect to z and using the identity (1.8) in the
resulting equation, we have

Drfi)(z) » j){l Dr fO)(2)Dpt2 fO)(z)
)

(3.3) p(2) (z€U).

} =p(2) +v2p (2),

B4
DIFLFG) (2 [Dpt 6 (2)])°
that is,
p(2) +vzp (2) < q(2) +72q (2).
Therefore, Theorem 1 now follows by applying Lemma 2. O

Putting ¢(z) = ﬁ—g'z (-1 < B < A<1) in Theorem 1, we obtain the fol-
lowing corollary.

Corollary 1. Let v € C* and

{1z ()

If f € A(p) satisfy the following subordination condition:

D;}f(j)(z) IR D;lf(j)(z)D;l-&-Qf(j)(z) 1+Az (A-B)z
Do) [Dp+ £0)(2)]? 1+ B2 (14 B2)°
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then
D fU)(z) 1+ Az
Dyt fU)(z) 1+ Bz

1+Az

e is the best dominant.

and the function

Taking p = 1 and j = 0 in Theorem 1, we obtain the following subordination
result for Saldgean operator which improves the result of Shanmugam et al. [14,
Theorem 5.1] and also obtained by Nechita [11, Corollary 7.

Corollary 2. Let q(z) be univalent in U with q(0) = 1, and v € C*. Fur-
ther assume that (3.1) holds. If f € A(1) satisfies the following subordination
condition:

D) Jy DEDTR )
D"+1f(z) [Dn+1f(z)]2

} < q(2) +72q (2),

then
D" f(2)
Drtf(z)

and q (z) is the best dominant.

=< q(2)

Remark 1. Taking n = j = 0 and p = 1 in Theorem 1, we obtain the subordi-
nation result of Shanmugam et al. [14, Theorem 3.1].

Now, by appealing to Lemma 4 it can be easily prove the following theorem.
Theorem 2. Let q(z) be convex univalent in U with q (0) = 1. Let v € C with

_ D7) (2
R () > 0. If f € A(p) such that #(ﬁ()) € Hlq(0),1]1NnQ,

- Dgf(j)(Z)Dlr)LJer(j)(z) }
[Dp+ ) (2)]

Dgf(j)(z)
DpFLfG)(2)

+v(p—17) {1
is univalent in U, and the following superordination condition

- D;f(j)(z)D;‘+2f(j)(z)
(D30 (2)]°

Dy f9(2)
DO (z)

q(2) + 724 (2) < +7(p—j){1

holds, then
q(z) < 7Dgf(j).(z)
Dy f)(2)
and q (z) is the best subordinant.

Taking ¢(z) = iigi (=1 < B < A <1)in Theorem 2, we have the following
corollary.
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D;Lf(j)(z)

Corollary 3. Let v € C with R(¥) > 0. If f € A(p) such that DO (2)

Hq(0),1]NnQ,
Dgf(j)(z)
DL (2)

+v(p—4) {1 _ Dgf(j)(z)DZHf”)(Z)}

(D5 0 (2)]°

is univalent in U, and the following superordination condition

1+ Az +7(A - B)j . Dg{(i)(,z) 1) {1 - D;‘f(j)(z)D;“‘f‘?f(i) (2) }
1+ Bz ' (1+ Bz) Dyt O (2) (Dt fO)(2)]

holds, then

1+ Az - D;}f(j)(z)
1+ Bz = Dptlf)(z)
and q (z) is the best subordinant.

Taking p =1 and 7 = 0 in Theorem 2, we obtain the following superordina-
tion result for Salagean operator which improves the result of Shanmugam et
al. [14, Theorem 5.2] and also obtained by Nechita [11, Corollary 12].

Corollary 4. Let q(z) be conver univalent in U with ¢ (0) = 1. Let v € C
with R (3) > 0. If f € A(1) such that 1) ¢ H [¢(0),1]NQ,

Dn+lf(z)
D" f(2) _ D"f(2).D"*f(2)
D"+1f([) + {1 [D"“f(z)]Q }

is univalent in U, and the following superordination condition

/ D f(2) D" f(z).D" 2 f(z)
q(2) +7zq (2) < +’V{1_ [Drt1f(2)]? }

Drtf(z)

holds, then

D" f(z)
1) < i)
and q (z) is the best subordinant.

Remark 2. Taking j =n =0 and p =1 in Theorem 2, we obtain the superor-
dination result of Shanmugam et al. [14, Theorem 3.2].

Combining Theorem 1 and Theorem 2, we get the following sandwich theo-
rem for the linear operator D;}f(”(z).

Theorem 3. Let g1 (z) be convex univalent in U with ¢, (0) = 1, v € C
with R (3) > 0, q2 (z) be univalent in U with q2 (0) = 1, and satisfies (3.1). If

Dy 9 (2)

D;Lf(j)(z) oh Dgf(j)(z)D;}“f(j)(z)
OISR R (D3 0 (2)]°
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is univalent in U, and

' ) (2 n£() () D2 £G) (5
01 () 720, () < g —j){l—Dpf ()07 <>}

DTG (2) [Dptl ()]
=< 42 (2) + 7243 (2)
holds, then
D" fU)(2)
P
(&) = B ()
and q1 (z) and q2 (2) are, respectively, the best subordinant and the best domi-

nant.

Taking ¢;(z) = iigbz (i=1,2;-1< By < B; < A; < A3 < 1) in Theorem

3, we obtain the following corollary.

< Q2 (Z)

D;”f(j)(z)

Corollary 5. Let v € C with R(¥) > 0. If f € A(p) such that DT ()

Hlg(0),1]nQ,
n £() (4 n () () D2 £0) (5
Dy f <>)H( j){lef (z)Dp+2f ()}

Dyt fG) (2 [Dpt 10 (2)]?
is univalent in U, and
1+A12 ")/(AlfBl)Z
+5 2
1+ Biz A (1+ B2)
L@ DD )
Dy f0)(z) (DRt fO)(2))]
1+AQZ+1(A2—BQ)Z
14+ Boz A (14_322)2

holds, then ,
1+ A1z Dpf9») 1+ Ase
1+ Bz Dptlfli)(z) 1+ Baz
and 1412 gnd 3422 gre respectively, the best subordinant and the best dom-

) 1+B1z 1+Boz
nant.

Taking p = 1 and j = 0 in Theorem 3, we obtain the following sandwich
result for Salagean operator which improves the result of Shanmugam et al.
[14, Theorem 5.3].

Corollary 6. Let ¢ (z) be conver univalent in U with ¢1 (0) = 1, v € C
with N (F) > 0,q2 (2) be univalent in U with g2 (0) = 1, and satisfies (3.1). If

f € A1) such that ot € Hq(0),1]NQ,

D" f(z)  D"f(2).D" 2 (2)
DrHifz) {1 D f () }




SANDWICH THEOREMS FOR HIGHER-ORDER DERIVATIVES 635

is univalent in U, and

, D" f(z) D" f(2).D" T2 f(2) /
q1 (2) +vzq, (2) < 7D"+1f(z) v<1— [D"+1f(z)]2 < q2 (2) +72¢5 (2)
holds, then
D" f(z)
w3 = Dy S @)

and q1 (2) and g2 (2) are, respectively, the best subordinant and the best domi-
nant.

Remark 3. Taking n = j = 0 and p = 1 in Theorem 3, we obtain the sandwich
result of Shanmugam et al. [14, Corollary 3.3].
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