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ON HYPONORMALITY OF TOEPLITZ OPERATORS WITH
POLYNOMIAL AND SYMMETRIC TYPE SYMBOLS

MUNMUN HAZARIKA AND AMBESWAR PHUKON

ABSTRACT. In [6], it was shown that hyponormality for Toeplitz operators
with polynomial symbols can be reduced to classical Schur’s algorithm in
function theory. In [6], Zhu has also given the explicit values of the Schur’s
functions ®g, ®1 and $2. Here we explicitly evaluate the Schur’s function
P3. Using this value we find necessary and sufficient conditions under
which the Toeplitz operator T, is hyponormal, where ¢ is a trigonometric
polynomial given by ¢(z) = ZTIZIZ_N anzn (N > 4) and satisfies the

a—1 ai
a_z as
a_y ay

condition ay ) = a_n |- Finally we illustrate the easy

a,_' N E'.N
applicability of the derived results with a few examples.

1. Introduction

A bounded linear operator T on a Hilbert space is said to be hyponormal
if its self commutator [T*,T] := T*T — TT* is positive semi definite. Given
¢ € L>(T), the Toeplitz operator with symbol ¢ is the operator T}, on the
Hardy space H?(T) of the unit circle T = 9D defined by T, f := P(¢.f), where
f € H*(T) and P denotes the orthogonal projection that maps L?(T) onto
H?(T).

We are interested in the following question: “if ¢ is a trigonometric poly-
nomial, then when is the trigonometric Toeplitz operator 7, hyponormal?”

If ¢ is a trigonometric polynomial of the form ¢(z) = Zg:_m anz" where
a—nm, and ay are non zero, then it was shown in [4] and [2] that hyponormal-
ity of T,, implies m < N and |a_,,| < |an|. In [2] it was shown that for

p(z) = Zi\’:—m anz™, if la_p| = |lan| # 0, then Ty, is hyponormal if and only
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if the coefficients of ¢ satisfy the following ‘symmetry’ condition:

a_1 AN —m+1
~ a_2 AN —m+2
anN . =0_m

a_m afN

But if |a_,,| # |an]|, then the case of arbitrary polynomial ¢, though solved
in principle by Cowen’s Theorem [1] or Zhu’s Theorem [6], is in practice
very complicated. In [5], the hyponormality of T, was studied when ¢p(z) =

N . . i
Y me_ N Gn2" satisfies a ‘partial’ symmetry condition:

A—m, Qm
—(m+1) Am41
(1) an ) =a_y _ for m—-1<%.
a—N an

The authors gave in the paper a necessary and sufficient condition for the
hyponormality of T, when ¢ satisfies (1) and has the property |ana_(m—1) —
a_NGm—1] = lan|* — |a_y|?. Further, in [3] we find a complete criterion for
hyponormality of T,, when ¢ satisfies (1).

In this paper, we consider the trigonometric polynomial p(z) = ZN

e N An 2"
with |a_n| < |an| such that

a_1 ay
a_o a2

an a— =a_N aq and aya_3 # a_nas,
a_nN an

and we give necessary and sufficient conditions for hyponormality of T,.

2. Evaluation of Schur’s function ®3

In [6], Kehe Zhu applied Schur’s algorithm to the Schur’s function ® in or-
der to determine hyponormality of Toeplitz operators with polynomial symbols.
We begin the section with the brief description of Zhu’s idea.

Suppose that f(z) = 3 77(¢;27 is in the closed unit ball of H>(T). If
fo = f, define by induction a sequence {f,,} of functions in the closed unit ball
of H*(T) as follows:

Fog1(z) = In(z) = fa(0) 2| <1, n=0,1,2,....
2(1 = fn(0)fn(2))
We write f,,(0) = ®,,(cq,...,cn), n=0,1,2,..., where ¥, is a function of n+1
complex variables. We call the ®,,’s Schur’s functions. Zhu’s theorem can now
be written as follows:
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Theorem 2.1 ([6]). If p(z) = ij:fN anz", where an # 0 and if
_ -1, _
o ap az an—1 an a_1
1 as as an 0 G_o
CN_1 ay 0 .- 0 0 a_nN
then Ty, is hyponormal if and only if |®n(co,...,cn)| <1 for eachn=0,1,...,
N —1.
Note that each ®,,(co,...,cy,) is a rational function of the form
F.(coy...,¢n)
én PR g £ = -~ 7 \»
(co n) Gn(coy.-ycn)
where F,, and G,, are polynomials. Thus the inequalities |®,(co,...,c,)] <1
should be understood as |F,,(co,

oo en)| <NGrlcoy -y en)l.
In [6] Zhu also listed the first three Schur’s functions as follows:

®o(co) = co,
C1
@1 (co,c1) = T o2’

ca(1 — |col?) + coer®
®2(CO7617C2) = (1 — |CO|2)2 — |Cl|2 .

Here in this section we evaluate ®3(c, ¢, ca,c3) using the Schur’s algorithm,
and we get,

®3(co, c1, 2, ¢3)
_ (= eo?)? = erP)((1 = Jeo[*)es + coerea) + (e2(1 — |eol*) + Goer®) (G (1 — |eol?)er + cica)
(1 —=Teol®)? = fex]?)? — le2(1 — [eo]?) + cocr?[?

We briefly outline the steps leading to this result. For the function f(z) =
> i cjz’ in the closed unit ball of H>(T):

Step(1): fo(z) = f(z) and so ®g(co) = fo(0) = f(0) = cp.

0
_ S
S 10 = A R e
f1(0) = =f5pe
z2)—f1(0
Step(3): fa(z) = 74?—23(0{}5(1)) = %, where

N = (1 —|col®) Xopeg cr2® 1 + coer > poy cr2®
(1= o> pzgcez®)(1 = leol?) 7
p- (- lcol*)? = le1]?) = co(1 = Jeol?) Sopmy enz® — a1 Yoty ez !
(1= codoplgenz®)(1 = [eol?)

Therefore,

(1 —Jecol?) ZZO:Q 2"+ @ Ziil cp2 !
fa(z) =

(@ =Teol?)? = ler]?) = Go(1 = Jeol?) o2y ez — e 3ol en2t?
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and
C — | 2 ene 2
= 0= HE
Step(4);
fole) = P RO _N
2(1- f2(0)f2(2)) D’
where

N = (1 - |co|)? = |er]?) ((1 —Jeol?) ) exzt 2 +coclzckzkl)
k=2 k=1

—(c2(1 = Jeol?) + coer®) (((1 —leol*)? = ler]?) = éo(1 = |eol?) chzk -G chzkl)
k=1 k=2
and

D= ((1 - ‘50‘2)2 - ‘01‘2) <((1 - ‘00‘2)2 - \C1|2) - C?)(l - |Co|2) chzk - chzk_1>
k=1 k=2

o0 o0

—(Ea(1 — |eol?) + coc?) ((1 —eol?) Z 2"+ G Z ckzk_1> .
k=2 k=1

Thus,

O3 (co, €1, c2,¢3)

= f3(0)

_ (0 =eo)? = lea]?) (1 = Jeol)es + @oerca) + (ea(l = |eo|*) + der®) (@ (1 = |eol?)er + érea)
(1 = eol®)? = |e1]?)? = |e2(1 — [eo|?) + coer?]?

3. Hyponormality condition

Theorem 3.1. Suppose p(z) = ZQ;_N an 2™ is such that

-1 ay
~ a_s a_
a_s Qs det( - 3 . N >
= 3 N
ay | @4 =a_y| and o = 5 5
: : lan[? — |a—n|
a_nN an

(1) If N =4, then T, is hyponormal if and only if
a) ol < 1,

(
() laas—as] < fasf (& = lal),
(C) |(]. — |Oé‘2)(C_L§ — 5,2(_14 — C_lg(_l_40é) + a(d_4a — C_Lg)(C_L_4 — (_130_4)|

2
< fal (Jaal (% lol) " laaa = ).
(2) If N > 5, then T, is hyponormal if and only if
(@) ol < 1,
(b)

aN-—1

an = |af - |Oé|,
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2 2
1 _ 1 — _ 1
a(%ﬁ)‘%a‘@agz 5(@?*“)_
Remark 3.2. Here we assume that det (%.° %Y ) and |ayn|? — |a_y|* are non-
zero, because otherwise the results follow from [2] and [5]. Thus, a_san #
a_yas and la_y| < |an].

aN—1
anN

()

Proof. (1) When N = 4.

Using Proposition 1 [5], ¢, ¢1, ¢2, c3 are determined as follows:

a_4
2 S
) ="t
(3) c1 = (as) " '(a_s — coas),
(4) Cy = ((_14)71(0,_2 — C()C_lg — Clag),
(5) Cc3 = (@4)_1(a,1 — Cpay — C1a2 — 02@3).
Calculating and simplifying we get
(6) c1 = (a4) 77 (Jaa|® — |a—a]?) o,

— \N— aQ_4 _ _ 61(_13
7 = Wa o — 222G, — —_ %
( ) C2 (a4) <a 2 B az Cla3> 4 ’

_2 = =
() o = <a3§2a4> o,
ay
(9) |col PAE laa| ™2 (Jaa|® = [a-a]?)
e
10 —_— =
( ) 1— |CO‘2 | |
We also have,
(11) ‘I’o = Cop,
C1
12 P =——
(12) 1 1— |Co|2’
(13) o, = 20l )+ G’
(L =leol?)? = lea]®
(14)
Do — ((1—\00\2)2—|01|2)((1—\00\2)C3+c’oclcQ)+(CQ(1—|c0|2)+c’0012)(c’o(l—\co\z)cl—&-c’lcQ)
3= .

((1=lcol2)2=e1[2)*=[ea (1=co[2)+ever2[?
Using expressions (6) to (10) in (11), (12), (13) and (14) and simplifying, we
get

|Po| < 1if and only if |a_y4| < |ag],

|®1] < 1if and only if |af < 1,

|®5| < 1if and only if |a_sa — as| < |a4] ( - |04‘),

laf
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|®3] < 1 if and only if

|(1 — |a|?)(@3 — azaq — asa—_sa) + a(a_go — az)(a—y4 — aza)|

1 2
< o ( (|a - |a|) ~asa— |> .

The result follows from Theorem 2.1.
(2) When N > 4.

Let ¢g,c1,...,cn—1 be determined by Proposition 1 [5]. Then,
a_nN
Co = — )
an
a1 = (an) M(a—(v—1) — coan-1) = (an)*(ana_(y-1) — a—nan-1) = 0,

en—4= (an) "(a—a — coia — 15 — ... — eN—san—1) = 0,
en—3 = (an) '(a—3 — coliz — 1G4 — ... — CN—4GN—1)
(&N)72(a_3a1\/ —a_nas),
CN—2 = (dN)_l(CkQ — CoGp — €103 — C2G4 — ... — CN—3GN—1),
(%)
= - — CN-3,
an
CN-1= (@N)fl(aq —¢ol1 — €102 — ... — CN—3GN—2 — CN—2GN—1)

o\ _ a ~
= (an) 1(_CN7104N—2+ an CN_3GN_1)

_ 2 _

_ aN-—1 aN-—2

- — — CN-3.
an an

Thus, b,(2) = co + en—32V "3 + en_22V "2 + en_12V 71 is the unique analytic
polynomial of degree less than IV satisfying ¢ — b, € H*. By our assumption
we have c¢y_3 # 0. Thus, by Proposition 3 [5],

Py = cg,
B =Dy = ... =Dy 4 =0,
CN-3
By_g— N3
N-3 1_|CO|27
CN_
By = N—2

(1 —eol?)(X = |®n—3]?)’
(1—[®y_s*)en—1en—3+ [Pn_3[*ck
en—3(1 = leol?)(1 = |@n—5[*)?(1 = [®N—2f?)’

Computing and simplifying from these relations, we get,

On_1 =
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|Po| < 1if and only if |a_ x| < |ay|, which is always true since we are taking
la_n| < lan],

|®n_3] <1if and only if || <1,

|®n—2| < 1if and only if [*2=2] < ﬁ — |af,

2
Oy_1| < 1if and only if |+ (22=2) — (L _g) ax=2
\ | y if |3

an « an
2
aN-—1
an :
The result follows from Theorem 2.1. O

4. Examples

Example 1. For p(z) = 27+ X\273 + 2271 + 423 + 225 we want to determine
the values of A for which the Toeplitz operator T, is hyponormal.

By Proposition 2 [5], T,, is hyponormal if and only if T3 is hyponormal where
(z) = 274 + X273 4 2271 4 4z 4 224 Expressing ¢(2) as Y.0__ y anz" and

comparing with the given expression, we have, N = 4 and also a4 (%%) =
a_4 %2 . Hence, we can apply Case 1 of Theorem 3.1 to determine the values
a4

of A for which T, will be hyponormal. It may be noted that if A = 0, then T
is hyponormal by Theorem 1.4 [2].

As o= |2 5 /(Jaa|? — la—a]?) = 2, thus refering to the notations used
in Theorem 3.1 we have,

(i) |a] <1 if and only if [A] < % = 1.5,

(i) laa— — as| < Jas] (4 = lal) if and only if [A] < V3 =122, comect
upto two decimal places,

(iii)

|(1 — |a*) (@3 — G2as — G3a_40) + (G_ga — a3)(a_y4 — aza)|

1 2
< Iaf <|a4|2 (|a| . |a|) Jaaa— |>

if and only if 12|A\[* — 6|A\]* — 72|A\[* +81 >0
if and only if || < 1.13.

This can be seen from the graph of 12|\|* — 6|\]> — 72|A|> + 81 = 0 in Figure
1:

Thus, T, is hyponormal if and only if |A| < 1.13 (correct upto two decimal
places).

Example 2. If p(2) = 272 + X273 + 272 + 2271 + 1 + 42 + 222 + 224, then
using Theorem 3.1 (Case 1) as in Example 1, we get that the Toeplitz operator
T, is hyponormal if and only if |A\| < 0.95 (correct upto two decimal places).
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Figure 1

Example 3. If p(2) = 2275+ 2274+ Ao 73 + 4272 + 2271 + 324622 + 323 +
3z% + 32°, then using Theorem 3.1 (Case 2) we get that the Toeplitz operator
T, is hyponormal if and only if 0.34 < A < 0.58 (correct upto two decimal
places).

Example 4 . If o(2) = 270 +3275+ 274+ 2272+ 271+ 22+ 422 + A28 + 220 +
625 + 22%, then using Theorem 3.1 (Case 2) we get that the Toeplitz operator
T, is hyponormal if and only if |A| < 0.32 (correct upto two decimal places).

5. Conclusion

If for N >4 and ¢(z) = ZN

e N Gn2™ with |an| > |a—n/|, we have

a_—1 ap
a_o a2

an -4 =a_N aq and aya_3 # a_nas.
a_nN an

Then for N > 6 we can also apply Theorem 1 [3]. Particularly, for very large
N, application of Theorem 1 [3] would significantly reduce the work load in
determining the hyponormality of T,,. However, this theorem do not give a
ready set of conditions to finally determine hyponormality. In view of this,
Theorem 3.1 offers an alternative method to determine hyponormality of T},
under the given restrictions on .

For N > 3, if
a_1 a1
a_s as
an ) =a_pn ) and aya_g # a_Nas,
a_nN an

then Theorem 8 [5] gives a similar alternative method to determine hyponor-
mality of T,,.
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